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PREFACE. 



The first edition of my Algebra was received with unex- 
pected favor. Almost immediately after its^ publication, it was 
adopted as a text-book in half a dozen colleges, besides nu- 
merous academies and schools ; and the most flattering testi- 
monials were received from every part of the country. I 
have thus been stimulated to increased exertions to render it 
less unworthy of pubHc favor. Every line of it has been sub- 
jected to a thorough revision. The work has been read by 
two successive classes in the University, and wherever im- 
provement seemed practicable, alterations have been freely 
made. I have also availed myself of the suggestions of sev- 
eral professors in other colleges. This edition will accord- 
ingly be found to differ considerably from the preceding. Al- 
terations, more or less important, have been made on nearly 
every page. Among these may be mentioned the addition of 
Continued Fractions, the Extraction of the Roots of Numbers, 
EHmination by means of the Greatest Common Divisor, and a 
large collection of Miscellaneous Examples. 

It is believed that this treatise contains as much of Algebra 
as can be profitably read in the time allotted to this study in 
most of our colleges, and that those subjects have been se- 
lected which are most important in a course of mathematical 
study. These materials I have endeavored to combine, so a& 
to form a consistent treatise. I have aimed to cultivate in the 
mind of the student a habit of generalization, and to lead him to 
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reduce every principle to its most general form. At the same 
time, I have been solicitous not to discourage the young begin- 
ner, who frequently finds it much more difficult to comprehend 
a general than a particular proposition. Accordingly, many 
of the Problems have been twice stated. I first give a simple 
numerical problem, and then repeat the same problem in a 
more general form. I have labored to develop, in a clear 
and intelligible manner, the most important properties of equa- 
tions, and have bestowed great pains upon the selection of 
examples to illustrate these properties. Throughout the work 
I have endeavored to render the most important principles so 
prominent as to arrest attention , and I have reduced them, as 
far as practicable, to the form of concise and simple rules. It 
is believed that, in respect of diflfiiculty, this treatise need not 
discourage any youth of fifteen years of age who possesses 
average abilities, while it is designed to form close habits of 
reasoning, and cultivate a truly philosophical spirit in more 
mature minds. 
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SECTION L 

PRELIMINARY DEFINITIONS AND NOTATION. 

{Article 1.) Whatever is capable of increase or diminution, 
or will admit of mensuration, is called magnitude or quantity. 

A sum of money, therefore, is a quantity, since we may in- 
crease it or diminish it. A line, a surface, a weight, and other 
things of this nature, are quantities ; but an idea is not a quantity. 

(2.) Mathematics is the science of quantity, or the science 
which investigates the means of measuring quantity. The 
operations of the mind, therefore, such as memory, imagina- 
tion, judgment, (fee, are not subjects of mathematical investi- 
gation, since they are not quantities. 

(3.) Mathematics is divided into pure and mixed. Pure 
mathematics comprehends all inquiries into the relations of 
magnitude in the abstract, and without reference to material 
bodies. It embraces numerous subdivisions, such as Arith- 
metic, Algebra, Geometry, &c. 

In the mixed mathematics these abstract principles are ap- 
plied to various questions which occur in nature. Thus, in 
Surveying, the abstract principles of Geometry are applied to 
the measurement of land ; in Navigatioii, the same principles 
are applied to the determination of a ship's place at sea ; in 
Optics, they are employed to investigate the properties of 
light ; and in Astronomy, to determine the distances of the 
heavenly bodies. 

(4.) Algebra is that branch of mathematics which enables us, 
by means of letters and other symbols, to abridge and generalize 
the reammng employed in the solution of all questions relati?ig 
to 7mmkm0^ 

A 
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Arithmetic is the art or science of numbering. . It treats of 
the nature and properties of numbers, but it is limited to cer- 
tain methods of calculation which occur in common practice. 
Algebra is more comprehensive, and has been called by New- 
ton, Universal Arithmetic. 

(5.) The following are the main points of difference between 
Arithmetic and Algebra. 

First, the operations of Algebra are more general X\i^.i[i those 
of Arithmetic. In Arithmetic we represent quantities by par- 
ticular numbers, a§ 2, 5, 7, &^c,, which numbers always retain 
the same value. The results obtained, therpfore, are applicable 
only to the particular question proposed. Thus, if it is re- 
quired to find the interest of a thousand dollars for three 
months at six per cent., the question may be solved by Arith- 
metic, and we obtain an answer, which is applicable only to 
this problem. 

But in the solution of a general Algebraic problem we em- 
ploy letters, to which any value may be attributed at pleasure. 
The results obtained, therefore, are equally applicable to all 
questions of a particular class. Thus, if we have given the 
sum and difference of two quantities, we may obtain by means 
of Algebra a general expression for the quantities themselves. 
This result will always be found true, whatever may be the 
magnitude of the quantities. Hence Algebra is adapted to the 
investigation of ^e7zer«/jt?rmcz^/e5, while Arithmetic is confined 
to operations upon particular numbers. 

Secondly, Algebra enables us to solve a vast number of 
problems, which are too difficult for common Arithmetic. 
Some of the problems in Sections VII. and VIII. may be 
solved by Arithmetical methods ; but others can not thus be 
resolved, particularly such problems as are given in Sections 
XII., XIV., &c. 

Thirdly, in Arithmetic all the different quantities which en- 
ter into a problem are blended together in the result, so as to 
leave no trace of the operations to which they have been sub- 
jected. From a simple inspection of the result, we can not 
tell whether it was derived by multiplication or division, invo- 
lution or evolution, or v^hat connection it has with the given 
quantities of the problem. But in a general Algebraic solu- 
tion, all the different quantities are preserved distinct from each 
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Other, and we see at a glance how all the data of the problem 
are combined in the result. Illustrations of this remark will 
be found in Section VIL, &c. 

Fourthly, the operations of Algebra are often far more con- 
cise than those of Arithmetic. Thus, although some of the 
problems in Sections VIL and VIII. may be solved Arith- 
metically, these solutions are generally much more tedious 
than the Algebraic. This advantage which is possessed by 
Algebra is partly due to the representation of the unknown 
quantities by letters, and their introduction into the operations 
as if they were already known, and partly to the fact that the 
operations of multiplication, division, &c., are at first merely 
indicated, and are not actually performed until an Algebraic 
expression has been reduced to its simplest form. 

Finally, perhaps the most striking difference between Arith- 
metic and Algebra springs from the use of negative quantities, 
which give rise to many peculiar results. 

The full purport of these remarks will be best apprehended 
after the student has made some progress in the study of Al- 
gebra. 

(6.) A definition is the explanation of any term or word. It 
IS essential to a perfect definition that it distinguish the thing 
defined from every thing else. Thus, if we say that man is a 
biped, it is an imperfect definition of man, because there are 
many other bipeds. 

(7.) A theorem is the statement of some property, the truth 
of which is required to be proved. Thus the principle that 
the sum of the three angles of any triangle is equal to two 
right angles, is a theorem, the truth of which is demonstrated 
by Geometry. 

(8.) A problem is a question requiring something to be done. 
Thus, to draw one line perpendicular to another is a problem. 
Theorems and problems are both known by the general term 
oi propositions, 

(9.) A determinate problem is one which admits of a certain 
or definite answer. An indeterminate problem commonly ad- 
mits of an indefinite number of solutions; although when the 
answers are required in positive whole numbers, they are in 
some cases confined within certain limits, and in others the 
problem may be impossible. 
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(10.) The solution of a problem is the process by which we 
obtain the answer to it. A numerical solution is the obtaining 
an answer in numbers. A geometrical solution is the obtaining 
an answer by the principles of geometry. A mechanical so- 
lution is one which is gained by trials. 

(11.) The principal symbols employed in Algebra are the 
following: 

The sign + (an erect cross) is named ^Zz^s, and is employed 
to denote the addition of two or more numbers. Thus, 5+3 
signifies that we must add 3 to the number 5, in which case 
the result is 8. In the same manner, 11+6 is equal to 17; 
14+10 is equal to 24, &;c. 

We also make use of the same sign to connect several num- 
bers together. Thus, 7+5+9 signifies that to the number 7 
we must add 5 and also 9, which make 21. 

So, also, the sum of 8+5+13+11 + 1+3+10 is equal to 51. 

(12.) In order to generalize numbers we represent them by 
letters, as a, b, c, d, &c. Thus, the expression a+b signifies 
the sum of two numbers, which we represent by a and b, and 
these may be any numbers whatever. In the same manner, 
m+n-\-p+x signifies the sum of the numbers x^epresented by 
these four letters. If we knew, therefore, the numbers repre- 
sented by the letters, we could easily find by arithmetic the 
value of such expressions. 

The first letters of the alphabet are commonly used to rep- 
resent known quantities, and the last letters those which are 
unknown, 

(13.) The sign — (a horizontal line) is called minus, and in- 
dicates that one quantity is to be subtracted from another. 
Thus, 8—5 signifies that the number 5 is to be taken from the 
number 8, which leaves a remainder of 3. In hke manner, 
12—7 is equal to 5, and 20—14 is equal to 6, &c. 

Sometimes we may have several numbers to subtract from 
a single one. Thus, 16—5—4 signifies that 5 is to be subtract- 
ed from 16, and this remainder is to be further diminished by 
4, leaving 7 for the result. In the same manner, 50—1 — 3—5 
—7—9 is equal to 25. So, also, a—b signifies that the number 
designated by a is to be diminished by the number designated 
by 6. 

Quantities preceded by the sign + are called positive quan- 
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tities; those preceded by the sign —, negative quantities. 
When no sign is prefixed to a quantity, + is to be understood. 
Thus, «+&— c is the same as -\-a-\^h'-c, 

(14.) The sign X (an inclined cross) is employed to denote 
the multiplication of two or more numbers. Thus, 3X5 signi- 
fies that 3 is to be multiplied by 5, making 15. In like man- 
ner, aXh signifies a multiplied by h ; and aXbXc signifies the 
continued product of the numbers designated by a, b, and c, 
and so on for any number of quantities. 

Multiplication is also frequently indicated by placing a point 
between the successive letters. Thus, a.b . c .d signifies the 
same thing as aX^XcXc?. 

Generally, however, when numbers are represented by let- 
ters, their multiplication is indicated by writing them in suc- 
cession without the interposition of any sign. Thus, a b sig- 
nifies the same thing as a,b or aXb ; and ab c dis equivalent 
to a, b,c,d, or aXbXcXd. 

It must be remarked that the notation a. b or a b is seldom 
employed except when the numbers are designated by letters. 
If, for example, we attempt to represent the product of the 
numbers 5 and 6 in this manner, 5 . 6 might be confounded 
with an integer followed by a decimal fraction ; and 56 would 
be read fiftysix, according to the common system of nota- 
tion. 

The multiplication of numbers may, however, be expressed 
by placing a point between them, in cases where no ambiguity 
can arise from the use of this symbol. Thus, 1.2.3.4 is 
sometimes used to represent the continued product of the num- 
bers 1, 2, 3, 4. 

(15.) When two or more quantities are multiplfed together, 
each of them is called 2i factor. Thus, in the expression 7X5, 
7 is a factor, and so is 5. In the product tz&c there are three 
factors, a,bfC. 

When a quantity is represented by a letter, it is called a 
literal factor, to distinguish it from a numerical factor, w^hich 
is represented by an Arabic numeral. Thus, in the expression 
5ab, 5 is a numerical factor, while a and b are literal factors. 

(16.) The character -i- (a horizontal line with a point above 
and below) shows that the quantity which precedes it is to be 
divided by that which follows. 
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Thus, 24-7-6 signifies that 24 is to be divided by 6, making 4. 
So, also, a-^ 6 is (2 divided by 6. 

Generally, however, the division of two numbers is indi- 
cated by writing the dividend above the divisor, and drawing 
a line between them. 

Thus, 24-^6 and a-i-b are usually written j and ^. 

(17.) The sign = (two horizontal lines) when placed be- 
tween two quantities, denotes that they are equal to each 
other. 

Thus, 7+6=13 signifies that the sum of 7 and 6 is equal to 
13. So, also, $1 = 100 cents, is read one dollar equals one 
hundred cents ; 3 shillings =36 pence, is read three shillings 
are equal to thirty-six pence. In like manner, «=& signifies 
that a is equal to b ; and a+b=c—d signifies that the sum of 
the numbers designated by a and b is equal to the difiference 
of the numbers designated by c and d, 

(1 8.) The symbol > is called the sign of inequality, and 
when placed between two numbers, denotes that one of them 
is greater than the other, the opening of the sign being turned 
toward the greater number. 

Thus, 3<5 signifies that 3 is less than 5, and 11>6 denotes 
that 11 is greater than 6. So, also, a>& shows that a is 
greater than b, and c<^d shows that c is less than d, 

(19.) The coefficient of a quantity is the number or lettei 
prefixed to it, showing how often the quantity is to be taken. 

Thus, instead of writing a+a-i-a.+d+a, which represents 
five a's added together, we write 5a, where 5 is the coefficient 
of a. In like manner, 10a6 signifies ten times the product of 
a and b. The coefficient may be either a whole number or a 
fraction. Thus, ^a signifies three fourths of a. When no co- 
efficient's expressed, 1 is always to be understood. Thus, la 
and a signify the same thing. 

The coefficient may be a letter b.8 well as a figure. In the 
expression mx, m may be considered as the coefficient of x, 
because x is to be taken as many times as there are units in ?7i. 
Km stands for 5, then mx is 5 times x. 

In 4ax, 4 may be considered as the coefficient of ax, or 4a 
may be considered as the coefficient of x, 

(20.) The products formed by the successive multiplication of 
the same number by itself are called the powers of that number 
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Thus, 2X2=4, the second power of 2. 
2X2X2=8, the third power. 
2X2X2X2=16, th^ fourth power, &c. 
So, also, 3X3=9; the second power*bf 3. 

3 X 3 X 3 = 27, the third po wer, &c. 
Also, aXa=aa^ the second power of <2:. 
«X«X«;=«««, the third power, &c. 
In general, any power of a quantity is designated by tiie 
number of factors which form the product. 

(21.) For the sake of brevity, powers are usually expressed 
by writing the root once, with a number above it at the right 
hand, showing how many times the root is taken as a factor. 
This number is called the exponent of the power. 
Thus, instead of 
aa, we write a^, where 2 is the exponent of the power. 
aaa, " a^, whiere 3 is the exponent of the power. 
aaaa^ " a^, where 4 is the exponent of the power. 
aaaaa, " a^, where 5 is the exponent of the power, &c. 
When no exponent is expressed, 1 is always understood. 
Thus, a^ and a signify the same thing. 

Exponents may be attached to figures as well as letters. 
Thus, the product of 3 by 3 may be written 3% which equals 9 
" 3X3X3 " 3', " 27 
" 3X3X3X3 " 3V " ^1 
" 3X3X3X3X3 " 3', " 243 
(22.) A root of a quantity is a factor, which, multiplied by 
itself a certain number of times, will produce the given quan- 
tity. 

The symbol V is called the radical sign, and when pre- 

fixed to a quantity denotes that its root is to be extracted. 
Thus^ 

Vd, or simply v'9, denotes the square root of 9, which is 3. 

^ 64 denotes the cube root of 64, which is 4. 

v^Te denotes the fourth root of 16, which is 2. 

So, also, 

\^a, or simply ^/a, is the square root of a. 

V a denotes the third or cube root of a. 

V a denotes the fourth root of a. 

v;/ a denotes the ?ith root of a, where n may represent any 
number whatever. 
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The number placed over the radical sign is called the index 
of the root. Thus, 2 is the index of the square root, 3 of the 
cube root, 4 of the fourth root, and n of the nth. root. The in- 
dex of the square root is tisually omitted. Thus, instead of 
y/ah, we usually write \/ah. 

(23.) When four quantities are proportional^ the proportion 
is expressed by points, as in arithmetic. Thus, a:h:: c: d, 
signifies that « has to h the same ratio which c has to d, 

(24.) A vinculum - — — , or a parenthesis ( ), indicates that 
several quantities are to be subjected to the same operation. 

Thus, a-\-h-\-cXd, or {a-{-b-\-c)xd^ denotes that the sum of 
a, h, and c is to be multiplied by d. But a+h-\-cXd, denotes 
that c only is to be multiplied by «?. 

When the parenthesis is used, the sign of multiplication is 
generally omitted. Thus, {a-\-h+c)xd is the same as («+& 
'\'c)d, or d{a-{-'b-\-c), 

(25.) Three dots • . • are sometimes employed to denote 
therefore or consequently, 

A few other symbols are employed in algebra, in addition to 
those here enumerated, which will be explained as they occur. 

(26.) Every number written in algebraic language, that is, 
by aid of algebraic symbols, is called an algebraic quantity, ox 
an algebraic expression. 

Thus, 3a is thfe algebraic expression for three times the 
number (35. 

4(2^ is the algebraic expression for four times the square of 
the number «. 

7a^&* is the algebraic expression for seven times the third 
power of a multiplied by the fourth power of 6. 

(27.) An algebraic quantity, not composed of parts which 
are separated from each other by the sign of addition or sub- 
traction, is called a monomial, or a quantity of one term, or 
simply a term. 

Thus, 2a, bbc, and Ixy"^ are monomials. 

(28.) An algebraic expression, which is composed of several 
terms, is called a polynomial. 

Thus, a-\-2b-\-bc—d is a polynomial. 

A polynomial consisting of two terms only, is usually called 
a binomial; one consisting oi three terms is called o. trinomial. 

Thus, 3a+56 is a binomial, and a'{-Sbc+xy is a trinomiaL 
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(29.) Th^ numerical valii^ of an algebraic expression is the 
result obtained when we Bittribute particular values to the 
letters. 

Suppose the expression is 2a^b. 

If we make <a;=2 and &=3, the value of this expression will 
be 2X2X2X3=24. 

If we make «=4 and &=3, the value of the same expression 
will be 2X4X4X3=96. 

The numerical value of a polynomial is not affected by 
changing the order of the terms, provided we preserve their 
respective signs. 

The expressions a^+2ab-^b\ a'A-b'+2ab, b'+2ab+a% have 
all the same numerical value. 

Thus, if a=5 and i>=2, the value of a^ will be 25, that of 
2€Lb will be 20, and ¥ will be 4; and if these numbers are 
added together, their sum will be the same in whatever order 
they are placed. Thus, 

25 25 20 20 4 4 

20 4 25 4 25 20 

_i 20 _4 25 20 25 

49 49 49 49 49 49 

(30.) Each of the literal factors which compose a term is 
called a dimension of this term ; and the degree of a term is 
the number of these factors or dimensions. A numerical co- 
efficient is not counted as a dimension. 

Thus, 3a is a term of one dimension, or of the first degree. 

^ab is a term of two dimensions, or of the second degree. 

%a^bc^ is a term of six dimensions, or of the sixth degree. 

In general, the degree, or the number of dimensions of a 
term, is equal to the sum of the exponents of the letters con- 
tained in the term. 

Thus, the degree of the term baVcd^ is 1+2+1+3 or 7; 
that is, this term is of the seventh degree. 

(31.) A polynomial is said to be homogeneous vfh&n all its 
terms are of the same degree. 

Thus, 2(2— 3&+C, is of the first degree and homogeneous. 

3a^— 4a6+&% is of the second degree and homogeneous. 
2a^+2a^c—4iC^di is of the third degree and homogene- 
ous. 
5a'— 2a6+c, is not homogeneous 
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(32.) Like or similar terms are terms composed of the same 
letters affected with the same exponents. 

Thus, Sab and Hab are similar terms. 

5a^c and Sa^c are also similar terms. 

But Sa¥ and 4a^b are no^ similar ; for, although they contain 
the same letters, the same letters are not affected with the 
same exponents. 

(33.) The reciprocal of a quantity is the quotient arising 
from dividing a unit by that quantity. 

Thus, the reciprocal of 2 is ^ ; the reciprocal of a is \, 

(34.) A few examples are here subjoined, to exercise the 
learner on the preceding definitions and remarks. 

Examples in which words are to be converted into algebraic 
symbols. 

Ex, 1. What is the algebraic expression for the following 
statement ? The second power of a, increased by twice the 
product of a and 6, diminished by c, and increased by d, is 
equal to seventeen times /, 

Ans, a'''\-2ab-c^d=^llf. 

Ex, 2. The quotient of three divided by the sum of x and 
four, is equal to twice b diminished by eight. 

Ex, 3. One third of the difference between six times x and 
four, is equal to the quotient of five divided by the sum of a 
and b. 

Ex, 4. Three quarters of x increased by five, is equal to 
three sevenths of b diminished by seventeen. 

Ex, 5. One ninth of the sum of six times a: and five, added 
to one third of the sum of twice x and four, is equal to the 
product of a, b, and c. 

Ex, 6. The quotient arising from dividing the sum of a and 
b by the product of c and d, is equal to four times the sum of e, 
/, g, and h. 

(35.) Examples in which the algebraic signs are to be trans- 
lated into common language, 

„ x+a X d 

Ex, 1. —j—+-=-7ij: 

b c a-\-o 

Ans, The quotient arising from dividing the sum of ;r and a 
by &, increased by the quotient of x divided by c, is equal to 
the quotient of d divided by the sum of a and b. 

Ex, 2. '7a'+(b-c)X(d+e)=g'hh, 
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How should the preceding example be read, when the first 
parenthesis is omitted ? 



S+b-c 3 7+a 

2b+c 
Ex. 4. 4Va6-25=3j:3^. 

Ex. 5. 2ay^b'-ac=5(h-{-d+x). 
^ ^ V5b+SVc ^ , , 
^'^' 2a+l =^^+^ 

(36.) Find the value of the following expressions, when a— 
6, 6=5, and c=4. 



Ex. 1. a'+Sab'-c\ 
Ex, 2. a'X{a-\-b)—2abc. 



Ex. 3. -T^+c'. 
a-\-3c 



2bc 
Ex. 4. c+- 



Ans. 36+90- 16== 110. 
Ans. 156. 

Ans. 28. 



\/2«c+c' 



£?a;. 5. \/6'-«c+n/2«c+c^ 



£:r. 6, 3v^c+2aN/2a+6+2c. 



jB;r.*7. (3v/c+2a)\/2a+6+2c. 

jBru. 8. In the expression , _^2_ > l^t a=3, &=5, c=2, 
and a;=6 ; what is its numerical value? 
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ADDITION. 

(37) Addition is the connecting of quantities together by 
means of their proper signs, and incorporating such as can be 
united into one sum. 

It is convenient to distinguish three Cases. 

CASE I. 

When the quantities are similar and have the same signs. 

RULE. 

Add the coefficients of the several quantities together^ and to 
their sum annex the common letter or letter s, prefixing the com- 
mon sign. 

Thus, the sum of 3a and 5a is obviously 8a. So, also, —3a 
and —6a make —Sa; for the minus sign before each of the 
terms shows that they are to be subtracted, not from each 
other, but from some quantity which is not here expressed; 
and if 3a and 5a are to be successively subtracted from the 
same quantity, it is the same as subtracting at once 8a. 







EXAMPLES. 




3a 


-3a6 


2b+2x 


a-^x" 


2a+ f 


5a 


-6a& 


bh+lx 


4a- Sx"" 


5a+2y' 


7a 


— ah 


b-^2x 


Sa-bx' 


9a+3?/' 


a 


-lab 


4&+3a; 


7a— x^ 


4a +6^^^ 


i6a 


-llab 









The learner must continually bear in mind the remark of 
Art, 13, that when no sign is prefixed to a quantity, plus is al- 
ways to be understood. 
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CASE II: 

(38.) When the quantities are similar, but have different 

signs. 

RULE., 

Add all the positive coefficients together, and also all those 
that are negative ; subtract the least of these results from the 
greater ; to the difference annex the common letter or letters^ and 
prefix the sign of the greater sum. 

Thus, instead of 7<2-~4<2, we may write 3«, since these two 
expressions obviously have the same value. 

Also, if we have 5a— 2a + 3a— a, this signifies that from 5a 
we are to subtract 2a, add 3a to the remainder, and then sub- 
tract a from this last sum, the i-esult of which operation is 6a, 
But it is generally most convenient to take the sum of the pos- 
itive quantities, which in this case is 8a ; then take the sum of 
the negative quantities, which in this case is Sa ; and we have 
8a— 3a or 5a, the same result as before. 







EXAMPLES. 








— 3a 


6x+5ay 


2ay— 


7 


-'2a'x 


-6a'+2Z^ 


+la 


Sx-^2ay 


- ay-{- 


8 


c^x 


2a=- 


-36 


+8a 


x—^ay 


2ay- 


9 


Sa'x 


-5a'- 


-86 


— a 


2x-\- ay 


Say— 


11 


la'x 


4a^- 


-2h 



+ lla 6x+2a2/ 

CASE III. 
(39.) When some of the quantities are dissimilar. 

RULE. 

Collect all the like quantities together^ by taking their sums oi 
differences as in the two former cases, and set down those that 
are unlike, one after the other, with their proper signs. 

Unlike quantities can not be united in one term. Thus, 2a 
and 3& neither make 5a nor 5b, Their sum can only be writ- 
ten 2a+3&. 
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EXAMPLES. 




2;?;?/— 2;^:^ 


Sx'y+2ax 


2ax-22Q 


2x -18y 


Sx^ + xy 


— 2a;t/'— ax^ 


Sx^ —2ax 


Sxy +10a: 


x^ — xy 


-Sy'x+Sax'' 


5x'-Sx 


2x^y+25y 


4x^ --Sxy 


—Sx^y— ax 


Sx +100 

8:c^-120 


12x^y—xy 


dx"^ — xy 







(40.) When several quantities are to be added together, it 
is most convenient to write all the similar terms under each 
other, as in the following example. 
Ex. 1. Add together 

llbc-i- 4:ad— 8ac+ 6cd 
8ac+l[bc—2ad+4mn 
2cd—Sab+5ac+ an 
9an—2hc-'2ad+6cd 
These terms may be v^^ritten thus : 

l\hc-\-4:ad—8ac-{-^cd-\-an'\-4mn—Sah 
lhc—2ad-\'%ac-\-2cd-\-9an 
'—2bc—2ad+5ac+5cd 
Sum 165c +5ac+l2cd-^10an+4mn'-3ab. 

Ex. 2. Add together the quantities 
Im+Sn—Mp 
Sa+9n—llm 
5/> — -4??^+ 871 
lln —2b — m 

Ans. Sa—2b—9m+Sln—9p. 
Ex. S. Add together 

'ia'b + Sc'd-9m'n-6ab'' 
4m'n- ab'+5c'd +'7a'b 
6m'n~ 5c'd-^4mn'-8ab' 
lmn'+ 6c'd-5m'n-6a'b 
9c'd -I0ab'-8m'n+12a'b 
Ans. I'7a'b+18c'd-l2m'n-25ab'+llmn\ 
Ex. 4. Add together 

Sb- a'r6c-'ll5d-9f 
6c -5f- d+ 6e-Sa 
Sa-2b-Sc+ 27e+ll/ 
3e~7/+66- 8c+9d 
llc-Qb-la- 2d-5e 

Ans. -8a+6c- 109^^+316-10/. 
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Ex. 5. Add together 

2a6'+3ac^+ Wx- Shy'+Wky 

2a¥ - ^x'' - y^x - ^hf - 1 bhy 

6ky - hy''-22ac'-10x' - 4ab' 

19ac''-Sb'x+ 9x' + ehy + 2ky' 

Ans. —9hy^+15ky—2ky'^—9hy—4x^. 
(41.) It must be observed that the term addition is used in 
a more extended sense in algebra than in arithmetic. In arith- 
metic, where all quantities are regarded as positive, addition 
implies augmentation. The sum of two quantities will there- 
fore be numerically greater than either quantity. Thus the 
sum of 7 and 5 is 12, which is numerically greater than either 
5 or 7. 

But in algebra we consider negative as well as positive 
quantities; and by the sum of two quantities, we mean their 
aggregate, regard being paid to their signs. Thus the sum 
of +7 and —5 is +2, which is numerically less than either 7 
or 5. So, also, the sum of +a and —b is a—b. In this case, 
the algebraic sum is numeri«'i-Jy the difference of the two 
quantities. 

This is one instance, among many, in which the same terms 
are used in a much more general sense in the higher mathe- 
matics than they are in arithmetic. 

2 
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SUBTRACTION. 

(42.) Subtraction is the taking of one quantity from anoth- 
er ; or it is finding the difference between two quantities or 
sets of quantities. 

Let it be required to subtract 8—3 from 15. 

Now 8—3 is equal to 5. 

And 5 subtracted from 15 leaves 10. 

The result, then, must be 10. But, to perform the operation 
on the numbers as they were given, we first subtract 8 from 
15, Md obtain 7. This result is too small by 3, because the 
naaimber 8 is larger by 3 than the number which was required 
to be subtracted. Therefore, in order to correct this result, 
the 3 must be added, and we have 

15— 8+3=10, as before. 

Again, let it be required to subtract c—d from a— 5. It is 
plain, that if the part c were alone to be subtracted, the re- 
mainder would be 

a—b—c. 

But as the quantity actually proposed to be subtracted is 
less than c by d, too much has been taken away by d, and, 
therefore, the true remainder will be greater than a— b—c hy 
d, and will hence be expressed by 

a—b—c+d, 
where the signs of the last two terms are both contrary to 
what they were given in the subtrahend. 

(43.) Hence we deduce the following general 

RULE. 

Conceive the signs of all the terms of the subtrahend to he 
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changed from -^ to -^^ or from — to +, and then collect the 
teimis together J as in the several cases of addition. 

It is better in practice to leave the signs of the subtrahend 
unchanged, and simply conceive them to be changed ; that is, 
treat the quantities as if the signs were changed ; for, other- 
wise, when we come to revise the work to detect any error in 
the operation, we might often be in doubt as to what were the 
signs of the quantities as originally proposed. 

EXAMPLES. 

From 5a''—2b 5xy+8x—2 10 — 8:r— 3:ry 4ax—2x^y 

Subtract 2a^+5b Sxy—Sx—7 —x+S — xy Sax—bxy^ 
Remainder Sa^—lb 7 '^lfx—2xy 

From 5a+4&~2c+7^ From Uxy+2y^-l6x'' 
Take Sa+2b+ c+ 5d Take - 4xy+6y' -ISx' 
Remainder 2a+2b—3c+2d ~ 

From 6aby—4xy+4xz From x^+2xy+y^ 
Take —Saby+5xz+Sxy Take x^—2xy+y'' 
Remainder 9aby— x%—lxy 

From 3«'+ aX'\-2x^-Ua^x-\-l9ax''- ^x" +5aV 
Take 2a'-4.ax-^ x^-l5a'x+llax''-\ba'x^-4:x'' 

Subtraction may be proved ns in Arithmetic, by adding the 
remainder to the subtrahend. The sum should be equal to the 
minuend. 

(44.) The term subtraction, it will be perceived, is used in 
a more general sense in algebra than in arithmetic. In arith- 
metic, where all quantities are regarded as positive, a number 
is always diminished by subtraction. But in algebra, the dif- 
ference between two quantities may be numerically greater 
than either. Thus, the difference between +a and —bisa+b. 

The distinction between positive and negative quantities 
may be illustrated by the scale of a thermometer. The de- 
grees above zero are considered positive, and those below zero 
negative. From five degrees above zero to five degrees be- 
low zero, the numbers stand thus : 

+5, +4, +3, +2, +1, 0, ^1, -^2, -^3, -4, -5. 

The difference between five degrees above zero and five 
degrees below zero is ten degree?, which is numerically the 
5wm of the two quantities. 

B 
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(45.) In practice, it is often sufficient merely to indicate the 
subtraction of a polynomial, without actually performing the 
operation. This is done by inclosing the polynomial in a pa- 
renthesis, and prefixing the sign — -. 

Thus,5aSb+4c-{Sa-2b+8c) 
signifies that the entire quantity Sa—2b+Sc is to be subtracted 
from 5a—Sb+4c. The subtraction is here merely indicated. 
If we actually perform the operation, the expression becomes 
5a-Sb+4c-Sa+2b-8c 
or 2a— b'—^c, 
(46.) According to the preceding principle, polynomials may 
be written in a variety of forms. 

Thus, a— b— c+d 
is equivalent to a—(b+ c—d), 
or to a— b—(c—d), 
or to a+ d—{b-\-c). 
Transformations of this sort, which consist in decomposing 
a polynomial into two parts separated from each other by the 
sign — •, are of frequent use in algebra. It is recommended to 
the student to write out polynomials like the above, contain- 
ing both positive and negative terms, in all the possible modes, 
including several terms in a parenthesis. 

In the following examples, let the results all be reduced to 
their simplest form. 

Ex. 1. a+b-(2a'-'3b)'-(5a+7b)-(-13a+2b)=. 
Ex. 2. 37«— 5/-(3a~2&-~5c)-(6«~46+3A) = 
Ex. 3. 8a''xy-5bx^y-\rl'7cxy''----9y'--{a^xy+Sbx^y-lScxy^+ 
202/0=. 

Ex. 4. 2Sax^'-16a'x'+25a'x'-l3a''-(l8ax'+20aV-24a'x 

(47.) It has already been remarked, in Art. 5, that algebra 
differs from arithmetic in the use of negative quantities, and it 
is important that the beginner should obtain clear ideas of their 
nature. 

In many cases, the terms positive and negative are merely 
relative. They indicate some sort of opposition between two 
classes of quantities, such that if one class should be added, ihe 
other ought to be subtracted. Thus, if *a ship sails alternately 
northward and southward, and the motion in one direction is 
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called positive, the motion in the opposite direction should be 
considered negative. 

Suppose a ship, setting out from the equator, sails north- 
ward 50 miles, then southward 27 miles, then northward 15 
miles, then southward again 22 miles, and we wish to deter- 
mine the last position oi the ship. If we call the northerly 
motion +, the whole may be expressed algebraically thus : 

+50-27+15-22, 
which reduces to +16. The positive sign of the result indi- 
cates that the ship was 16 miles north of the equator. 

Suppose the same ship sails again 8 miles north, then 35 
miles south, the whole may be expressed thus: 

+50-27+15-22+8-35, 
which reduces to —11. The negative sign of the result indi- 
cates that the ship was now 1 1 miles south of the equator. 

In this example we have considered the northerly motion +, 
and the southerly motion — ; but we might with equal pro- 
priety have considered the southerly motion +, and the north- 
erly motion — . It is, however, indispensable that we adhere 
to the same system throughout, and retain the proper sign of 
the result, as this sign shows whether the ship was at any time 
north or south of the equator. 

In the same manner, if we consider easterly motion +, 
westerly motion must be regarded as — , and vice versa. 
And generally, when quantities which are estimated in differ- 
ent directions enter into the same algebraic expression, those 
which are measured in one direction being treated as +, those 
which are measured in the opposite direction must be regard- 
ed as — . 

So, also, in estimating a man's property, gains and losses 
being of an opposite character, must be affected with different 
signs. Suppose a man, with a property of 1000 dollars, loses 
300 dollars, afterward gains 100, and then loses again 400 
dollars, the whole may be expressed algebraically thus : 

+ 1000—300+100-400, 
which reduces to +400. The + sign of the result indicates 
that he has now 400 dollar^ remaining in his possession. Sup- 
pose he further gains 50 dollars and then loses 700 dollars, 
The whole may now be expressed thus : 

+ 1000-300+100-400+50-700, 
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whieh reduces to^ —250.. Th^ -^ sign of the result indiomeii 
that his losses exceed the sum of all his gains and the property 
originally in Ms possession;- in other words, he owes 250 dol- 
lars; more than he can pay, or, in common language, he is 250 
dollars worse than nothings 

This phraseology must not be regarded as wholly figurative ; 
for, in algebra^ a negative q;uantity standing alone is regarded 
as less than nothing; and of two negative quantities, that 
which is numerically the greatest is considered as the least; 
for if from the same number we subtract successively num- 
J^:^^ larger and larger, the remainders must continually di- 
minish. Take any number, 5 for example, and from it subtract 
successively 1, 2, % 4, 5, 6, 7, 8^ 9,, &c., we obtain 
5-1, 6-2, 5-% 5^4, 5-5, 5—6, 5-7, 5-8, 5-9^ &c., or 
reducing 

4, 3, 2, 1, 0, - 1, -2, -3, -4. 
Whence we see that —1 should be regarded as smaller than 
nothing ^ —2 less than —1 ; —3 less than —2, i&c. 
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MULTIPLICATION. 

(48.) Multiplication is repeating the multiplicand as many 
times as there are units in the multipHer. 

When several quantities are to be multiplied together, the 
result will be the same in whatever order the multiplication is 
performed. 

This may be demonstrated in the following manner : 

Let unity be repeated five times upon a horizontal line, and 
let there be formed four such parallel lines. 



Then it is plain tliat the number of units in the table is equal 
to the five units of the horizontal line, repeated as many times 
as there are units m a vertical column ; that is, to the product 
of 5 by 4. But this sum is also equal to the four units of a 
vertical line repeated as many times as there are units in a 
horizontal line ; that is, to the product of 4 by 5. Therefore, 
the product of 5 by 4 is equal to the product of 4 by 5. For 
the same reason^ 2X3X4 is equal to 2X4x3, or 4X3X2, or 
3X4X2, the product in each case being 24. So, also, if a, ft, 
and e represent any three numbers, we shall have ahc equal to 
hca or cab. 

It is convenient to consider the subject of multiplication un- 
der three Cases. 
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CASE I. 

(49.) When both the factors are monomials. 

From Article 14, it appears that, in order to represent the 
multiplication of two monomials, such as Saba and 5def, we 
may write these quantities in succession without interposing 
any sign, and we shall have 

3abc6def. 

But, according to the principle stated in the preceding ai- 
ticle, this result may be written 

SX^abcdef, or 15abcdef. 
Hence we deduce the following 

RULE. 

Multiply the coefficients of the two terms together, and to the 
product annex all the different letters in succession. 

EXAMPLES. 

Multiply 12a 5a lab laxy 6xyz 
By Sb 6x 5ac 6ay ayz 

Product S6ab ~ ' ' 

From Article 48, it appears to be immaterial in what order 
the letters of a term are arranged ; it is, however, generally 
m.^st convenient to arrange them alphabetically, 

(50.) We have seen in Art, 21, that when the same letter 
appears several times as a factor in a product, this is briefly 
expressed by means of an exponent. Thus, aaa is written a^ 
the number 3 showing that a enters three times as a factor. 
Hence, if the same letters are found in two monomials which 
are to be multiplied together, the expression for the product 
may be abbreviated by adding the exponents of the same let- 
ters. Thus, if we are to multiply a^ by a^ we find a^ equiva- 
lent to ada, and a^ to aa. Therefore the product will be aaaaa, 
which maybe written a^ a result which we might have ob- 
tained at once by adding together 3 and 2, the exponents of 
the common letter a. 

Hence, since every factor of both multiplier and multipli- 
cand must appear in the product, we have the following 



MULTIPLICATION. 23 



RULE FOR THE EXPONENTS. 

Powers of the same quantity may he multiplied hy adding 
heir exponents. 



EXAMPLES. 



Multiply Mhc" 2a'b'c 5a'b'c' 2a'b'c 

By labcd' Saba' la'b'c'd 5a'bc' 

Product 56a'b'c'd' 



CASE II. 

(51.) When the multiplicand is a polynomial. 
If a+Z? is to be multiplied by c, this implies that the sum of 
the units in a and b is to be repeated c times ; that is, the units 
in & repeated c times must be added to the units in a repeated 
also c times. Hence we deduce the following 

RULE. 

Multiply each term of the multiplicand separately by the mul- 
tiplier, and add together the products, 

EXAMPLES. 

Multiply 3a+26 d'-\-2x-\'\ Sy'+5xy+2 Sx'+xy+2f 
By 4a 4x ^y ^^^V 

Product 12a' +8a6 ' ^ 

CASE III. 

(52.) When both the factors are polynomials. 

If a+b is to be multiplied by c+J, this implies that the 
quantity a+6 is to be repeated as many times as there are 
units in the sum of c and ^Z; that is, we are to multiply «+6 
by c and d successively, and add the partial products. Hence 
we deduce the following 

RULE. 

Multiply each term of the multiplicand by each term of the 
multiplier separately, and add together the products, 

2* 
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EXAMPLES. 

Multiply «+6 3ic+2y ax+b Sa+ x 

By a+b 2x+Sy cx+d 2a-\-4:X 

Product a''\-2ab-{-¥ ' 

When several terms in the product are similar, it is most 
convenient to set them under each other, and then unite them 
by the rules for addition. 

(53.) The examples thus far given in multiplication have 
been confined to positive quantities, and the products have all 
been positive. We must now establish a general rule for the 
signs of the product. 

First, if +a is to be multiplied by +5, this signifies that +« 
is to be repeated as many times as there are units in b, and 
the result is +ab. That is, a plus quantity multiplied by a 
plus quantity gives a plus result. 

Secondly, a —a is to be multiplied by +&,, this signifies that 
—a is to be repeated as many times as there are units in 5. 
Nov7 —a taken twice is obviously —2a, taken three times is 
— 3a, &c. ; hence, if —a is repeated b times^ it will make —ba 
or —ab. That is, a minus quantity multiplied by a plus quan- 
tity gives minus. 

Thirdly, to determine the sign of the product when the mul- 
tiplier is a minus quantity, let it be proposed to multiply 8—5 
by 6—2. By this we understand that the quantity 8—5 is to 
be repeated as many times as there are units in 6—2, If we 
multiply 8— 5 by 6, we obta,in 48—30; that is, we have re- 
peated 8—5 six times. But' it was only required to repeat the 
multiplicand four times, or (6—2). We must therefore dimin- 
ish this product by twice (8— 5), which is 16— 10; and this 
subtraction is performed by changing the signs of the subtra- 
hend ; hence we have 

48-30-16+10, 
which is equal to 12. This result is obviously correct ; for 
8—5 is equal to 3, and 6—2 is equal to 4; that is, it was re- 
quired to multiply 3 by 4, the result of which is 12, as found 
above. 

In order to generalize this reasoning, let it be proposed to 
multiply a—b by c—d. 

If we multiply a^bhy c, we obtain ac—bc. But a—b was 
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only to be taken c—d times; therefore, in this first operation, 
we have repeated it too many times by the quantity d. Hence, 
to have the true product, we must subtract d times a'-h from 
ac—be. But cZ times a—b is equal to ad—bd, which, subtract- 
ed from ac —fee, gives; 

ac—bc—ad+bd. 
Thus we see that +a multiplied by —df gives —ad; and —6 
multiplied by —d gives +bd. Hence a- plus quantity multi- 
plied by a minus quantity gives minus, and a minus quantity 
multiplied by a minusu quantity gives plus. 

(54.) The preceding results may be briefly expressed as fol- 
lows : 

+ multiplied by +, and — multiplied by •— , give +. 

+ multiplied by —, and — multiplied by -f , give —• 

Or, the product of two quantities having the same sign, has 
the sign plus; the product of two quantities having different 
signs, has the sign minus. 

(55.) The whole doctrine of multiplication is therefore com- 
prehended in the following 

RULE. 

Multiply each term of the multiplicand by each term of the 
multiplier, and add together all the partial products, observing 
that like signs require + in the product, and unlike signs — . 

EXAMPLE I. 

Multiply 5a*~ 2a'^?+ 4a'6' 
By d- 4a'b+ 2b' 



Partial 
Products 



5(f- 2a'b-\- 4:a'¥ 

-20a'b+ Sa'b'-lQa'b' 

+ lOa'b'-4:a'b*+Sa''b' 
Result 5a''-22a'b+l2a'b''-' 6a'b''-4a'b'+Sa'b\ 

Ex. 2. Multiply 4a'-5a''b-Sab''+2¥ by 2a'-3a6-4&^ 

Ans. Sa'-22a'b'-llaW+48a'b'+26a¥-&b\ 
Ex. 3. Multiply Sa'-bbd+ef by -5a'+4:bd-Sef 

Ans. -15a'+Sla'bd-29a'ef-20b'd'+44bdef-8eY\ 
Ex. 4. Multiply a;'+2a;'+3:ij'+22!+l by :?:'~-2a;+l. 

Ans. x'-2x'+l. 
Ex. 5. Multiply 14a'e~6a'&c+c'' by l4a'e+Mbc-c\ 
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Ex. 6. Multiply Sa'+S5a'b-l'Iab'-lSb' by Sa'+26ab- 

(56.) Since in the multiplication of two monomials every 
factor of both quantities appears in the product, it is obvious 
that the degree of the product will be equal to the mm of the 
degrees of the multiplier and multiplicand. Hence, also, if 
two polynomials are homogeneous, their product will be homo- 
geneous. 

Thus, in the first of the preceding examples, all the terms 
of the multiplicand being of the fourth degree, and those ol 
the multiplier of the third degree, all the terms of the product 
are of the seventh degree. For a like reason, in the second 
example, all the terms of the product are of the fifth degree ; 
in the third example, they are of the fourth degree ; and in the 
sixth example, they are of the fifth degree. 

This remark will enable us to detect any error in the mul- 
tiplication, so far as concerns the exponents. For example, if 
we find in one of the terms of a product which should be ho- 
mogeneous, the sum of the exponents equal to 6, while in all 
the other terms it is equal to 7, a mistake has evidently been 
committed in the formation of one of the terms. 

(57.) When the product arising from the multiplication of 
two polynomials does not admit of any reduction of similar 
terms, the whole number of terms in the product is equal to the 
number of terms in the multiplicand, multiplied by the number 
of terms in the multiplier. 

Thus, if we have ^ve terms in the multiphcand and four 
terms in the multiplier, the whole number of terms in the prod- 
uct will be 5X4, or 20. In general, if there be m terms in the 
multiplicand and n terms in the multiplier, the whole number 
of terms in the product will be mXn, 

(58.) If the product contains similar terms, the number of 
terms in the product when reduced may be much less ; but it 
is important to observe, that among the different terms of the 
product there are always two which can not be combined with 
any others. These are, 

1. The term arising from the multiplication of the two terms 
affected with the highest exponent of the same letter. 

2. The term arising from the multiplication of the two terms 
ffected with the lowest exponent of the same letter. 
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For it is evident, from the rule of exponents, that these two 
partial products must involve the letter in question, the one 
with a higher, and the other with a lower exponent than any 
of the other partial products, and therefore can not be similar 
to any of them. Hence the product of two polynomials can 
never contain less than two terms. 

(59.) For many purposes, it is sufficient merely Xo indicate 
the multiplication of two polynomials, without actually per- 
forming the Operation. This is effected by inclosing the quan- 
tities in parentheses, and writing them in succession with or 
without the interposition of any sign. 

Thus, (<2+5+c) {d-\-e-\-f) signifies that the sum of iz, h, and 
c is to be multiplied by the sum of d, e, and /. 

When the multiplication is actually performed, the expres- 
sion is said to be expanded, 

(60.) The following Theorems are of such extensive appli- 
cation that they should be carefully committed to memory. 

THEOREM I. 

The square of the sum of two quantities is equal to the square 
of the first, plus twice the product of the first by the second, plus 
the square of the second. 

Thus, if we multiply a + b 

By a+ b 

tt^+ ab 

ab-h¥ 
We obtain the product a''+2ab+b'^. 

Hence, if we wish to obtain the square of a binomial, we 
can write out the terms of the result at once according to this 
theorem without the necessity of performing an actual multi- 
plication. 

EXAMPLES. 

1. {2a+by=. 6. {5a'+lfaby=, 

2. {a+Sby=. 7. {5a'-hby=. 

3. {Sa+Sby=. 8. {5a'+Sa'by=. 

4. {4:a+Sby=. 9. (1 + |)'=. 

5. {5a'+by=, 10. {s+iy=. 

This theorem deserves particular attention, for one of the 
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most common mistakes of beginners is to call the square of 
a+b equal to a^+¥. 

THEOREM IL 

(61.) The square of the difference of two quantities is equal 
to the square of the first, minus twice the product of the first and 
second, plus the square of the second. 

Thus, if we multiply a— h 

By a— h 







a=- 


- ab 

- a6+6» 


We obtain the product 


¥'- 


-2a6+6=. 






EXAMPLES. 




1. (a- 
[2. (2a- 

3. (5a- 

4. (6a= 

5. (6a= 
Here, also, be 

the square of a- 


•26)==. 
-36)==. 
-46)==. 
-x)==. 

-3xy= 

ginners 
-6 equal 


6. (7«=-6)==. 

7. (7a=-12a6)==. 

8. (7a=6=-12a6)==. 
/9. (2-1)==. 

Uo. (4-1)==. 
often commit the mistake of putting 
to a=-6=. 




THEOREM III. 



{62.) The product of the sum and difference of two quantities! 
is equal to the difference of their squares. 

Thus, if we multiply a +b 

By a —h 



d'-\-ah 
-ah- 



We obtain the product 



a'-h\ 



EXAMPLES. 

1. {2a+l) {2a-h)=. 

2. (3a+46) (3a-45)=. 
^. }la+x) {la-x)=. 

4. (Hab+x) {7ab—x)=. 

5. {Sa+b) {8d-h)=. 

6. (8«+7&c) (8a~7&c>=. 

7. {5a'+6¥) (5a'-66^) = 

8. {5x'y+Sxy') {5x't/-Sxy'')=. 
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9. (3+1) (3-1)=. 
10. (4+1) (4-^1)=. 

The student should be drilled upon examples like those ap« 
pended to the preceding theorems until he can produce the re- 
sults mentally with as great facility as he could read them if 
exhibited upon paper. 

The utility of these theorems will be the more apparent, the 
more complicated the expressions to which they are applied. 
Frequent examples of their application will be seen hereafter. 

(63.) The same theorems will enable us to resolve many 
complicated expressions into their factors. 

I. Resolve a^+4:ab-\-W into its factors. 

Ans. {a+2b) {a+2h). 

2. Resolve a'—^ab+db^ into its factors. 

3. Resolve 96z'— 24^6+1 6&' into its factors. 

4. Resolve a* —6* into three factors. 

5. Resolve a^—¥ into its factors. 

6. Resolve a^—b^ into four factors. 

7. Resolve 25«*-60«'Z)'+366Mnto its factors. 

8. Resolve n^-{-2n+l into its factors. 

9. Resolve 4mV--4?w7i+l into its factors. 

10. Resolve 49a'b'-168a'b'+U4a'b' into its factors. 

II. Resolve n^+2rv^'\'n into three factors. 

12. Resolve l — gV into two factors. 

13. Resolve 4:—^\ into two factors. 



MULTIPLICATION BY DBTAOHEi) COEPPICrENTS. 

(64.) The coefficients of a product depend simply upon the 
coefficients of the two factors, and not upon the literal parts 
of the terms. Hence we may obtain the coefficients of the 
product by multiplying the coefficients of the multiplicand sev- 
erally by the coefficients of the multiplier. To these coeffi- 
cients the proper letters may afterward be annexed. This 
will be best understood from a few examples. 

Thus, take the first example of Art 52, to multiply a+b by 
a+b. 
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The coefficients of the multiplicand are 14-1 
" " multiplier 1 + 1 

T+1 
1+1 

Coefficients of the product 1+2+1 

or, supplying the letters, we obtain a'+2ab-jrb^, 

which is the same result as before obtained. 

Ex. 2. Mu[t,ip\ySa''+4:ax-5x' by 2a^-6ax+4x\ 
Coefficients of multiplicand' 3+ 4— 5 

" multiplier 2— 6+ 4 

6+ 8-10 
-18-24+30 

+ 12+16-20 
Coefficients of the product 6-10-22+46-20 

It may seem difficult in this case to supply the letters ; but 
a little consideration will render it perfectly plain. Thus, 
3a''X2a' is equal to 6a' ; hence a" is the proper letter to be at- 
tached to the first coefficient. For the same reason, x* is the 
proper letter to be attached to the last coefficient. Moreover, 
we see that both the proposed polynomials are homogeneous, 
and of the second degree. Hence the product must be ho- 
mogeneous, and of the fourth degree. The powers of a must 
decrease successively by unity, beginning with the first term, 
while those of x increase by unity. Hence the required prod- 
uct is 

6a'-Wa'x-22aV+46ax'-20x\ 

Ex. 3. Multiply x^'{-x''y+xy''+y^ by x—y. 

Ex. 4. Multiply x'-Sx'+Sx-l by a^^-2;^^+l. 

Ex. 5. Multiply 2a'-Sab'+5b' by 2a-5b. 

If we should proceed with this example precisely in the same 
manner as with the preceding, we should commit an error by 
attempting to unite terms which are dissimilar. The reason 
is, that the multiplicand does not contain the usual complete 
series of powers of a. The term containing the second power 
of a is wanting. This does not render the method inapplica- 
ble, but it is necessary to preserve dissimilar terms distinct 
from each other ; and since, while we are are operating on the 
coefficients, we have not the advantage of the letters to indi- 
cate whc?t are similar terms, we supply the place of the defi 
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cient term by a cipher. The operation will then proceed 
with entire regularity. 

2+ 0-3+ 5 

2- 5 

4+ 0-6+10 

-lO-Q+lg-25 
4-10-6+25-25 
Hence the product is 

4a'- 10a'b-6aW+25a¥-25b\ 
Ex. 6. Multiply 2a'-Sa¥+5b' by 2a'- 56'. 
Here there is a term in each polynomial to be supplied by a 
cipher. 

The preceding examples are intended to lead the student to 
consider the properties of coefficients by themselves, and pre- 
pare him for some investigations which are to follow, particu- 
larly in Section XX. The beginner, however, in attempting 
to apply the method, must be cautious not to unite dissimilar 
terms. 



SECTION V. 



DIVISION. 

(65.) The object of division in Algebra is the same as in 
Arithmetic, viz., The product of two factors being given, and 
one of the factors, to find the other factor. 

The dividend is the product of the divisor and quotient, the 
divisor is the given factor, and the quotient is the factor re- 
quired to be found. 

CASE I.. 

(66.) When the divisor and dividend are both monomials. 

Suppose we have 63 to be divided by 7. We must find such 
a factor as, multiplied by 7, will give exactly 63. We per- 
ceive that 9 is such a number, and therefore 9 is the quotient 
obtained when we divide 63 by 7. 

Also, if we have to divide ab by a, it is evident that the 
quotient will be b ; for a multiplied by b gives the dividend ab. 
So, also, \2mn divided by 3m gives 4?z; for 3m multiplied by 
4n makes I2mn. 

Suppose we have a^ to be divided by a^ We must find a 
number which, multiplied by a^ will produce a\ We perceive 
that a^ is such a number ; for, according to Art, 50, we multi- 
ply a^ by a% by adding the exponents 2 and 3, making 5. 
That is, the exponent 3 of the quotient is found by subtracting 
2, the exponent of the divisor, from 5, the exponent of the divi- 
dend. Hence the following 

RULE OF EXPONENTS IN DIVISION. 

In order to divide quantities expressed by different powers 
of the same letter, subtract the exponent of the divisor from the 
exponent of the dividend. 
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EXAMPLES. 








a- 


fe" c' 


K 


x' 


y 


a" 


b' C* 


¥ 


x' 


f 



Divide a^ 

Quotient a^ 

Let it be required to divide 35a^ by 5aj*. We must find a 
quantity v^hich, multiplied by 5a% will produce S5a\. . Such a 
quantity is 7a^ ; for, according to Arts. 49 and 50, 7a^X5(f is 
equal to S5a\ Therefore, S5a^ divided by 5a^ giVes for a 
quotient 7a^; that is, we have divided 35, the coefficient of the 
dividend, by 5, the coefficient of the divisor, and have sub- 
tracted the exponent of the divisor from the exponent of the 
dividend. 

(67.) Hence, for the division of monomials, we have the fol- 
lowing 

RtJLE. 

1. Divide the coefficient of the dividend by the coefficient of the 
divisor, 

2. Subtract the exponent of each letter in the divisor from the 
exponent of the same letter in the dividend. 

EXAMPLES 

1. Divide 20a;^ by 4a;. Ans. bx\ 

2. Divide 2ha''xy'' by hay''. 

3. Divide 72a6V by 126'a:. 

4. Divide lla'b'c' by Ua¥c\ 

5. Divide 212a'b'cV by 17a'b'cx\ 

6. Divide 250xyz' by 5xyz\ 

7. Divide 48a'b'c''d by I2ab'c. 

8. Divide 150a'b'cd' hj SOa'b'd". 

(68.) The rule given in Art. 66 conducts, in some cases, to 
negative exponents. 

Thus, let it be required to divide a^ by <2^ We are directed 
to subtract the exponent of the divisor from the exponent of 
the dividend. We thus obtain 



a 

But a^ divided by a^ may be written ~ ; and since the value 
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of a fraction is not altered by dividing both numerator and de- 
nominator by the same quantity, this expression is equivalent 

1 

to -^. 
a 

Hence a~^ is the same as -r, 

and these expressions may be used indifferently for each other. 
So, also, if c^ is to be divided by «^ this may be written 



In the same manner v^e find 



1 



That is, the reciprocal of a quantity is equal to the same quan- 
tity with the sign of its exponent changed. 

So, also, 



And 



¥c c 
ad-' 



b bd'' 

(69.) Heiice any factor maybe transferred from the numer- 
ator to the denominator of a fraction, or from the denominator 
to the numerator, by changing the sign of its exponent. 

Thus, 



a 
1>~ 


ab- 


1 


6-" 


=cr 


-'b\ 


a'h- 


-m 


r,^h- 



c'd-\ ^ ^' 

That is, the denominator of a fraction may be entirely re- 
moved, and an integral form be given to any fractional ex- 
pi'ession. 

This use of negative exponents must be understood simply 
as a convenient notation, and not as a method of actually de- 
stroying the denominator of a fraction. Still this new nota 
tion has many advantages, and is often employed, as will be 
seen hereafter. 

When the division can not be exactly performed, it may be 
expressed in the form of a fraction, and this fraction may be 
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reduced to its lowest terms, according to a method to be ex- 
plained in Art, 83. 

(70.) It frequently happens that the exponents of certain let- 
ters in the dividend are the same as in the divisor. 

Let it be required to divide d by a^ The quotient is ob- 
viously 1, for every number is contained in itself once. But 
if w^e apply the rule of exponents, Art, 66, M^e shall have 

a'-' or a\ 
Hence a^—\. 

Again, let it be required to divide oH^ by a"*. Tne quotient 
is obviously 1, as before ; and applying the rule of exponents, 
we obtain 

That is, eviery quantity affected with the exponent zero, is equal 
to unity. 

This notation has the advantage of preserving a trace of a 
letter which has disappeared in the operation of division. 
Thus, let it be required to divide aW by a^b"^. The quotient 
will be ab\ This expression is of the same value as a alone, 
and is commonly so written. If, however, it was important to 
indicate that the letter b originally entered into the expression, 
this might be done without at all aflFecting the value of the re- 
sult by writing it 

ab\ 

(71.) The proper sign to be prefixed to a quotient is readily 
deduced from the principles already estabHshed for multipli- 
cation. The product of the divisor and quotient must be equal 
to the dividend. Hence, 



because 



^aX-}-b=+ab') f +ab'r--\-b=+a, 

^ax+b=-'ab I ^^^^^^,^ ^ --abj+b=^a, 

+aX—b=—ab^ \ —ab-i — b=+a, 

—aX—b=+abj \^+ab-. — b=—a. 



Hence we have the following 



RULE FOR THE SIGNS. 

When both the dividend and divisor have the same sign, the 
quotient will have the sign + ; when they have different signs, 
the quotient will have the sign — . 
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EXAMPLES. 



Ex. 1. Divide —15ay^ by Sai/. 
Ex. 2. Divide —ISax^'y by —9ax. 
Ex. S. Divide 150a^bchj —5ac. 
Ex.4. Divide 40a'6*c by —-abc. 

CASE II. 

(72.) When the divisor is a monomial^ and the dividend a 
polynomial. 

We have seen, Art. 51, that when a single term is multi- 
plied into a polynomial, the former enters into every term of 
the latter. 

Thus, a {a-^h)—a'+ab. 

Hence {a^'\-ah)-T-a=a+h. 

Whence we deduce the following 

RULE. 

Divide each term of the dividend by the divisor, as in the for- 
mer case. 

EXAMPLES. 

Ex. 1. Divide Sx^'^Qx'+^ax-lhx by 2x. 

Ans. x^'\-2x+a—b. 
Ex.2. Divide Sabc+12abx'-9a^b by Bab. 
Ex.S. DiYide40a'b'+60aW--lljcibhy -ah. 
Ex. 4. Divide I5a'bc-10acx''+5ac'd' by -5«V. 
Ex. 5. Divide 6aV?/'-12a'a;y+15aVj/' by Sa'xy. 
Ex.6. Divide aj"+'-aj"+'+ic"+'-a;"+* by a:". 
Ex. 7. Divide I2ay-^l6ay+20ay-28ay by -4ay. 

CASE III. 

(73.) When the divisor and dividend are both polynomials. 

Let it be required to divide 2(2&+«''+?^^ by «+&. 

The object of this operation is to find a third polynomial 
which, multiplied by the second, will reproduce the first. 

It is evident that the dividend is composed of all the partial- 
products arising from the multiplication of each term of the 
divisor by each term of the quotient, these products being add- 
ed together and reduced. Hence, if we can discover a term 
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of the dividend which is derived without reduction from the 
multiplication of a term of the divisor by a term of the quo- 
tient, then dividing this term by the corresponding term of the 
divisor, we shall be, sure to obtain a term of the quotient. 

But from Art 58, it appears that the term a^ which contains 
the highest exponent of the letter a, is derived, without reduc- 
tion, ixom the multiplication of the two terms of the divisor 
and quotient which are affected with the highest exponent of 
the same letter. Dividing then the term <i^ by the term a of 
the divisor, we obtain a, which we are certain must be one 
term of the quotient sought. Multiplying each term of the di- 
visor by a, and subtracting this product from the proposed 
dividend, the remainder may be regarded as the product of 
the divisor by the remaining terms of the quotient. We shall 
then obtain another term of the quotient by dividing that tef m 
of the remainder affected with the highest exponent of a, by 
the term a of the divisor, and so on. 

Thus we perceive that at each step we are obliged to search 
for that term of the dividend which is affected with the high- 
est exponent of one of the letters, and divide it by that term 
of the divisor which is affected vyi«th the highest exponent of 
the same letter. We may avoid the necessity of searching for 
this term by arranging the terms of the divisor and dividend 
in the order of the powers of one of the letters. 

The operation will then proceed as follows : 



The arranged dividend =a^-\^2db-\-l) 

0^+ ah 



a-\-h= the divisor. 



a -^b = the quotient. 
<zb+¥= first remainder. 
ab+b' 


It is generally convenient in Algebra to place the divisor on 
the right of the dividend, and the quotient directly under the 
divisor. 

(74.) From this investigation we deduce the following 

HULB FOU THE DIVISION OF POLYNOMIALS. 

1. Arrange the dividend and divisor according to the powers 
of the same letter 
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2. Divide the first term of the dividend hy the first term of the 
divisor f the result will he the first term of the quotient. 

3. Multiply the divisor hy this terpi, and suhtract the product 
from the dividend. 

4. Divide the first term of the remainder hy the first term of 
the divisor, the result will he the second term of the quotient, 

5. Multiply the divisor hy this term, and suhtract the product 
from the last remainder. , Continue the same operation till all 
the terms of the dividend are exhausted. 

If the divisor is not exactly contained in the dividend, the 
quantity which remains after the division is finished must be 
placed over the divisor in the form of a fraction, and annexed 
•^^ the quotient. 

EXAMPLES. 

1. Divide 2a'5+Z>'+2«6'+a' by a'+6'+«&. 

Ans* a+b, 

2. Divide x^—a^+Sa^x—Sax'^ by x—a. 

Ans. x^—2ax+a^. 
S. Divide a' +z'+2a'z'hy a' -az+z'. 

Ans. a*+a^z-i-az^'i-z\ 

4. Divide a'-ieaV+64x'hy a'-4ax+4x\ 

5. Divide a^+6aV-^4a^x-{-x^—4ax^ by a^—2ax+x''. 

Ans. a^—2ax+x^. 

6. Divide x^+x^y'^+y^hyx^'+xy-^-y''. 

7. Divide 12:z;'-192 by 3x-6. 

Ans. 4x'+8x'+16x+S2. 

8. Divide Gx'^6y' hy 2x''-2y\ 

9. Divide a' +Sa'h'-SaV-h' by a'-Sa^'h-i-Sah'-'h'. 

Ans. a^+Sa'h-hSab'+b\ 

10. Divide a'— 6' by a—h. 

11. Divide a'-h' by a-h. 

If the first term of the arranged dividend is not divisible by 
the first term of the arranged divisor, the complete division is 
impossihle. 

(75.) Hitherto we have supposed the terms of the quotient 
to be obtained by dividing that term of the dividend affected 
with the highest exponent of a certain letter. But, from the 
second remark of J.r^. 58, it appears that the term of the divi- 
dend affected with the lowest exponent of any letter is derived, 
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without reduction, from the multiplication of a term of the di- 
visor by a term of the quotient. Hence we may obtain a term 
of the quotient by dividing the term of the dividend aifected 
with the lowest exponent of any letter, by the term of the di- 
visor containing the lowest power of the sam^ letter, and 
nothing prevents our operating upon the highest and lowest 
exponents of a certain letter alternately in the same example. 

(76.) From the examples of ^r^. 74, we perceive that a^—lf 
is divisible by a—h; and a*— Z)' is divisible by a—h. We shall 
find the same to hold true, whatever may be the value of the 
exponents of the two letters. That is, the difference of any 
two powers of the same degree is divisible by the difference of 
their roots. 

Thus, let us divide a'—b' by a—b, 
a'-V 



a'-a'b 



a' 



a'b-b\ 

The first term of the quotient is a*, and the first remainder 
IS a^b—b% which may be written 

b{a'-by 

Now if, after a division has been partially performed, the re- 
mainder is divisible by the divisor, it is obvious that the divi- 
dend is completely divisible by the divisor. But we have al- 
ready found that a^—b'^ is divisible by a—b ; therefore a^—b^ 
is also divisible by a—b; and in the same manner it may be 
proved that a^—V is divisible by «— &, and so on. 

To exhibit this reasoning in a more general form, let us 
represent any exponent whatever by the letter n, and let us 
divide .«"—&'* by a—b. 





ar-h" 


a—b 

or-' 


First remainder =^ 


ha"-' 


-b". 



Dividing a" by a, we have, by the rule of exponents, a"—^ for 
the quotient. Multiplying a—b by this quantity, and subtract- 
ing the product from the dividend, we have for the first re- 
mainder &a"~^— &", which may be written 

Now if this remainder is divisible hy a—b, it is obvious that 
the dividend is divisible hy a—b. That is to say, if the diflfer- 
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ence of the same powers of two quantities is divisible by their 
difference, the difference of the powers of the next higher de- 
gree is also divisible by that difference. Therefore, since a^—V 
is divisible by a—h^ o^—¥ must be divisible by a—h; alsD, 
«^~5% and so on. 

The quotients obtained by dividing the difference of the 
powers of two quantities by the difference of those quantifies, 
follow a simple law. Thus, 

la'-F)-T-{a-b)=a'+ah+b\ 

(a'-b')'^(a---b)=a'+a'b-\^a'b''\-ab'+b\ 

&c., &c., &c. 

(a''-b'')-^(a-b)=a''-'+a"'--'b+a"-^b'+ . . +a'b*^+ab''-^+b''-\ 
The exponents of a decrease by unity, while those of 6 in- 
crease by unity. 

(77.) It may also be proved that the difference of two even 
powers of the same degree is divisible by the sum of their roots. 
Thus, 

(aV&^)-r («+&)=«-&. 
{a'-bj'i-{a+b)=a'-a'b+ab'-b\ 
(a'-b')-^(a+b)==a'-a'b+a'b'--a'b'+a¥--'b'. 
&;c., &c,, &c. 

Also, the sum of two odd powers of the same degree is divisi- 
ble by the sum of their roots 
Thus, 

{a'-\-b')'-r{a-\'b)=:a''-ab'\-b\ 
{a''-\-b')-^{a'\-b)=a'-a'l-\-a%''-a¥'^b\ 
{a'+b')-T'{a'^b)=:^a'-a'b-\'a%''^a'¥-\'a%'-a¥ 
&c., &c., &c. 

(78.) The preceding principles will enable us to resolve va- 
rious algebraic expressions into their factors. 

1. Resolve a^—b^ into its factors. 

Ans. {a^+ab+V) {a-b) 

2. Resolve a^-^b^ into its factors. 

3. Resolve a^—b"" into four factors. 

4. Resolve a^—8b^ into its factors. 

5. Resolve 8a'— 1 into its factors. 

6. Resolve Sa^—8b^ into three factors. 
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7. Resolve l+27b^ into its factors. 

8. Resolve 8«^ +276^ into its factors,' 

(79.) One polynomial can not be divided by another poly- 
nomial containing a letter which is not found in the dividend ; 
for it is impossible that one quantity multiplied by another 
which contains a certain letter, should give a product not con-' 
taining thai letter, 

A monomial is never divisible by a polynomial, because 
every polynomial multiplied by another quantity gives a prod- 
uct containing at least two terms not susceptible of reduction. 

Yet a binomial may be divided by a polynomial containing 
any number oi terms. . 

Thus, a^—V is divisible by a^+a^b+ab^+b^ and gives for a 
quotient a—b. 

So, also, a binomial may be divided by a polynomial of a 
hundred terms, a thousand terms, or, indeed, any finite num- 
ber. 

DIVISION BY DETACHED COEFFICIENTS. 

(80.) We have s|iown, in Art. 64, how multiplication may 
sometimes be conveniently performed by operating upon the 
coefficients alone. The same principle is applicable to divi- 
sion. Thus, take the example of ^rif. 73, to divide a'+2ab+b^ 
by a+b; we may proceed as follows : 



1+2+1 
1 + 1 



1 + 1 



1 + 1 



1 + 1 
1 + 1 

The coefficients of the quotient are 1 + 1. Moreover, a^-^-a 
=a; and therefore a is the first term of the quotient, and b the 
second. 

Ex. 2. Divide iV3«rr'-8aV+18a'a;-8a* hyx^+2ax-2a' 



1-3- 8+18-8 
1+2- 2 



1+2-2 



1-5+4 



-5- 6+18-8 
•-5-10+10 

4+ 8-8 

.4+ 8-8 
The coefficients of the quotient are 1—5+4, and it remains to 
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supply the letters. Now x^^x^=x''; and a^-ira'=a\ Hence 
x^, ax, and a^ are the literal parts of the terms, and therefore 
the quotient is 

x^—5ax+4a^. 

Ex. 3. Divide 6a'— 96 by 3a— 6. 

Here^ as we have the fourth power of a without the lower 
powers, we must supply the coefficients of the absent terms, 
as in multiplication, with zero. 



6+ 0+0+0-96 
6-12 



3-6 



2+4+8+16 



12 

12-24 
24 

24-48 

48-96 
48-96 
But a*-T-a=a® ; hence the quotient is 

2a'+4a'+8a+16. 
Ex. 4. Divide Sy^+Sxy^—4x^y—4x^ by x+y. 

Ans. Sy^—^xK 
Ex. 5. Divide 8a'-4a'a;—2aV+a'';2;' by 4a'-a;'. 

Ans. 2a^—a^x. 
Ex. 6. Divide a'+4a—8a'-25a'+35a'+21a-28 by a'+ 
6a+4. 
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FRACTIONS. 

(81.) When a quotient is expressed as described in Art 16, 
by placing the divisor under the dividend with a line between 
them, it is called ^fraction; the dividend is called the numer- 
ator, and the divisor the denominator of the fraction. Alge- 
braic fractions do not differ essentially from arithmetical frac- 
tions, and the same principles are applicable to both. 

The following principles form the basis of most of the oper- 
ations upon fractions : 

1. In order to multiply a fraction hy any numher^ we must 
multiply its numerator, or divide its denominator by that num^ 
her. 

Thus, the value of the fraction — is 6. If we multiply the 

numerator by a. we obtain — - or ah ; and if we divide the de- 

•^ ' a 

nominator of the same fraction by a, we obtain also ah ; that 
is, the original value of the fraction h has been multiplied by a. 

2. In order to divide a fraction hy any number, we must di- 
vide its numerator or multiply its denominator by that number. 

Thus, the value of the fraction — is ah. If we divide the 
numerator by a, we obtain — or h; and if we multiply the de- 
nominator of the same fraction by a, we obtain —^ or b ; that 

is, the original value of the fraction «& has been divided by a* 

3. The value of a fraction is not changed if we multiply or 
divide both numerator and denominator by the same number^ 
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_, ah dbx ahxy , 

Thus, — = = ^=6. 

a ax axy 

Every quantity which is not expressed under a fractional 
form, is called an entire quantity. 

An algebraic expression composed partly of an entire quan- 
tity and partly of a fraction, is called a mixed quantity. 

(82.) The proper 5z^?i to be prefixed to a fraction may be 
determined by the rules already established for division. The 
sign prefixed to the numerator of a fraction affects merely the 
dividend; the sign prefixed to the denominator affects merely 
the dimsor ; \i\x\. the sign prefixed to the dividing line of a 
fraction affects the quotient. 

Thus, — =+&, for + divided by + gives +. 

— =—&, for ~ divided by + gives — . 
a ^ o 

—=--6, for + divided by — gives — . 

— —+b, for — divided by — gives +. 

So, also, — — =— &, for this ghows that the former quotient 
a 

h is to be^ subtracted, which is done by changing its sign. 

=+J, because the former quotient — & is to be 

subtracted, whence it becomes +&. 

=+6, for the same reason ; 

— a 

and —=—h, also for the same reason. 

—a 

Hence we have the following equivalent forms : 

ab —ah —ah ah , _ 

— = = = = +0 ; 

a —a a —a 

- —ah ah ah —ah . 

also, = — = = — =— 0. 

a —a a —a 

That is, of the three signs belonging to the numerator, de- 
nominator, and dividing line of a fraction, «ny two may he 
changed from + to — or from — ^o +, without affecting the 
value of the fraction. 
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In the examples of fractions here employed for illustration, 
both numerator and denominator have consisted of monomials. 
The same principles are applicable to polynomials ; but it 
must be remarked, that by the sign of the numerator we un- 
derstand the entire numerator as distinguished from the sign 
of any one of its terms taken singly. 

a+b-hc . —a—b—c 
Ihus, — is equal to -\ — — . 

When no sign is prefixed either to the terms of a fraction or 
to its dividing line, + is always to be understood. 

EBDUCTION OF FRACTIONS. 

PROBLEM I. 
(83.) To reduce a fraction to lower terms, 

RULE. 

Divide both numerator and denominator by any quantity 
which will divide them both without a remainder. 

According to Remark 3, Art, 81, this will not change the 

value of the fraction. 

ax a 

Thus, 7— =T. 

ox 

Also, 3,a =-7 (dividing both numerator and de- 

nominator by a^b,) 

. , ax^ ax 

And ; — i-=='— ; — • 

ax+x a-\-x 

If the numerator and denominator are both divided by their 
greatest common divisor, it is evident the fraction will be re- 
duced to its lowest terms. The method of finding the greatest 
common divisor is considered in Section XV. ; but in the fol- 
lowing examples the greatest common divisor is easily found, 
by resolving the quantities into factors according to methods 
already indicated. 

EXAMPLES. 

1. Reduce „ . „ to its lowest terms. 
ac-^ax 

Ans, -;. 



Ans. -Z-* 
5c 



Ans» 



x'+a' 



Ans. I 



Ans, ^^ 



x+y 
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2. Reduce tt: irr to its lowest terms. 



3. Reduce -i — -. to its lowest terms. 



2x^ IQx 6 

4. Reduce ^ . ^^ — — to its lowest terms. 
3;?;'— 24a;— 9 



S. Reduce 3^q^%. to its lowest terms. 



6. Reduce — — ^ , . , o to its lowest terms. 

a^—x^ 

7. Reduce -^ — ^; ; — i to its lowest terms. 

a —2ax-\-x 



PROBLEM II. 
(84.) To reduce a fraction to an entire or mixed quantity. 

RULE. 

Divide the numerator by the denominator for the entire pa 

and place the remainder, if any, over the denominator for t 

fractional part. 

27 
Thus, —=27-7- 5= 5|. 
5 ^ 

, , ax-\-a^ , „, c^ 

Also, =iax+(]^\-^x=a-\ — . 

X ^ ^ X 

EXAMPLES. 

ax "-— x^ 
1 . Reduce to an entire quantity. 
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2. Keduce — 7—- to a mixed quantity. 

3. Reduce _^ ■■ to a mixed quantity. 



2x'' 
Ans. a+x+ 



a—x 



X —y 

4. Reduce to an entire ^quantity. 

x—y ^ . 

5. Reduce to a mixed quantity. 

*iX 

6. Reduce ^r— to a mixed quantity. 



PROBLEM III. 

(85.) To reduce a mixed quantity to the form of a fraction 

RULE. 

Multiply the entire part by the denominator of the fraction ; 
the product add the numerator with its proper sign, and plaa 
e result over the denominator. 

mu o. 3X5+2 15+2 17 
Thus, 31=—^—==-^=-. 

This result may be proved by the preceding Rule. Foi 

-=:17-T-5=3f. 

b aXc+b ac+b 

Also, a+-= == . 

c c c 

EXAMPLES. 

a^—x^ 
1. Reduce x-\ to the form of a fraction. 

X 



2. Reduce x-\ — - — ■ to the form of a fraction. 
2a 

. ^ax+x^ 
Ans, 



2a ' 

3# 
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2x 7 

3. Reduce 5H — -- — to the form of a fraction. 

3a; 

X'~''CL'~~ 1 

4. Reduce 1 -\ to the form of a fraction. 

a 

5. Reduce l+2a;H — = — to the form of a fraction. 

6. Reduce 7H — 5 — rr to the form of a fraction. 



PROBLEM IV. 

(86.) To reduce fractions to a common denominator. 

RULE. 

Multiply each numerator into all the denominators, except its 
own, for a new numerator, and all the denominators together for 
a common denominator, 

EXAMPLES. 

1. Reduce r and -, to a common denominator. 

h d 

ad be 
^''^- hd' U 
Here it will be seen that the numerator and denominator of 
the first fraction are both multiplied by d, and in the second 
fraction they are both multiplied by h. The value of the frac- 
tions, therefore, is not changed by this operation. 

2. Reduce -r and to equivalent fractions having a com- 
mon denominator. 

ac ab+b^ 



Ans, 



he' be ' 



Sx 2& 

3. Reduce ^, r-, and d to fractions having a common de- 

lia oc 

nominator. 

3 2x 4:X 

4. Reduce -, — , and a-^— to fractions having a common 

denominator. 
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a Sct^ a "4~^ 
6. Reduce ~, —, and \o fractions having a common 

denominator. 

6. Reduce •-, — r— , and -—-— to fractions having a common 
denominator. 

7. Reduce — j and ■— — to fractions having a common de- 

nominator. 

Following the Rule, we obtain 

Sax Sax'-i-ex' 

\2x' ^^^ I2x' ' 
which fractions have a common denominator, and are equiva- 
lent to those originally proposed. Nevertheless, it may be ob- 
served, that these fractions are not reduced to i\\e\v least com- 
mon denominator, for every term is divisible by x. The least 
common denominator is the least common multiple of the de- 
nominators of the propos-ed fractions. 

A common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple is the least number which they will so divide. 
Thus, I2x^ is the least common multiple of Sx"" and Ax; and 
the above fractions reduced to their least common denomina- 
tor are 

Sa , Sax+Gx"" 
and 



The least common multiple of two numbers is their product 
divided by their greatest common divisor. 

3 5 

8. Reduce tt and — - to equivalent fractions having the least 

14 21 ^ 

common denominator. 

The product of the denominators is 294, which, divided by 
7 (their greatest common divisor), gives 42, the least common 
denominator, and the required fractions are 

9 , 10 
42 "^^ 42- 

7 11 

9. Reduce the fractions — and — to others which have the 

10 15 

least common denominator. 

D 
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10. Reduce -^ and ^Ti-7 to equivalent fractions having the 

least common denominator. 

. 4ac _ d 
Arts. ^71 and -rrn. 

11. Reduce —^ and -tzt^ ^^ equivalent fractions having 
the least common denominator. 

. {<^^W . c+d 



PROBLEM V. 

(87.) To add fractional quantities together* 

RULE. 

Reduce the fractions to a common denominator ; add the nu- 
merators together, and place their sum over the common denom- 
inator. 

The fractions must first be reduced to a common denomina- 
tor to render them like parts of unity. Before this reduction, 
they must be considered as unlike quantities. 

EXAMPLES. 

X cc 

1. What is the sum of - and -? 

Reducing to a common denominator, the fractions become 

Sx , 2x 
-and-. 

Adding the numerators, we obtain — . 

It is plain that three sixths of x and two sixths of x make 
five sixths of x. 



a c 



2. Required the sum of t, ^> and > 



adf+bcf+bde 
hdf 
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3. Required the sum of —rr and 



a+h a—V 

4. Required the sum of 5a;, ^, and -— — . 

5. Required the sum of 2<2, 3a+— , and «+— . 

o y 



Ans. 6a+--— -. 
45 



6Z CL'~~'X 

6. Required the sum of a+o;, -, and 



a—a; a 

Ans. «+a;+2-| — ^ ■. 

a— ax 



Ans. a. 



7. Required the sum of —— - arid — — •. 



8. Required the sum of -, — ;: — , and — : — . 

2 4 4 

ma—h na-¥h 

9. Required the sum oi — ; — and — -—. 

^ m-\-n m+n 



PROBLEM VI. 

(88.) To subtract one fractional quantity from another. 

RULE. 

Reduce the fractions to a common denominator, subtract one 
numerator from the other, and place their difference over the 
common denominator. 



EXAMPLES. 



^ 2x , 3a: 

1. From "TT subtract — . 
6 o 

Reducing to a common denominator, the fractions become 
10a; , 9a; 
15- ^^^15- 
__ lOo; 9a; x 

Hence 15-15=1^' 

and it is plain that ten fifteenths of x, diminished by nine fif- 
teenths of X, equals one fifteenth of x. 
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2. From — r- subtract — . 



^ _ 9x—4:y , 5x—Sy 
3. From — — ^ subtract ■^-^, 

It must be remembered, that the minus sign before the di- 
viding line of a fraction affects the quotient (Art, 82); and 
since a quantity is subtracted by changing its sign, the result 
of the subtraction in this case is 

— Y~+— 3— ; 

which fractions may be reduced to a common denominator, 
and the like terms united, as in addition. 



, _^ ax . ax 

4. From •; subtract 



h—c b+c 



2+lx , 5x'-6 
5. From 2xA — ^— subtract x — — . 



^ X ^ x—a 

6. trom 3a; +-7 subtract x . 

26 c 

_ a-\'h . a—h 

7. From -—t— subtract 



. 2acx 

Ans. r- r. 



355:?:-^ 6 



2 -~ 2 

lSa-5b , 7a-26 

8. From ^ subtract — -r— . 

4 



25a~-116 



12 



PROBLEM VII. 
C89.) To multiply fractional quantities together. 



RULE. 



Multiply all the numerators together for a new numerator, 
and all the denominators together for a new denominator. 

a c 
Let it be required to multiply r by %. 
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First, let us multiply j- by c. According to Remark first of 

11 . ac 

rt 81, the product must be -j-, 

c 
But the proposed multiplier was -i; that is, we have used a 

lultiplier d times too great. We must therefoi-e divide the 

etc 
jsult — by d; and, according to Remark second oi Art. 81, 

e obtain 

ac 

hd' 
hich result conforms to the Rule above given. 



EXAMPLES. 



1. Multiply I by ^. 



Ans. 1^. 



2. What is the continued product of *-, — , and — - ? 

8. Multiply ~ by ^--^. 

4. What IS the contmued product of — , — .and •— r- f 



JLti^. 9eza;, 



5. Multiply Z?+— by -. 

6. Multiply--^ by -^:p^. 






&V+6C''* 



7. What is the continued product of ^r, , and r? 

Ans. --7- — r. 
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„ , . , a'+V , a-b 

8. Multiply-,^, by ^:j:^. 

(90.) Ex. 1. Multiply -; by -3. 

According to ttie preceding Article, the result must be -^, 

1 1 

But, according to Art. 68, -^ may be written or^ ; -5 may be 

written ar^ ; and — may be written ar^. 

Oj 

Therefore, a-'' Xar^=^ ar^. 

That is, the Rule of Art. 50 h general, and applies to nega^ 
tive as well as positive exponents. 
Ex. 2. Multiply -&-^ by 6-^. 

Ans. —6-^. 

3. Multiply a-' by a\ 

4. Multiply &-^ by &'. 

5. Multiply a-^ by a-\ 

6. Multiply b-^ by h\ 

7. Multiply (a-iyhy (a-by 



A-3 



PROBLEM VIII. 
(91.) To divide} one fractional quantity by another. 

RULE. 

Invert the divisor, and proceed as in multiplication. 

If the two fractioiis have the same denominator, then the 
quotient of the fractions will be the same as the quotient of 
their numerators. 

3 9 

Thus it is plain that ~ is contained in — as often as 3 is 

contained in 9. 

But when the two fractions have not the same denominator, 

we must reduce them to this form by Problem IV. 

a c 
Let it be required to divide t by -. 
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Reducing to a common denominator, we have -73 to be di- 

ded by 7-7. 

It is now plain that ihe quotient must be represented by the 
v^ision of ad by &c, which gives 

ad 

Jc 
e same result as obtained by the above Rule. 
^, a c a d ad 

EXAMPLES. 

1. Divide - by —. 



Ans. H. 



2. Divide -r by -j. 

3. Divide -7-, — 5 by — -— . 

4. Divide — r— by ---• 

O d 

^. . _ x—h , 2cx 

5. Divide — -r by --j. 

%cd -^ 4(^ 



.^. . , 2ax-\'X . X 
(5. Divide 33 by - — -. 
c^—x^ '' c—x 



Ans, 



x—h 



Ans. 



2a+x 
c^+cx+x"^ 



7. Divide 



b , a 
by 



a+h a—h ^ a—h a+b' 



Ans. Unity. 



(92.) Ex. 1. Divide -g by ~. 

According to the Rule of the preceding Article, we have 

a'^T'~a'~"a'' 
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But -g may be written ar^ \ — may be written or^\ and — 

is equal to cr^. 

Hence ar^-^ar'—ar'. 

That is, the Rule of Art, ^^ is general, and applies to nega- 
tive as well as positive exponents. 

Ex. 2. Divide -&-^ by -b-\ 

Ans, b"^. 

3. Divide a' by a-K 

4. Divide 1 by a-^. 

5. Divide 6a" by ~2a-^. 

6. Divide 5"-" by 5". 

7. Divide I2x-^if-^ by — 4a;^/^ 

8. Divide {x-y^ by {x-y)-^. 

(93.) According to the definition, Art. 33, the reciprocal of 
a quantity is the quotient arising from dividing a unit by that 
quantity. 

Hence the reciprocal of t- 

, ^ a ^ h h 
IS l-^--=lx-=- 

h a a 

That is, the reciprocal of a fraction is the fraction inverted. 

. . a . b-\-x 
Thus the reciprocal of T-p- is — — . 
u-T~x a 

The reciprocal of t-t- is b+c. 

Hence, to divide by any quantity is the same as to multiply 
by its reciprocal, and to multiply by any quantity is the same 
as to divide by its reciprocal. 

(94.) The numerator or denominator of a fraction may be 
itself a fraction ; 

a 

- b 

As b or - 

c 

' d 

Such expressions are easily reduced by applying the pre- 
ceding principles. 
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Thus, \bj means --f-c, 

c 



(f) ' 



which, according to Remark second. Art. 81, equals j-. 

a 



Again, fb\ means a-~-, 



ac 



which, according to Art, 91, equals -7-. 

Also, '-T~\ means the same as ?_:_£ 
which, according to Art. 91, equals -7--. 



jBa?. 1. Find the value of the fraction j. 

2i 

£a:* 2. Find the value of the fraction — . 

4 
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SIMPLE EaUATIONS. 

(95.) An equation is a proposition which declares the equality 
of two quantities expressed algebraically. 

Thus, x-'4:=h—x, is a proposition expressing the equality 
of the quantities x— 4 and h—x. 

The quantity on the left side of the sign of equality is called 
iliQ first member of the equation ; the quantity on the right, the 
second member. 

Equations are usually composed of certain quantities which 
are known, and others which are unknown. The known quan- 
tities are represented either by numbers or by the first letters 
of the alphabet, a, b, c, &c. ; the unknown quantities by the last 
letters, x, y, %, &;c. 

An identical equation is one in which the two members are 
identical, or may be reduced to identity by performing the op- 
erations which are indicated in them. 

Thus, 2x-5=2x-6 

3a;+4x=7a: 
{x+y){x-y)=x^'-y\ 

A root of an equation is the value of the unknown quantity 
in the equation. 

(96.) Equations are divided into degrees, according to the 
highest power of the unknown quantity which they contain. 

Those which contain only the first power of the unktiown 
quantity are called simple equations, or equations of the first 
degi^ee. 

As ax-^-b—cx+d. 

Those in which the highest power of the unknown quantity 
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is a square, are called quadratic equations, or equations of the 
second degree. 

As Ax''-2x^5-x\ 

Those in which the highest power is a cube, are called cubic 
equations, or equations of the third degree. 

As x'^-px'^=2q. 

So, also, we have biquadratic equations, or equations of the 

fourth degree ; equations of the ffth, sixth, nih. 

degree. 

Thus, x^'-^-px^—^^r, is an equation of the nth degree. 

In general, the degree of an equation is determined by the 
highest of the exponents with which the unknown quantity is af- 
fected, 

(97.) Numerical equations 2iYG those which contain only par- 
ticular numbers, with the exception of the unknown quantity, 
which is always denoted by a letter. 

Thus, x^+4x^=3:c+12 is a numerical equation. 

Literal equations are those in which the known quantities 

are represented by letters, or by letters g,nd numbers. 

Thus, x^+px'^+gx=r ) ,.^ , 

4 « 3 , ^ 2 ^ ( are literal equations. 
x^—Spx^+bqx^^^ ) ^ 

To solve an equation is to find the value of the unknown 
quantity, or to find a number which, substituted for the un- 
known quantity in the equation, renders the first member 
identical with the second. 

The difficulty of solving equations depends upon their de- 
gree, and the number of unknown quantities. We will begin 
with the most simple case. 

SIMPLE BaiJATIONS CONTAINING BUT ONE UNKNOWN aUAN- 

TITY. 

(98.) The various operations which we perform upon equa- 
tions in order to deduce the value of the unknown quantities, 
are founded upon the following principles : 

1. If to two equal quantities the same quantity be added, the 
sums will be equal. 

2. If from two equal quantities the same quantity be sub- 
tracted, the remainders will be equal. 

3. If two equal quantities be multiplied by the same quan- 
tity, the products will be equal. 
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4. If two equal quantities be divided by the same quantity, 
the quotients will be equal. 

(99.) The unknown quantity may be combined with the 
known quantities in the given equation by the operations of 
addition^ subtraction, multiplication, or division. 

We shall consider these different cases in succession. 
I. The unknown quantity may be combined with known 
quantities by addition. 

Let it be required to solve the equation 

:r+6=24. 
If from the two equal quantities, x+Q and 24, we subtract 
the same quantity 6, the remainders will be equal, according 
to the last Article, and we shall have 

a;+6-6=24~6, 
ora;=24— 6, 

= 18, the value oix required. 
So, also, in the equation 

X'\-a=h, 
subtracting a from each of the equal quantities, a: +« and &, the 
result is 

x=b—a, the value of a; required. 
(100.) II. The unknown quantity may be combined with 
known quantities by subtraction. 
Let the equation be 

a:--6=24. 
If to the two equal quantities, a;— 6 and 24, the same quan- 
tity 6 be added, the sums will be equal, according to Art, 98, 
and we have 

:c-6+6=24+6, 

or a; =30, the value of a; required. 
So, also, in the equation 

x—a=b, 
adding a to each of these equal quantities, the result is 
x=b+af the value of a; required. 
From the preceding examples, it follows that 
We may transpose any term of an equation from one member 
to the other by changing its sign. 

We may change the sign of every term of an equation with- 
out destroying the equality. 
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This is, in fact, the same thing as transposing every term ixx 
each member of the equation. 

If the same quantity appear in each member of the equation 
affected with the same sign, it may be suppressed. 

(101.) III. The unknown quantity may be combined with 
known quantities by multiplication. 

Let the equation be 

6x=24. 

If we divide each of the equal quantities, 6x and 24, by the 
same quantity 6, the quotients will be equal, and we shall have 

24 

=4, the value of re required. 
So, also, in the equation 

ax^b, 
dividing each of these equals by a, the result is 

x=-, the value of a; required. 

Prom this it follows, that 

' When the unknown quantity is multiplied by a known quan- 
tity^ the equation is solved by dividing both members by this 
known quantity, 

(102.) IV. The unknown quantity may be combined with 
known quantities by division. 

Let the equation be 

X 

-=24. 
6 

X 

If we multiply each of the equal quantities, ~ and 24, by the 

same quantity 6, the products will be equal, and we shall have 
a;=144, the value of a: required. 
So, also, in the equation 

a 
multiplying each of these equals by a, the result is 
x=ab, the value of x required. 
From this it follows, that 
When the unknown quantity is divided by a known quantity. 
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the equation is solved by jnultiplying both members by this known 
quantity, 

(103.) V. Several terms of an equation may be /racifzowaZ. 
Let the equatioja be 

x_2 4 
2~3"^5' 
Multiplying each of these equals by 2, the result is 

_4 8 

Multiplying each of these last equals by 3, we obtain 

24 

3;r=4+— ; 
5 

and multiplying again by 5, we obtain 
15a;=20+24, 
an equation free from fractions. 

We might have obtained the same result by multiplying the 
original equation at once by the product of all the denom- 
inators. 

Thus, multiplying by 2X3X5, we have 
30^_60 120 
"2"~"3"^~5"* 
or reducing, we have 

15:z:=20+24, as before. 
So, also, in the equation 

x_b d 
a c e' 
multiplying successively by all the denominators, or by a c e 
at once, we obtain 

acex ahce acde 
a c e ' 

Canceling from each term the letter which is common to its 
numerator and denominator, we have 
cex=abe+acd, 
an equation clear of fractions. 
Hence it appears that 

An equation may be cleared of fractions by multiplying each 
member into all the denominators. 

(104.) From the preceding remarks, we deduce the fol- 
lowing 
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RULE FOR THE SOLUTION OF A SIMPLE EaUATION CONTAINING 
ONE UNKNOWN aUANTITY. 

1. Clear the equation of fractions, and perform in both mem- 
hers all the algebraic operations indicated, 

2. Transpose all the terms containing the unknown quantity 
to one side, and all the remaining terms to the other side of the 
equation, and reduce each member to its most simple form, 

3. Divide each member by the coefficient of the unknown 
quantity. 

EXAMPLES. 

1. Given 5a; +8 =43;+ 10, to find the value, of a:. 
Transposing 4:X to the first member of the equation, and 8 

to the second member, taking care to change their signs {Art, 
100), we have 

Uniting similar terms, x—2. 

In order to verify this result, put 2 in the place of x wher- 
ever it occurs in the original equation, and we shall obtain 

5X2+8=4X2 + 10. 
That is, 10+8=8 + 10, 

or 18=18, 

an identical equation, which proves that we have found the 
correct value oix, 

X X 

2. Given a^— '7=-+ . to find the value of a;. 

DO 

Multiplying every term of the equation by 5 and also by 3, 

in order to clear it of fractions (Art. 103), we obtain 

15x-105=3x+5x. 

Hence, by transposition, 

l5xSx-5x=105, 

or 7:?;= 105, 

105 
and therefore a:=--r- = 15. 

To verify this result, put 15 in the place of x in the original 
equation, and we have 

15 15 
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That is, 15-7=3+5, 

or 8=8, 

an identical equation. 

3. Given Sax—4ab=2ax—6ac9 to find the value of x in 
terms of & and c. 

Dividing every term by a, we have 

Sx—4:h=2x—6c. 
By transposition, 

Sx—2x=4b'-6c:, 
or x=4b—6c. 

This result may be verified in the same manner as the pra 
ceding. 

4. Given Sit^—lOx—Sx-j-x^, to find the value of x. 

Ans, x=9. 

^. a{{2^+x*) ax . ^ 

5. Given ~-^- =czc-| — 7, to find x. 

ax a 



Ans. ar=-. 
c 



Ans. a:=9» 



x—5 284— a; ^ , 

6. Given . 4-6a;= — -- — -, to find x. 



7. Given — =&c+cZH — , to find x. 

X X 

_ab-l 
Ans. x^^^^^. 

c r.' « . ^^+^ \ . 11:^-37 ^ ^ 

8. Given 3ajH — =5H , to find x. 

Ans. a:=7. 

9. Given 5aa:;— 26+4&a;=2a;+5c, to find a:. 

^^^- ^=5^+46=2- 

Q/y. K 2x-^A 

10. Given :?;+-^--=12 — — , to find the value of rr. 

Ans. x=^b. 

, ^ ... 3a;-ll 5:z:-5 97-7a; , , 

11. Given 2H -^ — = — ~ — 1 ■- — , to find x. 

lb o 2 

(105.) An equation may always be cleared of fractions by 
multiplying each member into all the denominators according 
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\jo Art 103. But sometimes the same object may be attained 

by a less amount of multiplication. 

Thus, in the preceding example, the equation may be cleared 

of fractions by multiplying each term by 16, instead of 16X8 

X2, and it is important to avoid all useless multiplication. In 

general, it is sufficient to multiply by XhQ least common multiple 

of all the denominators,. See Art, 86. 

oc — 4 5^ '\~ 14 1 
12. Given Sx- — ——4= — — , to find x. 

4 O x4) 

18. Given ^x—a+cx=^' ^ — , to find x. 

S a - 

_ 4a'-Sb 

* ^"Sa+Sac—S' 



14. Given - — c+T'^4x+'-r, to find a;. 
a b a 



abed 
Arts, x^^z 



" Sbd+ ad— 4abd— 2ab' 
16. Given {a+x) {b-{-x)—aQ)-{-c)=^-\-x% to find x. 

. ac 

Ans. x==-rr. 



1 6. Given - — ^— = 5 ~ 6x + — - — , to find x, 

DO a 

3:^;— 3 20— ic 6a:— 8 , 4a;— 4 ^ . , 

17. Given x — —5— +4=—^ 7~""^'~~5~' ^' 

7a:+16 a:+8 x- _ _ 

18. Given — ^rz -z — -77=05 to find x. 

21 4aJ— 11 3 

^. 6a;+7, 7a;-13 2a; +4' ^ , 

19. Given -.^+-^-^-==-^, to find x. 

20. Given -ab+-ac—-cx=-ac+2ab—Qcx, to find the value 

6 5 3 4 

of a;. 

. lOab—Sac 

^"*- ^= 320c • 



SOLUTION OF PBOBLEMS. 

(106.) The solution of a Problem by Algebra consists of 
two distinct parts: 

E 
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1. To express the conditions of the problem algebraically ; 
that is, to form the equation. 

2. To solve the equation. 

The second operation has already been explained, but the 
first is often more embarrassing to beginners than the second. 
Sometimes the statement of a problem furnishes the equation 
directly; and sometimes it is necessary to deduce from the 
statement new conditions, which are to be expressed alge- 
braically. The former are called explicit conditions ; and those 
which are deduced from them, implicit conditions. 

It is impossible to give a general rule which will enable us 
to translate every problem into algebraic language. The 
power of doing this with facility can only be acquired by re- 
flection and practice. 

The following directions may be found of some service. 

Denote one of the required quantities by x ; then, by means 
of this letter, with the algebraic signs, perform the same opera- 
tions which would be necessary to verify its value if it was al- 
ready known. 

Problem 1. What number is that, to the double of which it 
16 be added, the sum is equal to four times the required num- 
ber ? 

Let X represent the number required. 

The double of this will be 2x, 

This increased by 16 should equal Ax. 

Hence, by the conditions, 2x-\-l6~Ax. 

The problem is now translated into algebraic language, and 
it only remains to solve the equation in the usual way. 

Transposing, we obtain 

16=4a:— 2x=2x, 
and 8=a;, 

or x=S. 

To verify this number, we have but to double 8, and add 
16 to the result ; the sum is 32, which is equal to four times 8, 
according to the conditions of the problem. 

Prob. 2. What number is that, the double of which exceeds 
its half by 6? 

Let X = the number required. 

Then, by the conditions, 
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X 



Clearing of fractions, 

or 3a;=12. 

Hence ic=4. 

To verify this result, double 4, Which makes 8, and diminish 
it by the half of 4, or 2 ; the result is 6, according to the con- 
ditions of the problem. 

Prob. 3. The sum of two numbers is 8, and their difference 
2. What are those numbers ? 

Let X = the least number. 

Then a;+2 will be the greater number. 

The sum of these is 2:?:+2, which is required to equal 8. 

Hence we have 

2a;+2=:8. 

By transposition, 2a:— 8—2=6, 

and a;=3, the least number. 

Also, a:+2=5, the greater number. 

Veriiication, 5+3=8 ) ,. , ,. . 

K_q_o V accordmg to the conditions. 

The following is a generalization of the preceding Problem. 

Prob. 4. The sum of two numbers is a^ and their difference 
&. What are those numbers ? 

Let X represent the least' number. 

Then x-\-h will represent the greater number. 

The sum of these is 2x+b, which is required to equal a. 

Hence we have 

2x+b=a. 

By transposition, 2a;=a— 6, 

a—b a' b ^ , , 

or ir=-^=-— -, the less number. 

TT . a b . a b 

Hence a;+6=-— ^+6=^+-, the greater number. 

As these results are independent of any particular value at- 
tributed to the letters a and b, it follows that 

Half the diffei^ence of two quantities, added to half their sum, 
is equal to the greater ; and 
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Half the difference subtracted from half the sum is equal to 
the less. 

The expressions ^+^ ^^^ o~"o ^^^ called formulas, because 

they may be regarded as comprehending the solution of all 
questions of the same kind ; that is, of all problems in which 
we have given the sum and difference of two quantities. 
Thus, let a^8 j ^g j^ ^j^^ preceding problem. 

Then o+o~~o~"~^' ^^® greater number. 

And -—-=——-=3, the less number* 
2 3 -* 

^ =10; their difference = 6; required the numbers. 

I J 12 '' 2 " 

iB 23 " 11 

•5 § 100 " 50 " 

§ g 100 " 1 « 

o 10 « 1. « 

Prob. 5. From two towns which are 54 miles distant, two 
travelers set out at the same time with an intention of meet- 
ing. One of then! goes 4 miles and the other 5 miles per hour. 
In how many hours will they meet? 

Let X represent the required numter of hours. 

Then 4x will represent the number of miles one traveled, 

and 5.T the number the other traveled ; 
and since they meet, they must together have traveled the 
whole distance. 

Consequently, 4a;+5a;=54. 

Hence 9a; =54, 

or x=6. 

Proof, In 6 hours, at 4 miles an hour, one would travel 24 
miles; the other, at 5 miles an hour, would travel 30 miles. 
The sum of 24 and 30 is 54 miles, which is the whole distance. 

This Problem may be generalized as follows : 

Prob. 6. From two points which are a miles apart, two 
bodies move toward each other, the one at the rate oim miles 
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per hour, the other at the rate of n miles per hour. In how 
many hours will they meet ? 

Let X represent the required number of hours. 

Then mx will represent the number of miles one body 
moves, 

and nx the miles the other body moves, 
and we shall obviously have 

mx+nx=^a. 
Hence x- 



This is a general formula, comprehending the solution of all 
problems of this kind. Thus, 
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Required the time of meeting. 

We see that an infinite number of problems may be pro- 
posed, all similar to Prob. 5 ; but they are all solved by the 
formula of Prob. 6. We also see what is necessary in order 
that the answers may be obtained in whole numbers. The 
given distance {a) must be exactly divisible by m+7i. 

Prob. 7. A gentleman meeting three poor persons, divided 
60 cents among them ; to the second he gave twice, and to 
the third three times as much as to the first. What did he 
give to each? 

Let X = the ;sum given to the first. 

Then 2x = the sum given to the second, 
and 3a; == the sum given to the third. 

Then, by the conditions. 





a;+2a;4-3a;=60. 


That is, 


Bx=60, 


or 


a;=10. 



Therefore he gave 10, 20, and 30 cents to them respectively. 
The learner should verify this, and all the subsequent results. 

The same problem generalized. 

Prob. 8. Divide the number a into three such parts, that the 
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second may be m times, arid the third n times as great as the 
first. 

a ma na 



Arts, 



l-{-m-\-n^ l+w2+?i' l+m+n' 

What is necessary in order that the preceding values may 
be expressed in whole number's ? 

Prob. 9. A bookseller sold 10 books at a certain price, and 
afterward 15 more at the same rate. Now at the last sale he 
received 25 dollars more than at the first. What did he re- 
ceive for each book ? 

Ans, Five dollars. 

The same Problem generalized. 

Prob. 10. Find a nurnber such that when multiplied success- 
ively by m and by n, the difference of the products shall be a. 

Ans. . 

m—n 

Prob. 11. A gentleman dying, bequeathed 1000 dollars to 

three servants. A was to have twice as much as B, and B 

three times as much as C. What were their respective 

shares? 

Ans. K received #600, B #300, and C #100. 

Prob. 12. Divide the number a into three such parts that the 

second may be m times as great as the first, and the third n 

times as great as the second. 

. a ma mna 

1+m+mn^ l~\-m-\-mn^ \-\-m-\-mn 

Prob. 13. A hogshead which held 120 gallons was filled 

with a mixture of brandy, wine, and water. There were 10 

gallons of wine more than there were of brandy, and as much 

water as both wine and brandy. What quantity was there of 

each ? 

Ans. Brandy 25 gallons, wine 35, and water- QQ gallons. 

Prob. 14. Divide the number a into three such parts, that 

the second shall exceed, the first by tw, and the third shall be 

equal to the sum of the first and second. 

. a— 2m a+2m a 

Prob. 15. A person employed four workmen, to the first of 
whom he gave 2 shillings more than to the second; to the 
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second 3 shillings more than to the third ; and to the third 4 
shillings more than to the fourth. Their wages amount to 32 
shillings. What did each receive ? 

Ans, They received 12, 10, 7, and 3 shillings respectively. 

Prob. 16. Divide the number a into four such parts, that the 
second shall exceed the first by m, the third shall exceed the 
second by n, and the fourth shall exceed the third by p. 

a— 3771—271— p a+m—2n—p 



Ans. 



4 ' 4 ' 

a+m-{-2n—p a+m+iin+Sp 



4 ' 4 

(107.) Problems v^hich involve several unknown quantities 
may often be solved by the use of, a single unknown letter. 
Most of the preceding examples are of this kind. In general^ 
when we have given the sum or difference of two quantities, 
both of them may be expressed by means of the same letter. 
For the difference of two quantities added to the less must be 
equal to the greater; and if one of two quantities be sub- 
tracted from their sum, the remainder will be equal to the 
other. 

Prob. 17. At a certain election 36000 votes were polled ; 
and the candidate chosen wanted but 3000 of having twice as 
many votes as his opponent. How many voted for each? 

Let X = the number of votes for the unsuccessful candidate 

Then 36000— :r = the number the successful one had, 

And 36000-:?:+3000=2:z;. 

Ans. 13000 and 23000. 

Prob. 18. Divide the number a into two such parts, that one 
part increased by b shall be equal to th times the other part. 

ma—b a-hb 

JLnS. ; r~ 5 7~-i* 

m+1 m-hl 
Probi 19. A train of cars moving at the rate of 20 miles per 
hour, had been gone three hours, when a sepond train followed 
at the rate of 25 miles per hour. In what time will the second 
train overtake the first ? 

Let .T = the number of hours the second train is in motion, 

x-\-S== the time of the first train. 
Then 25a; = the numberof miles traveled by the second train, 
20(:r+3)— the miles traveled by the first train. 
4* 
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But at the time of meeting they must both have traveled the 
same distance. 

Therefore 25x=20x+m. 

By transposition, 62:= 60, 
and x= 12, 

Proof, In 12 hours, at 25 miles per hour, the second train 
goes 300 miles ; and in 15 hours, at 20 miles per hour, the first 
train also goes 300 miles ; that is, it is oveilaken l^y the sec- 
ond train. 

Prdb. 20. Two bodies move in the same direction from two 
places at a distance of a miles apart ; the one at the rate of n 
miles per hour, the other pursuing at the rate of m miles per 
hour. When will they meet? 

Ans. In hours. 

m — n 

This Problem, it will be seen, is essentially the same as 
Prob. 10. 

Prob. 21. Divide the number 197 into two such parts, that 
tour times the greater may exceed ^re times the less by 50. 

Ans, 82 and 115. 

Prob. 22. Divide the number a into two such parts, that m 
times the greater may exceed n times the less by b, 

ma—h na+b 

Ans, ; — ; — : — . 

m-\-n m-^-n 

When ?z=l, this Problem reduces to Problem 18. 

When b=Of this Problem reduces to Problem 24. 

Prob. 23. A prize of 2329 dollars was divided between two 
persons, A and B, whose shares were in the ratio of 5 to 12. 
What was the share of each ? 

Beginners almost invariably put x to represent one of the 
quantities sought in a problem ; but a solution may often be 
very much simplified by pursuing a diffei'ent method. Thus, 
in the preceding problem, we may put a; to represent one fifth 
of A's share. Then 5x will be A's share, and 12a; will be B's, 
and we shall have the equation 

5a;+12a;=2329, 
and a:=13t, 

consequently their shares were 685 and 1644 dollars. 
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Pa^ob. 24. Divide the jiumber a into two such parts, that the 
first part may be to the second as m to n. 

. ma na 

Ans, 



m-\rn^ m+nf 

Prob. 25. What number is that whose third part exceeds it^. 
fourth part by 16? 
Let 12:?: = the number. 

Then 4x—Sx=l6,^ 

or x=16. 

Therefore the number =12X16=192. 

Prob. 26. Find a number such that when it is divided suc- 
cessively by m and by n, the difference of the quotients shall 
be a. 

. mna 

Ans, . 

n—m 

Prob. 27. What two numbers ar^ as 2 to 3, to each of 
which, if four be added, the sums will be as 5 to 7 ? 

A strict adherence to system would have required this ex- 
ample to be placed after the subject of Proportion, which is 
treated of in Section XIII. It is, however, only necessary to 
assume one simple principle which is employed in Arithmetic, 
viz., If four quantities are proportional, the 'product of the ex- 
tremes is equal to the product of the means. 

Thus, if a:b ::c:d. 

Then ad=hc. 

In the preceding Problem, let 2x and Sx he the numbers. 
Then 2x+4 :Sx-{-4:: 5:1, 

and by the last principle, 

Ux-h2S==15x+20, 

Prob. 28. What two numbers are as m to n, to each of 
which, if a be added, the sums shall be b.s p to q? 

ma(p—q) na(p—q) 
mq--np ' mq—np 

Prob. 29. A gentleman divides a dollar among 12 children, 
giving to some 9 cents each, and to the rest 7 cents. How 
many were there of each class 1 

Prob. 30. Divide the number a into two such parts, that if 
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the first is multiplied by m and the second by w, the sum of 

the products shall be h, 

. h—na ma—b 

Ans, ; . 

m—n m—n 

Prob. 31. If the sun moves every day one degree, and the 
moon thirteen, and tlie sun is now 60 degrees in advance of 
the moon, when will they be in conjunction for the first time, 
second time, and so on ? 

Prob. 32. If two bodies move in the same direction upon the 
circumference of a circle which measures a miles, the one at 
the rate oi n miles per day, the other pursuing at the rate of m 
miles per day, when will they meet for the first time, second 
time, &c., supposing them to be & miles apart at starting? 

Ans. In ; — — ; , &c., days. 

m—n m—n m—n *^ 

It will be seen that this Problem includes Prob. 20. 

Prob. 33. Divide the number 12 into two such parts, that the 
difierence of their squares may be 48. 

Prob. 34. Divide the number a into two such parts, that the 
difierence of their squares may be 7?. 

Ans. -— — ; —- — . 
2a 2a 

Pi^ob. 35. The estate of a bankrupt, valued at 21000 dollars, 
is to be divided among three creditors according to their re- 
spective claims. The debts due to A and B are as 2 to 3, 
while B's claims and C's are in the ratio of 4 to 5. What sum 
must each receive ? 

Prob. 36. Divide the number a into three parts, which shall 
be to each other as m : ?i : p. 

. ma na va 

When jo=l, Prob. 36 i educes to the same form as Prob. 8, 
Prob. 37. A grocer has two kinds of tea, one worth 72 

cents per pound, the other 40 cents. How many pounds of 

each must be taken to form a chest of 80 pounds, which shall 

be worth 60 cents? 

Ans. 50 pounds at 72 cents, and 30 pounds at 40 cents. 
Prob. 38. A grocer has two kinds of tea, one worth a cents 

per pound, the other h cents. How many pounds of each must 
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be taken to form a mixture of n pounds, which shall be worth 

c cents ? 

. n(c—b) , 

Ans. r— pounds at « cents, 

a—o 

., n(a—c) , 

and -r — pounds at b cents. 

Prob. 39. A can perform a piece of work in 6 days ; B can 
perform the same work in 8 days ; and C can perform the 
same work in 24 days. In what time will, they finish it if all 
work together? 

Prob. 40. A can perform a piece of work in a days, B in 5 
days, and C in c days. In what time will they perform it if all 
work together ? 

Arts, -y-, -rr- days. 

ab+ac+bc '^ 

Prob. 41. There are three workmen. A, B, and C. A and 
B together can perform a piece of work in 27 days ; A and C 
together in 36 days; and B and C together in 54 days. In 
what time could they finish it if all worked together ? 

A and B together can perform J^ of the work in one day. 

A and C " ^V " one " 

B and C " ^V " one " 

Therefore, adding these three results, 

2A+2B+2C can perform sV+sV+st i^ one day. 
= y^2 in one day. 

Therefore, A, B, and C together can perform -jV of the work 
in one day; that is, they can finish it in 24 days. If we put 
X to represent the time in which they would all finish it, then 
they would together perform ~ part of the work in one day, 
and we should have 

_l_ -I- -L. 4- _i_ == 2 

2 7 "^ 3 6 '^^ S 4 X* 

Prob. 42. A and B can perform a piece of labor in a days ; 

A and C together in b days ; and B and C together in c days. 

In what time could they finish it if all work togeAer ? 

. 2abc 

Ans, —7- -T- days. 

ab-\-ac-]rbc '' 

This result, it will be seen, is of the same form as that of 
Problem 40. 
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Prob. 43. A broker has two kinds of change. It takes 20 
pieces of the first to make a dollar, and 4 pieces, of the second 
to make the same. Now a person wishes to have 8 pieces 
for a dollar. How many of each kind must the broker give 
him ? 

Prob. 44. A has two kinds of change; there must be a 
pieces of the first to make a dollar, and h pieces of the second 
to make the same. Now B wishes to have c pieces for a dol- 
lar. How many pieces of each kind must A give him ? 

Ans. — — r^ of the first kind: — ^^ — —• of the second. 
a—o a—o 

Prob. 45. Divide the number 45 into four such parts, that 
the first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall all be 
equal. 

In solving examples of this kind, several unknown quantities 
are usually introduced, but this practice is worse than super- 
fluous. The four parts into which 45 is to be divided, may be 
represented thus : 
The first =x-2, 

second =x+2, 

third =1, 

fourth =2« ; 

for if the first expression be increased by 2, the second dimin- 
ished by 2, the third multiplied by 2, and the fourth divided by 
2, the result in each case will be x. The sum of the four parts 
is 4ix, which must ^equal 45. 

Hence a;=10. 

Therefore the parts are 8, 12, 5, and 20. 

Prob. 46. Divide the number a into four such parts, that 
the first increased by m, the second diminished by m, the third 
multiplied by m, and the fourth divided by m, shall all be 
equal. 

ma ma a rr^a 

^'''' (m+iy^"^' {m+iy'^'^' {m+iy' {m+iy 

Prob. 47. A merchant maintained himself for three years at 
en expense of $500 a year ; and each year augmented that 
part of his stock which was not thus expended by one third 
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thereof. At the end of the third year his original stock was 

doubled. What was that stock 1 

Prob, 48. A merchant supported himself for three years at 

an expense of a dollars per year ; and each year augmented 

that part of his stock which was not thus expended by one 

third thereof. At the end of the third year his original stock 

was doubled. What iwms that McDck I 

148a 
Ans. -^. 

Prob. 49. A father, aged 54 years, has a son aged 9 yaars. 
In how many years will the age of the father be four times 
that of the son? 

Prob. 50. The age of a father is represented by «, the age 
of his son by h. In how many years will the age of the fa- 
ther be w times that of the son? 

a—nb 

Ans, r-. 

%~1 



SECTION VIII. 



SIMPLE EaUATIONS CONTAINING TWO 
OR MORE UNKNOWN aUANTltlES. 

(108.) In the examples which have been hitherto given, each 
problem has contained but one unknov^n quantity; or, if there 
have been more, they have been so related to each other that 
all have been expressed by means of the same letter. This, 
however, can not always be done, and we are now to consider 
how equations of this kind are resolved. 

If we have two equations, with two unknown quantities, we 
must endeavor to deduce from them a single equation, con- 
taining only one unknown quantity. We must, therefore, make 
one of the unknown quantities disappear, or, as it is termed, 
we must eliminate it. There are three different methods of 
elimination which may be practiced. 

The fii^st is by substitution, 
" second'' comparison, 
" third " addition and subtraction. 



ELIMINATION BY SUBSTITUTION. 

(109.) Let it be proposed to solve the system of equations 



x-y= 6. ) (^'^ 
From the second equation, we find the value of x in terms 
of y, which gives 

x=y+Q. 
Substituting the expression y+G for x in the first equation, 
it becomes 

?/+6+?/=12; 
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from which we find that y=3; and since we have already- 
seen that x—y+6, we find that ie=3+6=9. 

To verify these values, substitute them for x and y in the 
original equations, and we shall obtain 

9+3=12 
9-3= 6. 
Again, take the equations 

2^+3z/=13 ) 
5x+4y=22, ) ^^'^ 
Prom the first equation we find 

13-2^ 

Substituting this value of 2/ in the second equation, it becomes 

U'-2x 

5x+4:X — =22, 

o 

an equation containing only x, which, when solved, gives 

x=2, 
and this value of x, substituted in either of the original equa- 
tions, gives 

The method thus exemplified is expressed in the following 

RULE. 

Find an expression for the value of one of the unknown quan- 
tities in one of the equations ; then substitute this value in the 
place of its equal in the other equation, 

ELIMINATION BY COMPARISOISr. 

(110.) To illustrate this method, take equations (1.) of the 
preceding Article. Derive from each equation an expression 
for X in terms of y, and we shall have 

x=l2-y, 
x= 6+y, 
These two values of x must be equal to each other, and by 
comparing them we shall obtain 

an equation involving only one unknown quantity ; 
whence i/=3. 
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Substituting this value of y in the expression x—^Ary^ and 
we find x=9, as before. 

Again, take equations (2.) of the preceding Article. 
From equation first, we find 

13-2:?: 

and from equation second, 

22— 5a: 

Putting these values of ^z equalto each other, we have 
13-2^_22--5^ 
~^~~ 4 ' 
an equation containing only x, whence we obtain 

a:=2. 
Substituting this value of x in either of the preceding ex- 
pressions for 2/> we find 

y=3. 
The method thus exemplified is expressed in the following 

RULE. 

Find an expression for the value of the same unknown quan- 
tity in each of the equations, and form a new equation hy put- 
ting one of these values equal to the other, 

ELIMINATION BY ADDITION AND SUBTUACTION. 

(111.) To illustrate this method, take equations (1.) oi Art 
109. Since the coeflicients of y in the two equations are 
equal and have contrary signs, we may eliminate this letter by 
adding the two equations together, whence we obtain 

2:?:= 18, 
or a:= 9. 
We may now deduce the value of y by substituting the 
value of x in one of the original equations. Taking the first 
for example, we have 

whence y= 3. 

Since the coefl5cients of a: are equal in the two original 
equations, we might have eliminated this letter by subtracting 
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one equation from the other. Subtracting the first from the 
second, we obtain 

or 3/=3. 
Let us apply the same method to equations (2.) of Art 109. 
We perceive that if we could deduce from the proposed equa- 
tions two other equations, in which the coefficients of y should 
be equal, the elimination of y might be effected by subtracting 
one of these new equations from the other. 

It is easily seen that we shall obtain two equations of the 
form required, if we multiply all the terms of each equation by 
the coefficient of y in the other. Multiplying, therefore, all 
the terms of equation first by 4, and all the terms of equation 
second by 3, they become 

8a;+12^=52, 
15:2;+12?/=66. 

Subtracting the former of these equations from the latter, we 
find 

7^=14, 
whence x= 2. 

In like manner, in order to eliminate x, multiply the first of 
the proposed equations by 5, and the second by 2, they will 
become 

10a: + 152/=65, 
10;r+ 82/=44. 

Subtracting the latter of these two equations from the for- 
mer, we have 

ly=2h 
whence y= 3. 

This last method is expressed in the following 

=RULE. 

Multiply or divide the equations, if necessary, in such a man- 
ner, that one of the unknown quantities shall hane the same coef- 
ficient in both. Then subtract one equation from the other, if 
the signs of these coefficients are the same, or add them together 
if the signs are different. 

F 
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EXAMPLES. 



(112.) Ex. 1. Given 5^+4y=58 ; to find the values of x 
Sx+7y=67 ) and y. 

By the first method. 

From the second equation we find 
3x=67-7y. 

r^. r 61-ly 

Therefore ^— — ^ — • 

o 

Substituting this value of a; in the first equation, 

Hence 335-35y+12?/=174. 

By transposition, 335— 174=35y— 12^, 
or 161=23y. 

Therefore y='^' 

Substituting this value of y in the expression for the value 
of X given above, it becomes 

67-7X7 67-49 18 



3 3 3 

Thus we have y='7, and x=6. 

By the second method. 

From the first equation we find 

5a:— 58— 4^, 
58—42/ 



=6. 



whence 



From the second equation, ^2;=^ 
Therefore 



5 

67-7t/ 



3 

58-4y_67-7y 



5 3 

Clearing of fractions, 174— 122/=335— 35y, 
By transposition, 351/— 12?/=335— 174, 

or 232/=161. 

Therefore y—'^i 

whence, as before, x=6. 
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By the third method. 

Multiplying the second equation by 5 and the first by 3, we 
obtain 

15:i;+35z/=335, 
and 15:c+12z/=174. 

By subtraction, 23i/=161, 

or y= 7. 

Whence, from equation first, 

5:i;=58-42/=58-28=30, 
and therefore x=Q. 

Thus the same example may be solved by either of the three 
methods, and each method has its advantages in particular 
cases. Generally, however, the first two methods give rise to 
fractional expressions which occasion inconvenience in prac- 
tice, while the third method is not liable to this objection. 
When the coefficient of one of the unknown quantities in one 
of the equations is equal to unity, this inconvenience does not 
occur, and the method by substitution may be preferable; the 
third will, however, commonly be found most convenient. 

Eo:. 2. Given lla:+3y=:100 ) n . ,. \ r . 

. _^ _ a\^o find the values oi x and y. 

Multiplying the first equation by 7 and the second by 3, we 
obtain 

77x+2l2/=700, 
12x— 21?/= 12. 
Therefore, by addition, 89:^=712, 
or X— 8. 

From equation first, 3?/= 100— 11^, 

= 100-88=12, 
and «/=4. 

These values of x and y may be easily verified by substitu- 
tion in the original equations. 

Thus, 11X8+3X4=100 ; or 88+12=100. 
And 4X8-7X4= 4; or 32-28= 4. 

Ex. 3. Given 1+1=7 I 

V to find the values of x and y, 
X y I ^ 

Ans, :r=6, y=^l2^ 
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Ex. 4. Given ^+ 8y=31 

, ^ J> to find the values of x and y 

^ -+10:r=192 



4 

JSo:. 5. Given 2y t~=^ + ^ | 




4 5 I to find the values of 



8— V 2a;+l f a; and y. 



l[x 



Ex. 6. Given — 1 — =m 



y, ^ to find the values of x and y. 

-+- = 71 

X y 

. he— -ad he— ad 

Ans. x='-T -z; y= . 

no— ma ^ mc—na 

(113.) When a problem involves a large number of quanti- 
ties, it is common to designate a part of them by different let- 
ters, and for the remaining quantities to employ the same let- 
ters accented or numbered. 

Thus, a, a', a", a!", a"" * . . . . «("> 

d'\ a?\ d% d'^ . . . . . «('"> 

^Ij ^2> ^3> ^4 . » • • • Otm 

^/j ^//> ^iin ^im • • • • • ^m 

are used to denote' diflferent quantitiesi, though they generally 
imply some connection between the quantities which they rep- 
resent, a' is read a prime; a", a seeond; a'", a thirds &c. 
We must carefully distinguish between a<2 and a" ; between ^4 
and a*, &c. In the one case, the numerals are exponents, and 
denote powers of a ; while in the other case, the numerals are 
only used for the sake of convenience to denote distinct quan- 
tities. Examples showing the convenience of this notation will 
be found in Sections XIX. and XX. 

Ex.1. Giwexi ax +hy =e { ^ , , , ^ , 

, , 7 , _ , ( to find the values of x and y. 
a X I ' u y —'—C J 

h'e—hc' ad — a!e 

_^^- "^""ah'-a'y y^^ah'-a'h' 

The symmetry of these expressions is well calculated to fix 

them in the memory. 

Ex^ 8. What fraction is that, to the numerator of which, if 4 
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be added, the value is one half; but if 7 be added to the de- 
nominator, its value is one fifth I 

Let - represent the fraction required. 

Then, by the first condition, 

ic+4 1 

=- ; whence 2a:+8=y. 

y 2 

By the second condition, 

X 1 

-^j-;z=- ; whence bx^y-^l. 

Subtracting the first equation from the second, we have 
3:c--8=7, 
whence 3:r=15, 

or rc=5. 

Therefore, 3/=2a:+8=10+8=18, 

and the fraction is t\. 

A 5 1 

ana 18+7"" 5* 

Ex, 9. A certain sum of money, put out at simple interest, 
amounts in 8 months to $1488, and in 15 months it amounts to 
$1530. What is the sum and rate per cent. ? 

Ex, 10. A sum of money put out at simple interest amounts 
in m months to a dollars, and in n months to h dollars. 

Required the sum and rate per cent. ? 

rr.^ ' na^mb \ . ,^^^ b—a 

Ans. The sum is ; the rate is 1200 X- 



n—m ' na—mb' 

Ex, 11. There is a number consisting of two digits, the 
second of which is greater than the first ; and if the number 
be divided by the sum of its digits, the quotient is 4 ; but if 
the ^digits be inverted, and that number be divided by a num- 
ber greater by two than the difference of the digits, the quo- 
tient is 14. 

Required the number. 

Let X represent the left hand digit, 
and y " right hand digit. 

Then, since 2; stands in the place of tens, the number will be 
represented by 10a;+y. 
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Hence, by the first condition, 



x+y 
By the second condition, 

lOy+x 



= 14. 



I/— ic+2 

Whence x=4, y=S, 

and the required number is 48. 

Ex, 12. A boy expends thirty pence in apples and pears, 
buying his apples at 4 and his pears at 5 for a penny, and 
afterward accommodates his friend with half his apples and 
one third of his pears for 13 pence. How many did he buy 
of each ? 

Ex. 13. A father leaves a sum of money to be divided among 
his children, as follows : the first is to receive #300 and the 
sixth part of the remainder ; the second $600 and the sixth 
part of the remainder ; and, generally, each succeeding one 
receives $300 more than the one immediately preceding, to- 
gether with the sixth part of what remains. At last it is found 
that all the childi'en receive the same sum. What was the 
fortune left and the number of children ? 

Ans. The fortune was #7500, the number of children 5. 

Ex. 14. A sum of money is to be divided among several 
persons, as follows : the first receives a dollars together with 
the nth part of the remainder; the second 2a together with 
the ?zth part of the remainder ; and each succeeding one a dol- 
lars more than the preceding, together with the Tith part of 
the remainder; and it is found, at last, that all have received 
the s«,me sum. What was the amount divided, and the num- 
ber of persons ? 

Ans. The amount =a{n—iy,the number of persons =n—l. 

EaUATIONS WHICH CONTAIN THREE OR, MORE T7NKN0WN 
aUANTITIES. 

(114.) Let us now consider the case of three equations in- 
volving three unknown quantities. 
Take the system of equations, 

Sx-^2y+ z=16, (1.) 

2x+2y+2z-=lS, (2.) 

2x-^Sy+ 2=17. (3.) 
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In order to eliminate z between equations (1.) and (2.)j we 
will divide both members of the second equation by two ; we 
thus obtain 

x-{-y-\-z=9. 
Subtracting this from the first equation, we find a new equa- 
tion containing but two unknown quantities, 

2x-{-i/=7. (a.) 

In order to eliminate z between equations (1.) and (3.), sub- 
tract the former from the latter, which gives 

-x+y=h^ (p,) 

From the two equations (a.) and (f3,), one may be deduced 
containing only one unknown quantity. For, by subtracting 
the one from the other, we have 

Sx=6, or re =2. 
Substituting this value of x in equation (i(3.), we obtain 

y=S. 
Substituting these values ofx and t/ in equation (1.), we ob- 
tain 

3X2+2X3+2;=16. 
Hence 2=4. 

These values of x, y, and z may be verified by substitution 
yi the original equations. 

We have effected the ehmination in this case by method 
third, Art III ; but either of the other methods might have 
been employed. Hence, to solve three equations containing 
three unknown quantities, we have the following 

RULE. 

(115.) From the three equations, deduce two containing only 
two unknown quantities ; then from these two deduce one con- 
taining only one unknown quantity. 
Ex. 15. Given x+ y+ z=29 (1.) ^ 

x+2y+Sz=62 (2.) > to find x, y, and z. 
i^+iy+i-^=10 (3.) ) 
Subtract equation (1.) from (2.), and we obtain 

y+2%=33 ; (a.) 

clearing equation (3.) of fractions, we have 

6x-h^y+Sz=l20. (4.) 

5 
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Multiplying equation (1.) by 6, 

6x+6y+6z=llf4:, (5.) 

Subtracting (4.) from (5.), 2y+Sz=64. {(3.) 

We have thus obtained two equations, (a.) and (/3.), contain- 
ing two unknown quantities. 

Multiplying (a.) by 2, we have 2y+4:Z=66. (6.) 

Subtracting (i3.) from (6.), %=12. 
Substituting this' value of % in (/3.), we obtain 

2^+36=54. 
Whence !/=9. 

Substituting these values of y and z in equation (L), 

:c+9+12=29. 
Whence x=8. 

These values may be verified as in former examples. 
Ex. 16. Given 2x+4:y-'Sz=^22 \ 

4:X—2y+5z=18 > to find :;, y, and z, 
6x+7^- z=6S ) 

Ans. x=S, y=l, z=^4, 
Ex. 17. Given x+y=a ) 

x+z=b > to find x,y, and z. 

y-\-%z=c) 

Ex.*\8. Giy^n x-\'^y-\-\z=^2 \ 

\x-\-\y-\-\z=\^ > to find c', y, and z. 

(116.) If we had fow^ equations involv ng four unknown 
quantities, we might, by the methods already explained, elim- 
inate one of the unknown quantities. We should thus obtain 
three equations between three unknown quai:tities, which might 
be solved according to Art. 114. So, also, if we had jii\e 
equations involving fivte unknown quantitie^s we might, by the 
same process, reduce them io four equatims involving /owr 
unknown quantities ; then to three, and so on. By following 
the same method, we might resolve a systv)m of any number 
of equations of the first degree. Hence, if we have m equa- 
tions involving m unknown quantities, we proceed by the fol- 
lowing 

RULE. 

1. Combine successively any one of the equations with each 
of the others, so as to eliminate the same unknown quantity ; we 



^ to find X, y, %, u, and t. 
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thus obtain m—1 new equations containing m— 1 unknown 
quantities, 

2. Eliminate another unknown quantity by combining any 
one of these new equations with the others; there will result 
vci--2 equations containing m.— 2 unknown quantities, 

3. Continue this series of operations until there results a 
single equation containing but one unknown quantity, from 
which the value of this unknown quantity is easily deduced. 
Then by going back, step by step, to one of the original equa-- 
tions, the values of the other unknown quantities may be suc- 
cessively determined. 

Ex, 19. Given7a;-2%+3%==17^ 
4y—2z+ t=ll 
by—Sx—2u= 8 
4y'-Su+2t= 9 
Sz'hSu=S3^ 

Ans. x=2, y=4, z=S, u=S, t=l. 

Either of the unknown quantities may be selected as the 
one to be first exterminated. It is, however, generally best to 
begin with that which has the smallest coefficients ; and if each 
of the unknown quantities is not contained in all the proposed 
equations, it is generally best to begin with that which is found 
in the least number of equations. 

Ex, 20. A person owes a certain sum to two creditors. A^ 
one time he pays them $530, giving to one four elevenths of 
the sum which is due, and to the other $30 more than one 
sixth of his debt to him. At a second time he .pays them $420, 
giving to the first three sevenths of what remains due to him, 
and to the other one third of what remains due to him. What 
w^ere the debts ? 

Ex, 21. If A and B together can perform a piece of work 
in 12 days, A and C together in 15 days, and B and C in 20 
days, how many days will it take each person to perform the 
same work alone ? 

This Problem is readily solved by first finding in what time 
they could finish it if all worked together. 

Ex, 22. If A and B together can perform a piece of wqrk 
in a days, A and C together in b days, and B and C in c days, 
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how many days will it take each person to perform the same 
work alone ? 

Ans. A requires — ■— • _^ - ■ days, 

_ 2ahc _ 

B " -TTT daysj 

ab-\-bc—ac *^ 

^ 2ahc 

C " -^- r- days. 

(117.) Hitherto we have supposed the number of equations 
equal to the number of symbols employed to denote the un- 
known quantities. This must be the case with every problem, 
in order that it may be determinate; that is, that it may not 
admit of an indefinite number of solutions. 

Suppose, for example, that a problem involving two un- 
known quantities {x and y) leads to the single equation 

Now if we make y=l, then a;=4 ; 
3/=2, then a;=5 ; 
?/=3, then x=Q ; 
3/=4, then ^=7, 
&C., &c. ; 

and each of these systems of values, 1 and 4, 2 and 5, 3 and 6 
(fee, substituted for x and y in the original equation, will sat- 
isfy it equally well. Hence the problem is indeterminate ; that 
is, admits of an indefinite number of solutions. 

(118.) If we had two equations involving three unknown 
quantities, we could, in the first place, eliminate one of the un- 
known quantities by means of the proposed equations, and 
thus obtain oTie equation containing ^ti;o unknown quantities, 
which would be satisfied by an infinite number of systems of 
values. Therefore, in order that a problem may be determ- 
inate, its enunciation must contain as many different condi- 
tions as there are unknown quantities, and each of these con- 
ditions must be expressed by an independent Q(\\x?iX\on, 

Equations are said to be independent when they express 
conditions essentially different; and dependent when they ex- 
press the same conditions under different forms. 



^""^ =:s:,o' I "«■■»-.-— '• 
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But x+ y= 7 
2x+2y=l4: 



/ are 7iot independent, 



because the one may be deduced from the other. 

(119.) If, on the contrary, the number of independent equa- 
tions exceeds the number of unknown quantities, these equa 
tions will be contradictory. 

For example, let it be required to find two numbers such 
that their sum shall be 7, their difference 1, and their product 
100. 
From these conditions we derive the following equations : 
x+y= 7, 
x—y= 1, 
xy=lOO. 
From the first two equations we easily find 

x=4, and y=S, 
Hence the third condition, which requires that their product 
shall be equal to 100, can not he fulfilled. 



SECTION IX. 



DISCUSSION OF EQUATIONS OF THE 
FIRST DEGREE. INEaUALITIES. 

(120.) To discuss a problem or an equation is to determine 
the values which the unknown quantities assume for particular 
hypotheses made upon the values of the given quantities, and 
to interpret the peculiar results obtained. The term, there- 
fore, is not strictly applicable, except to problems which are 
stated in the most general form,hke some of those in Arts, 106 
and 107. If the sum of two numbers is represented by a and 
their difference by h, the greater number will be expressed by 

-+-, and the less by ^~-. Here a and h may have any 

values whatever, and still these formulae will always hold true. 
It frequently happens that, by attributing different values to the 
letters which represent known quantities, the values of the un- 
known quantities assume peculiar forms which deserve con- 
sideration. 

(121.) We may obtain five species of values for the unknown 
q: lantity in a problem of the first degree. 
I. Positive values. 
II. Negative values. 

III. Values of the form of zero, or -r. 

A 

IV. Values of the form of — . 

V. Values of the form of-. 
We will consider these five cases in succession. 
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I. Positive values are generally answers to problems in the 
sense in which thoy are proposed. Nevertheless, all positive 
values will not always satisfy the enunciation of a problem. 
U, for example, a problem requires an answer in whole num- 
bers, and we obtain a fractional value, the problem is impossi- 
ble. Thus, in Pro )lem 17, page 71, it is imphed that the value 
of X must be a whole number, although this condition is not 
expressed in the equations. It would be easy to change the 
data of the problem so as to obtain a fractional value of x^ 
which would indicate an impossibility in the problem pro- 
posed. Problem 43, page 76, is of the same kind ; also Ex, 
11, page 85. 

If the value obtained for the unknown quantity, even when 
positive, does not Batisfy all the conditions of the problem, the 
problem is impossible in the form proposed. 

(122.) II. NegaHve values. 

Let it be proposed to find a, number, which, added to the 
number b, gives for a sum the number a. 

Let X = the required number. 

Then, by the terms of the problem, 

x-{-b=af whence x=^ a— b. 

This formula wJl give the value of x for every case of the 
proposed problem. 

For example, let a=l, and b=4. 

Then a:=7--4=3. 

Again, let a=5, and &=8. 

Then :^;=5-8=~-3. 

We thus obtain for x a. negative value. How is it to be in- 
terpreted ? 

By referring to the problem, we see that it is proposed to 
find a number which, added to 8, shall make it equal to 5. 
Considered arithrr etically, the problem is plainly impossible. 
Nevertheless, if in the equation 8+^==5, we substitute for +x 
its value —3, it becomes 

8-3=5, 
an identical equation ; that is, 8 diminished by 3 is equal to 5. 

The negative solution :c= — 3, shows, therefore, the impossi- 
bility of satisfying the enunciation of the problem as above 
stated ; but, taking this value of x with a contrary sign, we see 
that it satisfies the enunciation when niodified as follows : 
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To find a number which, subtracted from 8, gives a differ- 
ence of 5 ; an enunciation which differs from the former only 
in this, that we put subtract for add, and difference for sum. 

If we wish to solve this new question directly, we shall 
have 

8-a;=5. 

Whence a:=8— 5, or x=^, 

(123.) For another example, take Problem 50, page 77. 
The age of the, father being represented by a, and that of the 

son by b ; then ^ ^^'^ represent the number of years be- 
fore the age of the father will be n times that of the son. 
Thus, suppose a— 54, &=9, an^ ?z=4. 

54-36 18 ^ 
Then x=—- — =—==6. 

So 

That is, the father having lived 54 years and the son 9, in 6 
years more the father will be 60 years old and the son 15. 
But 60 is 4 times 15 ; hence this value, .t= 6, satisfies the enun- 
ciation of the problem. 

Again, suppose «=45, 6=15, and 7i=4. 

^, 45-60 -15 

Then x=^ — - — ——^r-—"^' 

6 o 

Here again we obtain a negative solution. How are we to 
interpret it ? 

By referring to the problem, we see that the age of the son 
is already more than one fourth that of the father, so that the 
time required is ah'eady past by five years. The value of x 
just obtained, taken with a contrary sign, satisfies the following 
enunciation : 

A father is 45 years old, his son 15 ; how many years since 
the age of the father was four times that of his son? 

The equation corresponding to this new enunciation is 

45— :c 

l^ — X= o 

4 
Whence 60— 4aj=45— ir; and :c=5. 

(124.) Reasoning from analogy, we deduce the following 
general principles : 

1. Every negative value found for the unknown quantity in a 
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problem of the first degree, indicates an absurdity in the condi- 
tions of the problem, or at least in its algebraic statement 

2. This value, taken with a contrary sign, may be regarded 
as the answer to a problem, whose enunciation only differs from 
that of the proposed problem in this, that certain quantities 
which were added should have 5ee7Z subtracted, and recipro- 
cally, 

(125.) In what case would the vakie of the unknown quan- 
tity in Prob. 20, page 72, be negative ? 

Ans. When n>m. 

Thus, let m=20, n=25, and a~60 miles. 

Then :,-__?^-J^-^12 

To inter.pret this result, observe that it is impossible that the 
second train, which moves the slowest, should overtake the 
first. At the time of starting, the distance between them was 
60 miles, and every subsequent hour the distance increases. 
If, however, we suppose the two trains to have been moving 
uniformly along an endless road, it is obvious that at some 
former time they must have been together. 

This negative solution then shows an absurdity in the con- 
ditions of the problem. The problem should have been stated 
thus : 

Two trains of cars, 60 miles apart, are moving in the same 
direction, the forward one 25 miles per hour, the other 20. 
How long since they were together ? 

To solve this problem, let x == the required number of hours 

Then 25x = the distance traveled by the first train, 

20;r = " " second train. 

And since they are now 60 miles apart, 
25:z;=20:i:+60. 

Hence 5x=60, 

and :z;= + 12. 

We thus obtain a positive value of x. 

In order to include both of these cases in the same enuncia- 
tion, the question should have been ^sked. Required the time of 
their being together, leaving it uncertain whether the time was 
past or future. 

In what case would the value of one of the unknown quan 

5* 
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titles in Problem 34^ page 74, be negative ? Why should it be 
negative ? and how could the enunciation be corrected for this 
case ? 

In what case would the value of one of the unknown quan- 
tities in Problem 4, page 67, be negative? 


(126.) III. Values of the form of zero, or -r. 

In what case would the value of the unknown quantity m 
Problem 20, page 72, become zero, and what would this value 
signify ? 

Ans, This value becomes zero when a=0, which signifies 
that the two trains are together at the outset. 

In what case would the value of the unknown quantity in 
Problem 50, page 77, become zero, and what would this value 
signify ? 

Ans, When a=nb, which signifies that the age of the fa- 
ther is now n times that of the son. 

In what case would the values of the unknown quantities in 
Problem 38, page 75, become zero, and what would this sig- 
nify? 

When a problem gives zero for the value of the unknown 
quantity, this value is sometimes applicable to the problem, 
and sometimes it indicates an impossibility in the proposed 
question. 

(127.) IV. Values of the form of—. 

In what case does the value of the unknown quantity in 

A 

Problem 20, page 72, reduce to — ? and how shall we inter- 
pret this result ? 

Ans. When m=n. 

On referring to the enunciation of the problem, we see that 
it is absolutely impossible to satisfy it ; that is, there can be 
no point of meeting, for the two trains being separated by the 
distance a, and moving equally fast, will always continue at 

the same distance from each other. The result - may then 

be regarded as indicating an impossibility. 
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(L 

The symbol — is sometimes employed to I'epresent infinity ; 

and for the followmg reason : 

When the diifeience m—n, without being absolutely nothing, 

77 1 • ct . 

IS nery small, the quotient is very large. 

For example, let m—n=0,Ol, 

nrn a a 

Then x=^- =— -=100a. 

m—n .01 

Let ??z— %=:0.0001, 

a a 



aooooa. 



m—n .00,01 

Hence, if the d fference in the rates of motion is not zero, 
the two trains m ist meet, and the time will become greater 
and greater as this difference is diminished. If, then, we sup- 
pose this difference less than any assignable quantity, the time 

represented hy will he greater than any assignable quan- 
tity, or infinite, 

A 
Hence we infer, that every expression of the form -— , found 

for the unknown quantity, indicates the impossibility of satis- 
fying the problem, at least infinite numbers. 

In what case would the value of the unknown quantity m 

A 
Problem 10, page 70, reduce to the form — -? and how shall 

we interpret this result? 

(128.) V. Valuesoftheformofjy 

In what case does the value of the unknown quantity in 



Problem 20, page 72, reduce to - ? and how shall we interpret 

this result? 

Ans, When a=0, and m-=n. 
To interpret this result, let us recur to the enunciation, and 
observe that, since a is zero, both trains start from the same 
point ; and since they both travel at the same rate, they will 
always remain together, and therefore the required point of 
meeting will be any where in the road traveled over. Th 

G 
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problem, then, is entirely indeterminate, or admits of an infinite 

number of solutions, and the expression - may represent any 

finite quantity. 

We infer, therefore, that an expression of the form - found 

for th^ unknown quantity, generally indicates that it may have 
any value v^hatever. In some cases, hov^ever, this value is 
subject to. limitations. 

In what case would the values of the unknown quantities in 

Problem 44, page 76, reduce to - ? and how would they satisfy 

the conditions of the problem ? 

Ans. When a=b=c, 
which indicates that the coins are all of the same value. B 
might therefore be paid in either kind of coin ; but there is a 
limitation, viz., that the value of the coins must be one dollar. 
In what case do the values of the unknown quantities in 

Problem 38, page 75, reduce to -? and how shall we interpret 

this result ? 



OF ZERO AND INFINITY. 

(129.) From Art, 127, it is seen that in Algebra we some- 
times have occasion to consider infinite quantities. It is nec- 
essary, therefore, to estabUsh some general principles respect- 
ing them. 

An infinite quantity is one which exceeds any assignable limit. 
It is often expressed by the character oo . Thus, a line pro- 
duced beyond any assignable hmit is said to be of infinite 
length. A surface indefinitely extended, and also a sohd of 
indefinite extent in any one of its three dimensions, are ex- 
amples of infinity. 

An infinite quantity does not mean an infinite number of 
terms. Thus, the fraction \ reduced to a decimal, is .333333, 
&c., without end, but the value of this series is less than 
unity. 

Infinite quantities are not all equal among themselves. 
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Thus the series 1 + 1 + 1 + 1 + 1+, &c., 

2+2+2+2+2+, &c., 

3+3+3+3+3+, &c., 

continued to an infinite number of terms, will each be infinite, 

although the second series will be double, and the third treble 

the first. 

So, also, a line may be infinitely extended both ways ; or it 
may be infinitely extended in one direction, and limited in the 
other. In either case, the line is said to be infinite. 

A quantity less than any assignable quantity is called an in- 
finitesimal, and is sometimes represented by 0. 

Thus, take the series of fractions j\, yi-^, toVo» toIo o» &^c. 
By increasing the denominator, we diminish the value of the 
fraction ; and if the denominator be made infinitely great, the 
quotient will be infinitely small. 

(130.) We have seen, in Art. 127, that ^=oo , where a may 

represent any finite quantity. That is. 

If a finite quantity be divided by zer^o^ the quotient is infinite 

From the same equation we deduce — =0. That is, 

If a finite quantity be divided by infinity^ the quotient is zero 
From the same equation we deduce a=QX oo . That is, 
If zero be multiplied by infinity, the product is a finite quan- 
tity. 

If a finite quantity be multiplied by a proper fraction, it will 
be diminished, and the smaller the multiplier, the less the prod- 
uct. Hence, if the multiplier be infinitely small, the product 
will be infinitely small, or aXO=0. That is, 

If a finite quantity be multiplied by zero, the product will ^<? 
%ero. 

From this equation we deduce cl--^: ; that is. 

If zero be divided by zero, the quotient may be any finite 
quantity. 

The greater the multiplier, the greater will be the product. 
Hence, if a finite quantity be multiplied by infinity, the product 
will be infinite ; that is, 

aXoo = 00 . 
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QO 

From this equation we deduce a= — ; that is, 

00 

If infinity he divided hy infinity, the quotient may he any 
finite quantity. 

An infinite quantity can not be increased by the addition of 
a finite quantity, or diminished by its subtraction ; that is, 

So, also, a finite quantity is not altered by the addition or 
subtraction of zerq ; that is, a±0=a. 



OF INEaUALITIBS. 

(131.) In discussing algebraical problems, as shown in Arts. 
120-128, it is frequently necessary to employ inequalities, or 
expressions of two quantities which are not equal to each oth 
er. Generally, the principles already established for the trans 
formation of equations are applicable to inequalities also. 
There are, however, some important exceptions to be noted, 
arising chiefly from the use of negative expressions as quan- 
tities. 

Two inequalities are said to subsist in the same sense when 
the greater quantity stands at the left in both, or at the right 
in. both; and in a contrary sense vfh^n the greater quantity 
stands at the right in one, and at the left in the other. 

Thus, 9>7 and 7>6. 

As also 5<8 and 3<4, 

are inequalities which subsist in the same sense ; but the me- 
qualities 

10>6 and 3<7, 
subsist in a contrary sense. 

(132.) I. If we add the same quq/ntity to hoth memhers of an 
inequality, or subtract the same quantity from hoth memhers, the 
resulting inequality will always suhsist in the same sense. 

Thus, 8>3. 

Adding 5 to each member, 

8+5>3+5; 
and subtracting 5 from each member, 

8--5>3-5. 

Again, take the inequality — 3<— 2. ^ 
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Adding 6 to each member, we have 

~-3+6<-2+6, or 3<4; 
and subtracting 6 from each member, 

-3-6<-2~6, or -9<-8. 
The student must here bear in mind what was stated in Art. 
47, of two negative quantities, that is the least whose numer- 
ical value is the greatest. 

This principle enables us to transpose any term from one 
member of an inequality to the other by changing its sign 
Thus, a'+b'>Sb''-'2a\ 

Adding 2a^ to each miember of the inequality, it liecomes 

a'+b'+2a'>Sb\ 
Subtracting b^ from each member, 

a'''i-2a'>SF-'b\ 
or Sa'>2¥. 

(133.) IL If we add together the corresponding members of 
two or more inequalities which subsist in the same sense, the re- 
sulting inequality will always subsist in the same sense. 
Thus, 5>4 

4>2 

7>3 

Adding, we obtain 16>9. 

IIL But if we subtract the corresponding members of two or 
more inequalities which subsist in the same sense, the resulting 
inequality will not always subsist in the same sense. 
Take the inequalities 4<7 

2<3 
Subti-acting, we have 4~-2<7— 3, or 2<4, 
where the resulting inequality subsists in the same sense. 

But take 9<10 

and 6< 8. 

Subtracting, the result is 9— 6> (not <) 10— 8, or 3>2, 
where the resulting inequality subsists in the contrary sense. 

We should therefore avoid ^s much as possible the use of 
this transformation, or when we employ it, determine in what 
sense the resulting inequality subsists. 

(134.) IV. If we multiply or divide the two members of an in- 
equality by a positive number, the resulting inequality will sub- 
sist in the same sense. 
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Thus, if a<: K 

Then ma<jnh, 

AT a Z? 

And — <■-. 

m m 

Also, if —ay—h. 

Then —nay—nh. 

And — > — . 

n n 

This principle will enable us to clear an inequality of frac- 
tions. Thus, suppose we have 



2d -^ Sa 

Multiplying both members by 6ad, it becomes 
3a{a'-b')>2d{c'-d'). 

V. If we multiply or divide the two members of an inequality 
by a negative number, the resulting inequality will subsist in a 
contrary sense. 

Take, for example, 8>7. 

Multiplying both members by —3, we have the opposite in- 
equality, 

-24<--21. 

So, also, 15>12. 

Dividing each member by —3, we have 
-5<~4. 

Therefore, if we multiply or divide the two members of an 
inequality by an algebraic quantity, it is necessary to ascer- 
tain whether the multipUer or divisor is negative, for in this 
case the inequality subsists in a contrary sense. 

VI. If we change the signs of both members of an inequality, 
we must reverse the sense of the inequality, for this transforma- 
tion is evidently the same as multiplying both members by 
-1. 

(185.) VII. If both members of an inequality are positive 
numbers, we can raise them to any power without changing the 
sense of the inequality. 

Thus, 5>3, 

so also, 5''>3S or 25>9. 
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And if <3; >&, 

then will a'^ylT. 

VIIL If both members of an inequality are not positive num- 
bers, and they be raised to any power, the resulting inequality 
will not always subsist in the same sense. 

Thus, -2<+3, 

gives (-2y<:S% or 4<9, 

where the resulting inequah'ty subsists in the same sense. 

But ~3>-5, 

gives (-3)^<(-5)^or 9<25, 

where the resulting inequality subsists in a contrary sense. 

IX. In extracting the root of both members of an inequali- 
ty, it is sometimes necessary to reverse the sense of the ine- 
quality. 

Thus, from 9<C2b, 

by extracting the square root, we obtain 
either 3<5, 

3r ~3>-5. 

EXAMPLES. 

1. Given 7:r— 3<25, to find the limit of :l\ 



X 

2. Given 2a:+---8<6, to find the limit oi x. 



Ans. rc<4. 



Ans, ^<6. 



/v» ry* ry% /y% ry% 

3. Given o+o+7+a+To"~'^>^' ^^ ^^^ ^^^ ^™^^ ^^ ^' 

^^. bx ab') 

4. Given -—--i-cx—ac<^— j 

7 ___7 7 y, to find the limits of:r. 

ex-\ — — — >be 1 

5. A man being asked how many dollars he gave for his 
watch, replied, If you multiply the price by 4, and to the 
product add 60, the sum will exceed 256 ; but if you multiply 
the price by 3, and from the product subtract 40, the re- 
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mainder will be less than 113. Required the price of the 
watch. 

6. What number is that whose half and third pa4't added 
together are less than 105, but its half diminished by its fifth 
part is greater than 33 ? 

7. The double of a number diminished by 6 is greater than 
24, and triple the numiber diminished by 6 is less than double 
the number increased by 10. Required the number. 



SECTION X. 



INVOLUTION AND POWERS. 

(136.) According to Art 20, the products formed hy the sue- 
ressive multiplication of the same number hy itself are called the 
powers of that number. 

Thus, the first power of 3 is 3. 

The second power of 3 is 9, or 3X3. 

The fourth power of 3 is 81, or 3X3X3X3, 
&c., &c., &c. 

According to Art, 21, the exponent is a number or letter writ- 
ten a little above a quantity to the right, and denotes the number 
of times that quantity enters as a factor into a product. 

Thus, the first power of a is a', where the exponent is 1, 
which, however, is commonly omitted. 

The second power o{ a is aXa, or a^ where the exponent 2 
denotes that a is taken twice 'as a factor to produce the pow- 
er aa. 

The third power of a is aXaX a, ov a% where the exponent 
3 denotes that a is taken three times as a factor to produce 
the power aaa. 

The fourth power of a is aXaXaX a, or a\ 

Also, the nth power of a is aXaXaXa , . . repeated 
as a factor n times, and is written a". 

Exponents may be applied to polynomials as well as to mo- 
nomials. 

Thus (a+b+cY is the same as 

(a+b+c) x(a + b+c)x (a-^b+c), 
or the third power of the entire expression a-{-b-{-c, 

(137.) According to the rule for the multiplication of mono- 
mials, Arts, 49 and 50. 
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{Saby=Sab' x Sab'=:9a'b\ 
So, also, {4a'bcy=4a'bc' X4a'be'=l6a'b'c\ 
Hence it appears that, in order to square a monomial, we must 

square its coefficient, and multiply the exponent of each of the 

letters by 2. 

EXAMPLES. 

1. Required the square o^laxy, 

Ans, 49a'a;y. 

2. Required the square oiWa^bcd^. 
8. Required the square of I2a^xy. 

4. Required the square of l^ab'^cx^. 

5. Required the square of 18x'^yz\ 

According to Art. 53, + multiphed by +, and — multiplied by 
— , give +. Now the square of any quantity being the product 
of that quantity by itself, it necessarily follows that whatever 
may be the sign of a monomial, its square must be affected with 
the sign +. 

Thus the square of +Sax or of —Sax is +9aV. 

(138.) The method of involving a quantity to any power, is 
easily derived from the preceding principles. 

Let it be required to form the fifth power of 2aW, 

According to the rules for multiplication, 

(2a'by=2a'b'X2a'b'X2a'b'X2a'b'X2a'b' 
=S2aW\ 

Where we perceive 

1. That the coefficient has been raised to the fifth power. 

2. That the exponent of each of the letters has been multi- 
plied by 5. 

In like manner, 

{Sd'Vcy:=Sa^b'c X Sa'b'c X Sa'b'c 

=21a'b'c\ 
Hence, to raise a monomial to any power, we have the fol- 
lowing 

EULE. 

Raise the numerical coefficient to the given power, and multi- 
ply the exponent of each of the letters by the exponent of the 
power required. 
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EXAMPLES. 

1. Required the fourth power of 4aZ)V. 



Ans. 2ma'bV\ 



2. Required the fifth power of Sax^y^, 

3. Required the third po'wer of dxy^z'^. 

4. Required the sixth power of 2ad^2/^v. 

5. Required the seventh power of2a^bc^. 

6. Required the sixth power of ^w^xxfz^. 

(139.) Let us now consider the sign with which the power 
should be affected. 

We have seen, Art, 1 37, that whatever may be the sign of a 
monomial, its square is always positive. It is obvious, from the 
same considerations, that the product of an ex^en number of 
negative factors is positive, but the, product of an odd number 
of negative factors is negative. 

Thus, —aX—a=-\-a!' 

'-aX—aX—a=—a^ 
--aX —aX —aX —a— +«^ 
— aX—aX—aX—aX—a=—a^ 
&c., &c., &c. 

The product of several factors which are all positive, is in- 
variably positive. Hence, 

Every even power is positive, hut an odd power has the same 
sign as its root. 

EXAMPLES. 

1. Required the square of —2:c^ 

Ans. +4:x'\ 

2. Required the square of —3:r". 

3. Required the cube of — 3a^ 

4. Required the fourth power of — Sa^b^h. 
5'i Required the fifth power of —2a^XSx^y. 

(140.) A fraction is involved by involving both the numerator 
and denominator. 

1. Thus, the square of r is tXt ; which, by Art. 89, is 

a' 
equal to j^, which, by Art. 68, may be written a^b—^. 
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, 2aJf 



2, Required the cube of- 

3c 






3. Required the Tith power of — -. 

(141.) Hence, expressions with negative exponents are in- 
volved by the same rule as those with positive exponents. 
Thus, let it be required to find the square of a~^ 

This expression may be written —, which, raised to the 

second power, becomes — or a~•^ the same result as would be 

obtained by multiplying the exponent —3 by 2. 
Ex. 1. Required the square of Sa''^-*. 
Ex, 2. Required the square of la-^'Fc—^dx-K 
Ex. 3. Required the cube of —Qah-^dy^. 
Ex. 4. Required the fourth power of 3a~''&. 
Ex. 5. Required the fifth power of — 2«6"~V. 
(142.) A polynomial is involved by multiplying it into itself 
as many times less one as is denoted by the exponent of the 
power. 

Ex. 17 Required the fourth power of a+&. 
a+b 
a+b 
a^+ab 
+ab+¥ 
{a+by=a''+2ab+¥, the second power of a+&. 

a+b 

a'+2a'b+ab' 
+ a'b+2ab'+b' 
(a+by=a'+Sa'b'i-Sab'+b% the third power. 

a+b 

a'+Sa'b+Sa'b'+ a¥ 
+ a 'b+^a'b''+Sab'+b' 
{a+by=aF+4M'b+^d'b''+4.ah'+b\ the fourth power. 
Ex. 2. Required the fourth power of a—b. 

Ans. a'-4a'b+6aV-4ab'+b\ 
Ex. 3. Required the cube of 2a— L 
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Ex, 4. Required the fourth power oiSa—h, 

Ex, 5. Required the square of «+&+c. 

Hence it appears that the square of a trinomial is composed 
of the sum of the squares of all the terms, together with twice the 
sum of the products of all the terms multiplied together two and 
two. 

Ex, 6. Required the cube of 2ab+cd. 

Ex, 7. Required the fourth power of a^+b\ 

Ex, S, Required the cube of a+-, 

y 

Ex, 9, Required the cube of a;+^. 

Ex, 10. Required the square of a+h+c-^d+e. 
From this example we infer that the square of any polynomiao 
is composed of the sum of the squares of all the terms, together 
with twice the sum of the products of all the terms multiplied to- 
gether two and two, and this proposition may be rigorously 
demonstrated. 

It is obvious that this rule for a polynomial includes the pre- 
ceding rule for a trinomial, and that in Art, 60 for a binomial. 



SECTION XL 



EVOLUTION AND RADICAL aUANTITIES. 

(143.) The square root of a quantity is a factor which, multi" 
plied by itself once, will produce that quantity. 

Thus, the square root of a^ is a, because a when multiplied 
by itself produces a". 

The square root of 144 is 12 for the same reason. 
According to Art 22, the square root is indicated by the 
sign V . 

TJius, y/d^—a, 

and Vl44a'=126Z. 

(144.) According to Art. 137, in order to square a monomial, 
we must square its coefficient, and multiply the exponent of 
each of its letters by 2. Therefore, in order to derive the 
square root of a monomial from its square, we must 
I. Extract the square root of its coefficient, 
11. Divide each of the exponents hy 2. 
Thus we shall have 

^fMa'h'=Sa'h\ 
This is manifestly the true result, for 

{Ba'hy^-Sa'h' X Sa'¥=^QAa'h\ 

So, also, 

V625a^V=25a5V. 
For, (25ab'cy=25ab'c'X25ab'c% 

=625a''b'c\ 

1. Required the square root of I96a^b^c^d\ 

2. Required the square root of 225a''"5' V. 

(145.) According to Art 140, a fraction is involved by in- 
volving both the numerator and denominator,; hence it is ob- 
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vious that the square root of a fraction is equal to the root of 
the nume7^ator divided hy the root of the denominator. 

nni 1 ^a^ . a 

Thus the square root oi rj is r, 

1. Find the square root of ^ ^ . 

^x y 

9a^b^ 

2. Find the square root of — rnra- 

^ 16c a 

(146.) It appears, from Ai^i. 144, that a monomial can not 
he a perfect square unless its coefficient he a square number^ and 
the exponents of its letters all even numhers. 

Thus, '^ah'^ is not a perfect square, for 7 is not a square num- 
ber, and the exponent of a is not an even number. Its square 
root may be indicated hy the usual sign, thus, -Jla¥. Ex- 
pressions of this nature are called surds, or radicals of the sec- 
ond degree, 

(147.) We have seen. Art, 137, that whatever may be the 
sign of a monomiajj its square must be affected with the sign 
+. Hence we conclude that 

If a monomial he positive, its square root may he either posi- 
tive or negative. 

Thus, V9a'=+Sa\ot -Sa\ 

for either of these quantities, when multiplied by itself, pro- 
duces 9a*. We therefore always affect the square root of a 
quantity with the double sign ±, which is read plus or minus. 

Thus, Vl^'=^2a' 



V25a'b'=:±:5ah\ 
(148.) If a monomial be affected with a negative sign, the 
extraction of its square root is impossible, since we have just 
seen that the square of every quantity, whether positive or 
negative, is necessarily positive. 

Thus, n/"^, \/"^, V-5a, 

are algebraic symbols representing operations which it is im- 
possible to execute. Quantities of this nature are called im- 
aginary or impossible quantities, and are symbols of absurdity 
which we frequently meet with in resolving quadratic equa 
tions, 

6 



112 EVOLUTION AND RADICAL aUANTITIES. 

Such quantities may be represented by the form 
V— a, which equals 
V^X — 1= ^a ^^^\, 
So tnat ^J asj — \ is a general form for all imaginary quan- 
tities of the second degree. Thus, 

That is, i^Ae square root of a negative quantity may always he 
represented hy the square root of a positive quantity multiplied 
hy the square root of —1. 

(149.) According tp Art, 138, in order to raise a monomial 
to any power, we raise the numerical coefficient to the given 
power, and multiply the exponent of each of the letters by the 
exponent of the power required. Hence, reciprocally, to ex- 
tract any root of a monomial, we obtain the following 

RULE. 

I. Extract the root of the numerical coefficient, 
II. Divide the exponent of each letter hy the index of the rC" 
quired root. 

Thus, VMaFb\=^4.a'h, 

From Art, 145, it is obvious thsit to extract any root of a 

fraction, we must divide the root of the numerator hy the root 

of the denominator, 

rru .u u . .27a^5^ Sa'h 

1 hus the cube root oi — -— - is - — -^ ; 
8xy 2xy^ 

3 

which may be written -a^bx~^y~^^ 

(150.) Let us now consider the sign with which the root 
should be affected. We have seen. Art, 139, that every even 
power is positive, but an odd power has the same sign as its 
root. 

Thus — a, when raised to different powers in succession, 
will give 

—a, +<2^ —a% -ha\ —a^, +^^ —a'*, &c. ; 
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and +a, in like manner, will give 

+«, +a% +a% +a\ +a\ +a% +a\ &c. 

Since every even number may be expressed hy2n, every even 
power may be considered as the square of the nth power, or 
d^^—i^a^y, and must, therefore, be positive ; and, in like manner, 
since an odd number may be expressed by 2/1+1, every power 
of an uneven degree may be considered as the. product of the 
2nth power by the original quantity, and must, therefore, have 
the same sign with the monomiaL 

Hence it appears,^ 

I. An odd root of any quantity must have the same sign as the 
quantity itself 

Thus, y+i^==+2«. 

y-8a^==-2«. 



'y-32a^°6'=-2«'&. 



V+22a''h'=+2a''h. 

II. An even root of a positive quantity is ambiguous. 
Thus, i/Sla'b''=:i^Sab\ 

^~64a^'—dt2a\ 

III. An even root of a negative quantity is impossible. 

For no quantity can; be found which, when raised , to an even 
power, can give a negative result. 

Thus, V—a, V—b, are symbols of operations which can 
not be performed, and they, are. therefore called impossible or 
imaginary quantities, as \/— a, in j4.r^. 148. 



Ans. ±3a^ 



EXAMPLES. 

1. Find the fourth root of 81 «l 

2. Find the fifth root of — 243a"6'c-'^ 

3. Find the cube root of — 125a^a;""y. 

4. Find the square root of — — -. 

5. Find the fifth root of — — . 

243 

(151.) According to the rule of Art. 14:9, we perceive that,^ 
in order that a monomial may be a pferfect power of any degree, 
its coefficient must be a perfect power of that degree, and the 

a 
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exponent of each letter must be divisible by the index of the 
root. 

When the quantity whose I'oot is required is not a perfect 
power of the given degree, we can only indicate the operation 
to be' performed. Thus, if it be required to extract the cube 
root of 4a'^5^ the operation may be indicated by writing the 
expression thus, 

Expressions of this nature are called surds, or irrational 
quantities, or radicals of the second, third, or nth degree, ac- 
cording to the index of the root required. 

(152.) The method of extracting the roots of polynomials 
will be cgnsidered in Section XVII. There is, however, one 
class so simple and of so frequent occurrence that it may prop- 
erly be introduced here. In Arts.Q^O and 61 we have seen that 
the square of tz+5 is a'+2ab'\-lf, 

and the square of a— his a'— 2a&+&^ 

Therefore, the square root of a''±2a&+6' is a±&. 
Hence a trinomial is a perfect square when two of its terms 
are squares, and the third is the double product of the roots of 
these squares. 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; and 
the root may be found hy extracting the roots of the two terms 
which are complete squares, and connecting them hy the sign of 
the other term. 

Ex, 1. Find the square root oi d'+4:ah+4.h\ 
The two terms, a^ and 4&^ are complete squares, and the 
third term Aah is twice the product of the roots a and 2& ; 
hence a+2& is the root required. 

Ex, 2. Find the square root of 9a'-24«&+165^ 
Ex, 8. Find the square root of 9a'-ma'h+2^a^h\ 
Ex, 4. Find the square root of ^a'+i^ah+W, 
(153.) No hinomial can he a perfect square. For the square 
of a monomial is a monomial ; and the square of a binomial 
consists of three distinct terms, which do not admit of being 
reduced with each other. 
Thus such an expression as 
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is not a square ; it wants the term ±2(2& to render it the square 
of adoh. This remark should be continually borne in mind 
as beginners often put the square root of a^+6^ equal to a+b. 



IRRATIONAL aUANTITIES, OR SURDS. 

(154.) A rational quantity is one which can be expressed in 
finite terms, and without any radical sign ; as a, 5a^ &c. 

Irrational quantities^ or surds, are quantities affected with a 
radical sign, and which have no exact root, or a root which can 
he exactly expressed in numbers. 

Thus, v^3 is a surd, because the square root of 3 can not be 
expressed in numbers with perfect exactness. 

In decimals it is 1.7320508 nearly. 

(155.) We have seen. Art. 144, that in order to extract the 
square root of a monomial, we must divide each of its expo- 
nents by 2. 

Thus the square root of a'' is a^ or a ; that of a^ is a^ ; that 
of a^ is «^ and so on ; and as this principle is general, the square 

root of a^ must necessarily be «^, and that of a^ must be a^ ; 

and, in the same manner, we shall have a^ for the square root 
of a\ Whence we see that 

a^ is equal to ^/a, 

<2^ is the same as ^/a^, 

a^ is equivalent to Va", 
&c., &c. 

We have also seen, Art. 149, that in order to extract any 
root of a monomial, we must divide the exponent of each letter 
by the index of the required root. 

Thus, the cube root of a^ is a^, or a ; the cube root of a^ is 
a^ ; the cube root of a^ is a% and so on. So, also, the cube 

2 . 4. 

root o{ a^ is a^ ; the cube root of a^ is «^ ; the cube root of a^ 

or a^ is c^. Whence it appears that 

1^ 

a^ is the same as ^ a, 

4 

a^ is equivalent to V«% 
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n - 

a^ is equivalent to Va", 
&c., &c. 

In the same manner, the fourth root of a is a*, which expres- 
sion has therefore the same value as V«; the fifth root of a 

■will be a^, which is, consequently, equivalent to Va, and the 
?same principle may be extended to all i-oots of a higher de- 
gree. 

(156i) Other fractional exponents are to be understood in 

. - ^ . 

the same way. Thus, if we^ have 6x^,this means that we must 

first take the fifth power of a, and then extract its fourth root ; 

SO that a^ is the same as ^/a!', 

So, also, to find the value of a", we must first take the m\h 
power of a^ which is cz"", and then extract the Tzth root of that 

power ; so that a^ is the same as Va"*. 

Hence the numerator of a fractional exponent denotes the 
power, and the denominator the root to he extracted. 

Again, let it be required to extract the cube root of -j. 

In the first place, ^=?=«~*. Now, to extract the cube root 
of «— *, we must divide its exponent by 3, which gives us 

.4 
1 1 

But the cube root of ^ may also be repre'sented by -4. 
« a^ 

Hence ""i is equivalent to a ^., 
(f 

1 . _i 

So, also, ~T is equivalent io a '^^ 
a^ 

1 . -1 

1, is equivalent to a ", 
a" 

•*• »* 

"~i is equivalent to a ^. 

Thus we see that the principle of Art 69, that a factor maj^ 
be transferred from the numerator to the denominator of a 
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fraction, or from the denominator to the numerator by chang- 
ing the sign of its exponent, is applicable also io fractional ex- 
ponents. 

We may therefore entirely reject the radical signs hitherto 
made use of, and employ, in their stead, the fractional expo- 
nents which we have just explained ;,and, indeed, many of the 
difficulties in the reduction of radical quantities disappear when 
fractional exponents are substituted for the radical signs. 



PROBLEM I. 

To reduce surds to their most simple forms, 

(157.) Surds may frequently be simplified by the application 
of the following principle : the square root of the product of two 
or more factors is equal to the product of the square roots of 
those factors. 

Or, in algebraic language, 

^/d)-=s/aX\fh, 

For each member of this equation squared will give the 
same quantity. 

Thus, the square of ^f ah is ah. 

And the square of ^/<2X \/h is {-^dfX^'sfW—^^* 

Hence, since \}i\^. squares of the quantities ^ ah and -/czX \/h 
are equal, the quantities themselves must be equal. 

Let it be required to reduce V4a to its most simple form. 

This expression may be put under the form v'^X \/a. 

But '^A is equal to 2. 

J. 

Hence, '/46?= v'4X Va=2v'^=2a^ 

2'v/a is considered a simpler form than •/4a, for reasons whicn 
will be better understood hereafter. 

Again, reduce ^48 to its most simple form. 

^/48 is equal to •/16X3=V'16X ^/3=4 x/3. 

Therefore, in order to simplify a monomial radical of the 
second degree, separate it into two factors, one of which, is a 
perfect square; extract its root; and prefix it to the other factor 
with the radical sign hetween them. 

In the expressions 2y/a and 4^/3, the quantities 2 and 4 are 
CdiWed the coefficients of the radical. 
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EXAMPLES, 

1. Reduce 2^/32 to its most simple form. 



2. Reduce Vl25a' to its most simple form. 



3. Reduce V98a6* to its most simple form. 



Ans. 8v^2. 
Jlw»9. 5aV5a» 
Ans, W V2a, 



4. Reduce ^f2Ma}f to its most simple form. 

5. Reduce 7 V80a6c' to its most simple form. 

6. Reduce VOSaVi/^ to its most simple form, 

7. Reduce •v/45<2'&W to its most simple form. 

8. Reduce •v/864a'5'c'' to its most simple form. 

(158.) Surds of any degree may be simplified by the appli- 
cation of the following principle, which is merely an extension 
of that already proved in the preceding Article. 

The nth root of the product of any number of factors is equal 
to the product of the nth roots of those factors. 

Or, in algebraic language, 

Vab=^VaxVL 
For, raise each of these expressions to the nth power, and we 
shall obtain the same result. 

Thus, the nth power of Vab is ab. 

And the nth power of VaX Vb is {Vayx{Vby=ak 

Hence, since the same powers of the quantities Vab and 
VaX Vb are equal, the quantities themselves must be equal. 

Let it be required to reduce VSa'^ to its most simple form. 

This is equivalent to V8x Va% which is equal to 2 Va^ 

Again, take the expression 

V4Sa\ 



This is equivalent to V I6a^X VSa, which is equal to 2a VSa. 
Hence, to simplify a monomial radical of any degree, we 
have the following 

RULE. 

Separate the quantity into two factors, one of which is an ex- 
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act power of the same name with the root ; extract its root ; and 
prefix it to the other factor with the radical sign between them. 

In the expressions 2Va^ and 2a V 3a, the quantities 2 and 2a 
placed before the radical sign are called the coefficients of the 
radical. 

EXAMPLES. 



1. Reduce ^/6Qa^}f to its most simple ^form. 

Ans. 2ayyic?. 



2. Reduce y54a^&'c^ to its most simple form. 

Ans. 2dbV2ac\ 

3. Reduce V48a'&^c^ to its most simple form. 

Ans. 2ab'cV3ac\ 



4. Reduce Vl92a''bc^^ to its most simple form. 

5. Reduce Vl92<2'^&V to its most simple form. 

6. Reduce dVSW to its most simple form. 

(159.) There is another principle which can frequently be 
employed to advantage in simplifying radicals. 

The square of the cube of a is equal to the sixth power of a. 

For the square of the cube of a is a^Xa^, 
which equals a^'^^=a\ 

So, also, the fourth power of the cube of a is equal to the 
twelfth power of a. 

For {ay==a'Xa'Xa'Xa' 



And, in general, the mih power of the nth power of any 
quantity is equal to the mnth power of that quantity. 
That is (a")'"=a"^ 
Hence, conversely, 

The m?ith root of any quantity is equal to the mth root oi 
the nth root of that quantity. 

Thus, the fourth root = the square root of the square root : 
" the sixth root = the square root of the cube root, or 

the cube root of the square root ; 
" the eighth root = the square root of the fourth root, or 

the fourth root of the square root; 
•* the ninth root — the cube root of the cube root. 
6* 
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Hence, when the index of a root is the product of two or more 
factors, we may obtain the root required by extracting in sue- 
cession the roots denoted by those factors. 

Ex, 1. Let it be required to extract the sixth root of 64. 

The sixth root is equal to the cube root of the square root. 

The square root of 64 is 8, 
and the cube root of 8 is 2. 

Hence the sixth root of 64 is 2. 

Ex.. 2. Let it be required to extract the eighth root of 256. 

The eighth root is equal to the fourth root of the square root; 
or to the square root of the square root of the square root. 

The square root of 256 is 16, 
and the fourth root of 16 is 2. 

Hence the eighth root of 256 is 2. 

When one of the roots can be extracted, and the other can 
not, a radical may be simplified by extracting one of the roots. 

Thus, the fourth root of 9 is equal to the square root of the 
square root of ; that is, the square root of 3. 

Or, algebraically, V9= -/S. 

Ex, 3. Reduce V4a^ to its most simple form. 

Ans, V2a, 

Ex. 4. Reduce V^Qd'b^ to its most simple form. 

Ex. 5. Reduce "'^/a'' to its most simple form. 

Ex. 6. Reduce V25a^b''c^ to its most simple form. 

PROBLEM IL 

(160.) To reduce a rational quantity to the form of a surd. 
The square root of the square of a is obviously a; that is, 

2 

a—'>Ja''=a^. 
So, also, the cube root of the cube oi a\^ a ; 

3 

that is, «= y a^=^a^. 

Hence, to reduce a rational quantity to the form of a surd, 
we have the following 

RULE. 

'Raise the quantity to a power of the same name with the given 
rooty and then apply the corresponding radical sign. 
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EXAMPLES. 

1. Reduce 3 to the form of the square root. 

Here 3X3=3'=9; whence 3=^/9. Ans. 

2. Reduce ax to the form of the square root. 



Ans. VaV, or (aV)^. 

3. Reduce 2x^ to the form of the cube root. 

Ans, ^"8^. 

4. Reduce 5+& to the form of the square root. 

5. Reduce —Sx to the form of the cube root. 

6. Reduce —-^x^ to the form of the fourth root. 

7. Reduce a%^ to the form of the square root. 

8. Reduce a'^Ao the form of the nih root. 

It will be observed, that this Problem is nearly the reverse of 
the preceding, and, consequently, brings quantities into a less 
simple ioim-, nevertheless, this form is sometimes better suited 
to subsequent operations, as will be seen hereafter. 



PROBLEM III. 

(161.) To i^educe surds ivhich have different indices to others 
of the same value having a common index. 
i 1 

Ex, 1. Reduce a^ and a^ to surds having the same radical 

sign. 

From the preceding Article, it is obvious that the square 
root of a is equal to the sixth root of the cube oi a ; 

that is, J=J=:A/V\ 

So, also, a^=a^= Va\ 

Thus, the quantities a^ and d^ are reduced to M a^ and V d\ 
which are of the same value, and have the common index G. 

Ex. 2. Reduce 3'^ and 2'"^ to a common index. 

3^=3*=(3^)*=27^. 

2*=2"^^= (2^)^=4^''. 
Hence V27 and -5^4 are the quantities required. 
Whence we derive the following 
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RULE. 

Reduce the fractional exponents to a common denominator ; 
raise each quantity to the power denoted by the numerator of its 
reduced exponent ; and take the root denoted hy the common cfe- 
nominator. 

Ex, 3. Reduce 2^ and 4^ to a common index. 

Ans, V4 and V8. 
1 
Ex. 4. Reduce a^ and a^ to a common index. 

1 2 

Ex. 5. Reduce a~ and ¥ to a common index. 

2 3 

Ex. 6. Reduce 5^ and V to a common index. 

11 
Ex. 7. Reduce a" and h"" to a common index. 

PROBLEM IV. 

To add surd quantities together. 

(162.) Two radicals are similar when they have the same 
index, and the same quantity under the radical sign. 

Thus, SVa and 5Va are similar radicals. 

So, also, iVb and 10 V6 are similar radicals. 

But Va and ^/a are not similar radicals ; for, although they 
have the same quantity under the radical sign, they have no-t 
the same index. 

Ex, 1. Find the sum of 2Va and SVa. 

As these are similar radicals, we may unite their coefficients 
by the usual rule ; for it is evident that twice the square root of 
a and three times the square root of a make five times the 
square root of a. Hence the following 

RULE. 

When the radicals are similar, add the coefficients, and annex 
the radical part. 

But if the quantities are dissimilar, and can not he made sim- 
ilar hy the reductions in the preceding Articles, they can only he 
connected together hy the sign of addition. 

Ex, 2, Add V6 to2V6. 

Ans. 3V6. 
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Ex. S: Add 5Va and -2V«5. 



Ex. 4. Add aVb+c and xVb+c. 

If the radical parts are originally different, they must, if pos- 
sible, be made alike by the preceding methods. 

Ex. 5. Add ^27 to 1/48. 

Here V27== V 9X3=3 V3, 

and V48= Vl6X3==4V3. 

Whence their sum =7-/ 3. 

J5:r. 6. Add together V500 and Vlos. 



Ans. 8^/4. 
Ans. 43 V 3. 



Ex. 7. Add together 4V147 and 3 775. 

Ex. 8. Add together 3 V | and 2 V^. 

Here 3^/f =3^/|| =f ^/10, 

and ^VtV=^VtVo== to\/10 « 

Whence their sum =| -s/10. 

jBo;. 9. Add together ^/72 and ^/128. 

Ex. 10. Add together x/180 and ^405. 

Ex. 11. Add together V40 and ^135. 

Ex. 12. Add together 8 V32 and 5^2. 

PROBLEM V. 

To find the difference of surd quantities. 

(163.) It is evident that the subtraction of surd quantities 
may be performed in the same manner as addition, except that 
the signs in the subtrahend are to be changed according to 
Art. 43. 

Ex. 1. Required to find the difference between ^/448 and 
^/112. 

Here v^448= V64X 7=8^/7, 

and ^/112=Vl6x7=4^/7. 

Whence the difference =4^/7. 

Ex. 2. Find the difference between VI 92 and V24. 

Here Vl92= V"64X3=4V3, 



and V24 =V 8x3=2^3. 

Whence the difference = 2 V 3. 
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Ex. 3. Find the difference between 5^/20 and 3 v'45. 

Here 5/20=5 ^4X5= 10 VS, 

and 3V45=3V9X5= 9V5 . 

Whence the difference = V5. 

Ex. 4. Find the difference between 2^/50 and ^/18. 

Ex. 5. Find the difference between 2^320 and '^^40. 



Ex. 6. Find the difference between VSOa'x axV v'20aV, 



Ex.7. Find the difference between 2 V72a' and Vl62a^ 



PROBLEM VI. 

To multiply surd quantities together. 

(164.) Let it be required to multiply Va by V&. 

The product will be V ah. 

For if we raise each of these quantities to the power of n, 
we obtain the same result, ah; hence these two expressions 
are equal. We therefore have the following 

RULE. 

When the surds have the same index^ multiply the quantities 
under the sign hy each other, and prefix the common radical 
sign. If there are coefficients, these must he multiplied separ- 
ately. 

Ex. 1. Required the product of 3-/8 and 2 V6. 
Here 3V 8, 

multiplied by 2/6 , ______ 

gives 6V48=6'v/16X3=24-/3. Ans. 

Proof. Square 3x/8, and we obtain 9X8=72. 
Square 2 x/6, and we obtain 4X6=24. 
72 multiplied by 24=1728. 
Also, 24^/3 squared =576X3=1728. 
Ex. 2. Required the product of 5V8 and 3-^5. 

Ans.^Q^^iO. 
Ex. 3. Required the product of 7 v^ 18 and 5\/4. 

Ans. 70^9. 
Ex. 4. Required the product of iv^6 and -f^sfll. 
Ex. 5. Required the product of }'^18 and 5^20. 
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In the preceding examples, let all the results be reduced to 
their simplest form. 

If the surds have not the same index, they must first be re- 
duced to a common index, by Art 161. 

Ex. 6. Required the product of ^2 and v^3. 

Here ^2=2^'-={2y=^ 8, 

and ^3^3^--= (3^3^ V 9 . 

Whence the product = 4^72. 

(165.) We have seen, in Art, 50, that powers of the same 
quantity may be multiplied by adding their exponents. The 
same principle may be extended to roots of the same quantity. 

Let it be required to multiply ^/a by Va, or a^ by a^. 

J. 3 12 

We have seen, in Art, 161, that a^=^(j^, and a^=a^, 

3 111 

But a^=(fXa^Xa^, 

2 1 1 

and a^=a^Xd^. 

11 11 1 5 

The product, therefore, is a^Xa^Xa^Xa^Xa^=a^. 
Hence, roots of the same quantity may be multiplied by add- 
ing their fractional exponents. 

Ex, 1. Multiply 5a^ by Sa^. 

5 

Ans, I5a^. 
Ex, 2, Multiply 3a* by 2la^. 

Ex, 3. Multiply Sx'y^ by 4x^y^. 

1 2 

Ex. 4, Multiply {a+hy by (a+b^. 

(166.) If the rational quantities, instead of being coefficients 
of the radical quantities, are connected with them by the signs 
+ or — , each term of the multiplier must be multiplied into 
each term of the multipHcand. 

1. Let it be required to multiply 3+ V^ 
by 2- ^/5 

6+2V5 

We obtain the product 6— v'S— 5, 

which reduces to 1— x/5. 
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2. Multiply 7+2 ^/6 by 9-5v6. 

Ans. 3— 17^/6. 

3. Multiply9+2v^l0by 9~2v^ia 

Ans. 41. 



PROBLEM VII. 

To divide one surd quantity by another. 

(167.) Let it be required to divide V<^' by V«^ 

The quotient must be a quantity which, multiplied by the 

divisor, shall produce the dividend; we thus obtain Va; for, 

according to Art. 164, V«'X Va=^- Va' ; 

va 

that IS, Tri~ '^^' 

V a 

Hence the following 

RULE. 

Quantities under the same radical sign may he divided like 
rational quantities, the quotient being affected with the common 
radical sign. If there are coefficients, they must be divided 
sepai^ately. 

If the radicals have not the same index, we must first reduce 
them to a common index. 

EXAMPLES. 

1. It is required to divide 8V108 by 2^/6. 

Here ^^^=4^/18=4 V9X2=12^/2. Ans. 



8V512 

Here -f^y— =2V256=2V64X4=8 V4. Ans. 
4v2 



2. Divide8V512by 4V2. 

Here '-^'=2V25 

4v2 

3. Divide6V54by3V2. 

Ans. 6. 

4. Divide4V72by 2V18. 

5. Divide 4^60^ by 2V%. 

Ans. 2a V2. 

L JL 

6. Divide 16(a^Z?)- by 8(ac)"» . 

7. Divide4Vl2by 2v/3. 
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As the radicals in this last example have not the same in- 
dex, they must be reduced to a common index. 

4 Vl2=4(12f=4(12f =4(144)1 

2^3 =2(3)^ =2(3)* =2(27)1 
1 

Hence i^lM_=:2(VV)^=2(VT=2^V. 

2(27)^ 

(168.) We have seen, in Art. 67, that, in order to divide 
quantities expressed by the same letter, we must subtract the 
exponent of the divisor from the exponent of the dividend. 
The same principle may be extended to fractional exponents. 

Thus, let it be required to divide a^ by a^. 
According to the preceding Article, 

a' a" ^« 
Hence a root is divided by another root of the same letter or 
quantity, by subtracting the exponent of the divisor from that 
of the dividend. 

Exi 1. Divide {abf by {abf. 

1 
Ans. {ab)'\ 

Ex. 2. Divide a^hy a^. 

Ex. 3. Divide a^ by «^. 
1 1 

Ex. 4. Divide «" by a*". 

Ex. 5. Divide A^/ab by 2 ^/ab. 

Ans. 2Vab. 

PROBLEM VIII. 

(169.) To raise surd quantities to any power. 

Let it be required to find the square of a^. 
The square of a quantity is found by multiplying it by itself 
once. 



1 1 i JU-i 2 

Hence the square of a^ is equal to a'^Xa^—a^ ^=a^. 
That is, (a^y=c 



2 
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1 

Again, let it be required to find the cube of a^. 
The cube of a quantity is found by multiplying it by itself 
twice. 

Hence the cube of a^ is equal to a^Xa^Xa^=(i ; 

1\ 3 3 



that is, \a^) 



-a , 

1 n 



In the same manner we should find the nth power of a'"^^"*. 
Hence we have the following 



RULE. 



Radical quantities are involved by multiplying their fractional 
exponents by the exponent of the required power. 



Ex, 1. Required the fourth power of \ 
Ex, 2. Required the cube of |-s/8. 



Ans. |v/3. 



Ex, 3. Required the square of 3-^3. 

Ex, 4, Required the cube of 17'v/21. 

Ex, 5. Required the fourth power of ^a/^- 

Ans, ^V- 
(170.) If the radical quantities are connected with others by 
the signs + and —, they must be involved by a multiplication of 
the several terms. 

Ex, 1, Required the square of 3+ ^/5. 

3+ V5 
9 + 3>/5 

Sy/5 + 5 

The square is 9 + 6^/5+5 

or 14+6^/5. Ans. 

Ex. 2. Required the square of 3+2 -s/ 5. 

These two examples are comprehended under the rule in 
Art, 60, that the square of the sum of two quantities is equal 
to the square of the first, plus twice the product of the first by 
the second, plus the square of the second. 

Ex, 3. Required the cube of ^/x+S^y, 

Ex, 4. Required the fourth power of ^/S— -v/2. 

Ans, 49— 20V6. 
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PROBLEM IX. 

To find the roots of surd quantities. 

(171.) A root of a quantity is a factor which, multiplied by 
itself a certain number of times, will produce the given quan- 
tity. But we have seen that a radical quantity is involved by 
multiplying its exponent by the exponent of the required pow- 
er. Hence, 

To find the roots of surd quantities, 

Divide the fractional exponent by the index of the required 
root. 

1 1-1-2 ^ 

Thus, the square root of a^ is a^ ' =a^. 

For, by Ai^t 169, we obtain the square oi a^ by multiply mg 
1 
the exponent '^ by 2 ; 

that is, {Jy=a^=a^. 

EXAMPLES. 

1. Find the square root of 9(3)^ 

Here (9(3f)^=9*X3^^'=3(3)^==3V3. Ans. 

2. Required the cube root of ix/2. 



Ans. ^V2. 



3. Required the square root of 10^ 

4. Required the cube root of /ya*. 

5. Required the fourth root of Ifa^. 

6. Required the cube root of xVs ^^* 

7. Required the cube root of f-s/f . 



Ans. V|. 



PROBLEM X. 

To find multipliers which shall cause surds to become rational 
(172.) I. When the surd is a monomial. 
The quantity ^/a is rendered rational by multiplying it by 
y/a. 



I 



For ^aXVci=a^Xa^=a. 

I 
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So, also, a^ is rendered rational by multiplying it by a^. 
For a^Xa^=a^='a, 

Also, «^ is rendered rational by multiplying it by a^. 
For a^Xa^=a^=a, 

1 »^-;l 

In general, or is rendered rational by multiplying it by a " . 

For a''Xa''=a ** ^a"—a. 

Hence we deduce the following 

RULE. 

Multiply the surd hy the same quantity having such an ex 
ponent as, when added to the exponent of the given surd, shall he 
equal to unity, 

(173.) 11. When the surd is a binomial. 

If the binomial contains only the square root, multiply the 
given binomial by the same expression with the sign of one of its 
terms changed, and it will give a rational product, 

Ex. I. The expression ^/«+^/& 

Multiplied by x/a— ^/b 

fl!+ ^/ ab 
— Vah—b 
Gives a product a —b, which is rational. 

Ex. 2. Find a multiplier which shall render 5+ ^/3 rational 

Given surd, 5+x/3 

Multiplier, 5~ ^/3 

Product, 25—3=22, as required. 

These two examples are comprehended under the Rule m 
Art. 62, the product of the sum and difference of two quantities 
is equal to the difference of their squares. 

Ex. S. Find a multiplier that shall make VS+\/3 rational, 
and determine the product. 

Ex. 4. Find a multiplier that shall make -v/5— ^/x rational, 
and determine the product. 

Ex. 5. Find a multiplier that shall make Va— Vabc ra- 
tional. 
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HI. When the surd is a trinomial, it may be reduced, by 
successive multiplications, first to a binomial surd, and then to 
a rational quantity. 

Ex. 1. Find multipliers that shall make v/5+v/3— y^S ra- 
tional. 

Given surd, i/5+V3— \/2 

First multiplier, ^/5+^/3+^/2 

5+^/15-^7lO 

+n/10+x/6-2 

First product, 2^/15+ 6 

Second multiplier, 2x/15— 6 

60+12v/15 
-12x/15-36 
Second product, 60—36=24, a rational quantity. 

Ex, 2. Find multipliers that shall make ^a-^-'s/h+^/c ra- 
tional, and determine the product. 

PROBLEM XI. 

(174.) To reduce a fraction containing surds to another hav- 
ing a rational numerator or denominator. 

RULE. 

Multiply both numerator and denominator by a factor which 
will render either of them rational, as the case may require. 

Ex. 1. If both terms of the fraction —r be multiplied by 

s/a, it will become • — r» in which the numerator is rational. 
y/ab 

Or if both terms be multiplied by V^» it will become -r— , in 

which the denominator is rational. 

2 

Ex. 2. Reduce the fraction — r to one that shall have a ra- 

tional denominator. 

Ans. -~r--. 
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Ex, 3. Reduce to a fraction having a rational de- 

nominator. 

, V5+V2 
Ans. 

o 

/2 

Ex, 4. Reduce to a fraction having a rational de- 

3 — \/2 

nominator. 

3^/2+2 
Ans. , 

Ex. 5. Reduce r to a fraction having a rational de- 

nominator. 

4 . , . 

Ex. 6. Reduce —77- — -r-r-r to an expression having a 

rational denominator. 

Ans. 2+^/2—^/6, 

Ex. 1. Reduce x/5+v/2 to a fraction having a rational 
numerator. 

(175.) The utility of the preceding transformations may be 
illustrated by computing the numerical value of a fractional 
surd. 

Ex. 1. Suppose it is required to find the square root of -f ; 

/3 

that is, it is required to find the value of the fraction — . 

If we make the denominator rational, we shall have X^, in 

which it is only necessary to extract the square root of the 
numerator, and the value of the fraction is found to be 0.6546. 

Ex. 2. It is required to find the value of the fraction , . 

. , , 7v/55-7v^l5 . 
Making the denominator rational, we have — -, the 

value of which is 3.1003. 

V6 

Ex, 3. Required the value of the expression '^ . 

Ans. 0.5595/ 
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Ex. 4. Required the value of the expression 

V3 

2v^8+3^/5-7v2* 

Arts, 0.7025. 

Ex. 5. Required the value of the expression _ '. 

Ans. 5.7278. 



PROBLEM XII. 
(176.) To free an equation from radical quantities. 
This may generally be done by successive involutions. For 
this purpose, we first free the equation from fractions. If there 
is but one radical expression, we bring that to stand alone on 
one side of the equation, and involve the whole equation to a 
power denoted by the index of the radical. 
Ex. 1. Free the equation 

a-\"\f2axA-x'^ 
— - — ■ — -■ — —-=6 
a 

from radical quantities. 

Clearing of fractions, and transposing a, we obtain 

^f2ax-\^x^—db—a. 
The square of this equation is 

2ax-\-x''=^a^¥-2a'''b-Va\ 
which is free from radical quantities. 
Ex, 2, Free the equation 

__ 2a^ 

from radical quantities. 

If the equation contains two radical expressions, combined 
with other terms which are rational, it will generally be best 
to bring one of the radicals to stand alone on one side of the 
equation before involution. One of the radicals will thus be 
made to disappear, and, by repeating the operation, the re- 
maining radical may be exterminated. 

Ex. 3. Free the equation 

Va-\-x-{- Vb-\-y~c 
from radical quantities. 
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Transposing one of the radicals, we obtain 

Squaring, we have 

a'\-x^c^—2c'y/h'{-y+h+y. 
Transposing, so as to bring the radical to stand alone, we 
have 



2c^/b■\■y=■c^+h+y'-a■—x^ 
which may be freed from radicals by squaring a second time. 
Sometimes the two radicals may be of such a form that it 
is best to bring both to the same member of the equation be- 
fore involution. 

When an Equation contains several radical quantities, it may 
generally be freed from them by successive involutions, but 
the best mode of procedure can only be determined by trial. 
Ex, 4. Free the equation 

V2^+7+ V3x-18= V7^+l 
from radical quantities. 

Ans. Qx''-lbx-l2Q=x''-\-l2x+SQ. 
When an equation contains a fraction involving radical 
quantities in both numerator and denominator, it is sometimes 
best to render the denominator rational by Problem XL 
Ex, 5. Free the equation 

^lx'\-^x—a an^ 



Vx—- ^x—a ^ ^ 
from radical quantities. 

Multiply both terms of the first fraction by •y/x+ Vx—a, and 
we have 



{Vx-\-'Vx'—ay_^ ari^ 
x—{X'—a) x—c! 



or (V:c+ y/x—aY 



x—a 

Extracting the square root, we obtain 
an 



-yJx-^'^X'-a- 



s/x—a 
Clearing of fractions, we have 

^/x'^—ax+x—a^an, 
which is easily freed from radicals. 
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Ex, 6. Free the equation 

x-\- y/X 



X— ^/x 
from radical quantities. 

Ex. 7, Free the equation 



Ans. x^:=f.4:X-\-4^=^x, 



x—^lx-\'l 5 



x-\'^/x■\^\ 1^ 
from radical quantities. 

Ex, 8. Free the equation 



Am,, 9x'=64:i:+64. 



Va^-x^-V^^+.T' 



from radical quantities. 

(177.) The preceding rules for the reduction of radicals, are 
exact so long as we treat of absolute numbers, but require 
some modifications when we consider imaginary expressions, 
such as V — 3, V —a, &;c. 

Let it be required, for example, to determine the product of 

^/ —a by V— «. 
By the rule given in Art 164, 



;= V +a^ 



Now, '/+«''= =±=cz, so that there is apparently a doubt as to 
the sign with which a ought to be affected in order to answer 
the question. However, the true result is —a, because any 
quantity must be equal to the square of its square root. 

That is, V—aX V-^a is the same as {V^a)\ and, conse- 
quently, is equal to —a, 

Again, let it be required to determine the product of V—a 

by V—fe. 

By the rule in Art, 164. 

V"^X V~^= V-r-aX—b 



— V+ab 
'=z-±i^ab. 
The result, however, is not properly ambiguous, and should 
be —s/ab ; for we have, according to Art, 148, 

7 
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V— (2= -/a. V — 1, 
and V — 6=V&. V — 1. 

Hence 

= V^X — 1 

In the same manner we shall find for the different powers 
of V — 1 the following results. 

-/ — 1 V = V — 1, the first power. 
(-\/~l)"= — l? the second power. 

= — -/ — 1, the third power, 

(V"=Ty-(V"^rx(V"^r 

= -lX-l 

= + 1, the fourth power. 
Since the four following powers will be found by multiply- 
ing — 1 by the first, the second, the third, and the fourth 
powers, we shall again find for the four next powers 

so that all the powers of V — 1 will form a repeating cycle of 
these four terms. 

Whenever the student is at a loss to determine the product 
of two imaginary quantities, it is best to resolve each of them 
into two factors, one the square root of a positive quantity, and 
the other V — l, Art. 148. 

EXAMPLES. 

1. Let it be required to multiply V — 9 by V— 4. 
Here we have V— 9=3V--1, 

and V"i:4:^2/^. 

Therefore, V-9X V-4=3 V-1X2 V-1 

= -6. 

2. Multiply 1+ V"^ by 1-/^. 

Ans, S<. 

3. Multiply Vis by /^. 

4. Multiply 5+2'/'^ by 2- V^> 



SECTION XII. 



EQUATIONS OF THE SECOND DEGREE. 

(178.) According to Art 96, quadratic equations^ or equa- 
tions of the second degree^ are those in which the highest power 
of the unknown quantity is a square. 

Quadratic equations are divided into two classes, 

L Equations which involve only the square of the unknov^n 
quantity and known terms. These are called pure .quadratics. 
Of this description are the equations 

ax'^b; Sx'+12=150-x%&G, 

They are sometimes called quadratic equations of two terms^ 
because, by transposition and reduction, they can always be 
exhibited under the general form 

ax''—h, 

11. Equations which involve both the square and the first 
power of the unknown quantity, together with a known term. 
These are called affected or complete quadratics. Of this de- 
scription are the equations 

bx'' X 3 
ax''-^hx=c; x^-lOx=l \ - — --+^==8. 

They are sometimes called quadratic equations of three 
terms, because, by transposition and reduction, they can al- 
ways be exhibited under the general form 

ax^-^-hx^c, 

PURE aUADRATIO EaUATIONS. 

(179.) The eq[uation 
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is easily solved. Dividing each member by a^ it becomes 



a 



Whence 



VI- 



If - be a particular number, either integral or fractional, we 

can extract its square root either exactly or approximately by 
the rules of arithmetic. 

It is to be remarked, that since the square both of 4-w and 

— W2 is +m^ so, in like manner, the square of +\/— and that 

of — \/- are both +-. Hence the above equation is suscep- 
tible of two solutions, or has two roots ; that is, there are two 
quantities which, when substituted for x in the original equation, 
will render the two members identical. These are 

+ \/-and -y-. 
y a y a 

For, substituting each of these values in the original equation 
ax^=:tb, it becomes 

^Xi+y-J =b, or aX-=h ; i. e., h=b, 
and «5X(~- Y — j =&, or aX-^b ; i. e.> b=b. 

EXAMPLE r. 

Find the values of x which satisfy the equation 

Transposing terms, 4;r^— 3x^—9+7. 
Reducing, x'^=l6. 

Extracting the square root, 

a:=±^/I6=±4. 
Hence the two values of ^ are +4 and —4, and they may 
both be verified by substitution in the original equation. 
Thus, taking the first value, we have 
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4X (+4)^-7=3X (+4)^+9, 
or 4X16-7=3X16+9; 

that is, 57=57. 

Taking the second value of x, we have 

4X(-4)^-7=3X(-4)'^+9, 
or 4X 16-7=3X 16+9, as before. 

From the preceding examples we deduce the following 

RULE. 

Reduce the equation to the form ax^=b ; then divide hy the 
coefficient of x^, and extract the square root of both members of 
the equation, 

Ex. 2. Given a:'-17=130-2;r', to find the values of x. 

By transposition, 3:^^=^=147; 

therefore, rc^=49, 

and X =±7. 

Ex, 3. Given x^'{-ab=5x% to find the values ofx. 

By transposition, ab=4x'' ; 

therefore, ± Vab=2x, 

±:Vab 
and x= — - — . 

20" 



Ex, 4. Given x+ V a"" +x'' =^ T~:~ I , to find the values of x. 

V a -jrx 

Clearing of fractions, we obtain xVa''+x''+a^+x'^=2a^, 

By transposition, xVa^+x''=a'^—x^. 

Squaring both sides, aV+a:*=«*— 2aV+:c* ; 
therefore, 3aV=a\ 

and Sx^=a^ ; 

whence ^^=-^; 

therefore, x=±——. 

Ex, 5. Given — - — =45, to find the values of a;, 
y 

Ex, 6. Given ax'^—5c=bx'^—Sc-\-d, to find the values of a?. 



140 EaUATIONS OF THE SECOND DEGREE. 

x^ 5 7 299 

Ex. 7. Given -^— 3+-— :z;'=— --cc'+-— , to find the values 

oi X. 

x'^'\-2x—l 
Ex. 8. Given — . ^ . -.^ ^ 1, to find the values of a;. 

X +2 + 18 

X 

Arts. :z:=db3. 

Clearing of fractions and transposing, we find in each mem- 
ber of this equation a binomial factor, which being canceled, 
the equation is easily solved. 



PROBLEMS. 

Prob. 1. What two numbers are those whose sum is to the 
greater as 10 to 7 ; and whose sum, multiplied by the less, pro- 



duces 270 ? 




Let 


10:?;= their sum. 


Then 


lx= the greater number, 


and 


3^= the less. 


Whence 


30^^=270, 


and 


x'^d ; 


therefore, 


x=±3. 



and the numbers are ±21 and ±9. 

Prob. 2. What two numbers are those whose sum is to the 
greater as m to n; and whose sum, multiplied by the less, is 
equal to a ? 



Ans. ±\/~- 7 •, and ±\/— ^^ -. 

V m{m—n) V m 

Prob. 3. What number is that, the third part of whose 
square being subtracted from 20, leaves a remainder equal 
to 8 ? 

Prob. 4. What number is that, the mth part of whose square 
being subtracted from a, leaves a remainder equal to h ? 

Ans. ± Vm{a—b). 

12 3 

Prob. 5. Find three numbers in the ratio of-, ~, and -, the 

/w o 4 

sum of whose squares is 724. 



EaUATIONS OP THE SECOND DEGREE. 141 

ProK 6. Find three numbers in the ratio of m^ tz, and p^ the 
sum of whose squares is equal to a, 

Ans, 



I arn^ / ari^ a ^-. / 



ap' 



Prob. 7. Divide the number 49 into two such parts, that the 
quotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as f to |. 

Ans. 21 and 28. 

Prob. 8. Divide the number a into two such parts, that the 
quotient of the greater divided by the less, may be to the quo- 
tient of the less divided by the greater, as m to n. 

Ans, ; — : — and • 



Prob. 9. There are two square grass plats, a side of one of 
which is 10 yards longer than a side of the other, and their 
areas are as 25 to 9. What are the lengths of the sides ? 

Prob. 10. There are two squares whose areas are a^ m to ?z, 
and a side of one exceeds a side of the other by a. What are 
the lengths of the sides ? 

ay/m , a^n 

Ans. — and 



's/m— ^/n 's/m— ^n 

Prob. 11. Two travelers, A and B, set out to meet each other, 
A leaving Hartford at the same time that B left New York. 
On meeting, it appeared that A had traveled 18 miles more 
than B, and that A could have gone B's journey in 15J hours, 
but B would have been 28 hours in performing A's journey. 
What was the distance between Hartford and New York ? 

Ans, 126 miles. 

Prob. 12. From two places at an unknown distance, two 

bodies, A and B, move toward each other, A going a miles more 

than B. A would have described B's distance in n hours, and 

B would have described A's distance in ??z hours. What was 

the distance of the two places from each other ? 

. >/m+ s/n 

Ans, aX . 

s/m— s/n 

Prob. 13. A vintner draws a certain quantity of wine out of 
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a full vessel that holds 25^ gallons ; and then, filling the vessel 
with water, draws off the same quantity of liquor as before, 
and so on for four draughts, when there were only 81 gallons 
of pure wine left. How much wine did he draw each time ? 

Ans, 64, 48, 36, and 27 gallons. 

Prob. 14. A number a is diminished by the Tzth part of it- 
self,, this remainder is diminished by the nth part of itself, and 
so on to the fourth remainder, which is equal to b. Required 
the value of n, 

Va— Vb 

Prob. 15. Two workmen, A and B, were engaged to work 
for a certain number of days at different rates. At the end of 
the time, A, who had played 4 of those days, received 75 shil- 
lings, but B, who had played 7 of those days, received only 
48 shillings. Now had B only played 4 days, and A played 7 
days, they would have received the same sum. For how 
many days were they engaged ? 

Ans, 19 days. 

Prob. 16. A person employed. two laborers, allowing them 
different wages. At the end of a certain number of days, the 
first, who had played a days, received m shillings, and the 
second, who had played b days, received n shillings. Now if 
the second had played a days, and the other b days, they 
would both have received the same sum. For how many days 
were they engaged ? 

. bs/m—as/n , 

Ans, — days, 

^/m—'s/n °^ 

COMPLETE aUADRATIC SaUATIONS. 

(180.) Suppose we have the equation 
:r^-6:r+9=l, 
in which \\ is required to find the value of ;r. 

Since each member of the equation is a complete square, if 
we extract the square root, we shall obtain a new equation 
involving only the first power of x, which may be easily 
solved. 
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We thus have a:— S=±l, 

and, by transposition, 

a:=3±l=:4, or 2. 

In order to verify these values, substitute each of them m 
place of X in the given equation. Taking the first value, we 
shall have 

4^-6X4+9=1; 
that is, 16—24+9=1, an identical equation. 

Taking the second value of x, we obtain 
2^-6X2+9=1; 
that is, 4—12+9=1, an identical equation. 

Hence we see that a complete quadratic equation is readily 
solved, provided each member of the equation is a perfect 
square. But equations seldom occur under this form. Take, 
for example., 

>x'-6x=-'8. 

The preceding method seems to be inapplicable, because the 
first member is not a complete square. We may, however, 
render it 'a complete square by the addition of 9, which must 
also be added to the second member to preserve the equality. 
The equation thus becomes 

:i;'-6.?;+9=9-8=l, 
which is the equation first proposed. 

The peculiar difficulty, then, in resolving complete equa- 
tions of the second degree, con&ists in rendering the first mem- 
ber an exact square. 

(181.) In order to discover a general method of solution, let 
us take the equation 

ax^+bx=c, 
which is the general form of equations of the second degree. 
We begin by dividing both members by a, the coefficient of x"" 
Th^ equation then becomes 

„ hx c 

a;^+— =-. 
a a 

h c 

For convenience, let us put p=- and q=- ; we shall then 

have 

x'^+px^q* 

7* 
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We have seen that if we can by any transformation render 
the first member of this equation the perfect square of a bino- 
mial, we can reduce the equation to one of the first degree by 
extracting the square root. 

Now we know that the square of a binomial, x+a, or x'^+ 
2ax+a'^, is composed of the square of the first term, plus twice 
the product of the first term by the second, plus the square of 
the second term. 

Hence, considering x^+px as the first two terms of the 
square of a binomial, and, consequently, px as being twice the 
product of the first term of the binomial by the second, it is 

evident that the second term of this binomial must be -, for 

2X^Xx=px. 

In order, therefore, that the expression x''-\-px may be ren- 
dered a perfect square, we must add to it the square of this 

second term ~ ; that is, the square of half the coefficient of the 

/^ 

•first power of x ; it thus becomes 

which is the square of a:+=^. But since we have added ^ to 

the left-hand member of the equation, in order that the equality 
may not be destroyed, we must add the same quantity to the 
right-hand member also ; the equation thus transformed will 
become 

Extracting its square root, we have 



+f=-\/^+f 



"■2 



Whence x—'-^-^sJ q-\-^. 

We prefix the double sign rt, because the square both of 



EaUATIONS OF THE SECOND DEGREE. 145 



+ V^+4' ^^^ ^^^^ ^^""V ^+4 ^s +(^+"t)' ^^^ every 
quadratic equation must therefore haVe two roots. 

(182.) From the preceding discussion we deduce the follow- 
ing general 

RULE FOR THE SOLUTIOlSr OF A COMPLETE aUADRATIC EaUATION. 

1. Transpose all the known quantities to one side of the equa- 
tion, and all the terms involving the unknown quantity to the 
other side, and reduce the equation to the form ax^+bx=c. 

2. Divide each side of the equation hy the coefficient of x^ and 
add to each member the square of half the coefficient of the first 
power of X. 

3. Extract the square root of both sides, and the equation will 
be reduced to one of the first degree, which may be solved in the 
usual manner. 

EXAMPLE 1. 

Solve the equation x'^—lQx= — lQ, 

Completing the square by adding to each member the square 
of half the coefficient of the second term, we have 
x"- 10:^+25=25-16=9. 
Extracting the root, x—5= ±3. 
Hence a;=5±3. 



Ans. , 

( a:=5-3=2. 

Thus X has two values, either 8 or 2. To verify them, sub- 
stitute in the original equation, and we shall have 

S'^-IOXS^-IG, z. e., 64-80=~16 ; 
also, 2'-10X2=-16, z. e., 4-20=-16, 

both of which are identical equations. 

EXAMPLE 2. 

Solve the equation x^+Qx^—S. 
Completing the square, ^^^^+62:+ 9= 9— -8=1. 
Extracting the root, x +3=±1. 
Hence rc= — 3=bL 

(x=~3+l = -2, 
^^^- Ut=-3-1 = -4, 
K 
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Proof. (-2)'+6X-2^-8, 2. e., 4-12= — 8 ; 
also, (-4)^+6X--4=-8, L e., 16-24-=-8. 

Hence x has two values, both negative. In verifying them, 
it is to be observed, that the square of —2 is +4, and —2 mul- 
tiplied by +6 gives —12. 

EXAMPLE 3. 

Solve the equation :c^-r6:c=27. 

Completing the square, :k'+6:?;+9=27+9=36. 
Extracting the rojot, ^ +3=±6. 
Hence x =— 3i6=+3,or —9, 

EXAMPLE 4. 

Solve the equation :2;^— 2:^=24. 

Here x =l±5=+65 or —4, 

EXAMPLE 5. 

Solve the equation :c^— 8x= — 18. 
Completing the squarejx'^— 8:?:+16=16-~ 18=-- 2. 

Hence x =4± V— 2, 

Here both values of re are imaginary. 

EXAMPLE 6. 

Solve the equation x'^—Qx——9. 

Completing the square, rc^— 6r?;+9=9— 9=0. 

Extracting the root, x — 3=±0. 

Hence x =3=t0. 

Here the two values of re are equal to each other. 

Ex. 7. Given 2rc'+8a?-20=70, to find the values of .r. 

Ans. x=^, or —9. 

Ex. 8. Given 2x'^—2x-\-^=^\^ to find the values of:?;. 

Ans. x—l, or \. 

(183.) The Rule given on page 145 for solving a complete 
quadratic equation is applicable to all cases; nevertheless, a 
modification of this method is sometimes preferable. 

The object is to render the first member of the equation a 
perfect square. After the equation has been reduced to the 
form 

ax'^'\-hx=Cf 
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the square may be completed by multiplying the equation hy 
four times the coefficient of x^ and adding to hoth sides the 
square of the coefficient of x. 

Thus the above equation multiplied by 4a becomes 

Ad'x^+4cdbx=4:ac. 
Adding If to both members, we have 

4aV+4a5^+6'=4ac+5'. 
Extracting the square root, 

2ax-\'h=^:^^/4LaC'\-lf, 
Transposing h and dividing by 2a, 

-5±V4ac+6' 



2a 
"which is the same result as would be obtained by the former 
Rule ; but by this new method we have avoided the introduc- 
tion of fractions in completing the square. 

When the coefficient oix^ is unity, the above Rule becomes. 
Multiply the equation hy four, and add to each member the 
square of the coefficient of x. 

Either of these methods of completing the square may be 
practiced at pleasure ; but the first method is to be preferred, ex- 
cept when its application would involve inconvenient fractions. 
^Ex, 9. Given i^'— ia;+20i=:42|, to find the values of x. 

Ans, x—1, or ~6|. 
Ex, 10. Given ic^— a;— 40=170, to find the values oi x, 

Ans, ^=15, or —14 
Ex, 11. Given 3a;'^+2:?;— 9=76, to find the values oix. 
Ex, 12. Given •i^'^— ia;+7f =8, to find the values oix, 

m , ^. 6:c'-40 3:z;-10 " , , 

Ex, 13. Given Sx — — — ; — — ^r— =2, to find the values 

2^-— 1 9—2x 

oi x. 

We must first clear this equation of fractions, which is done 

by multiplying by the denominators ; we thus obtain 

~12:i:'+60:c'-27:z;+12:?;'-54^'+360-80.'?:-6:x;'+23.r-10 
=40^;— 8:c'-18. 

Here the two terms containing x^ balance each other, and, 
uniting similar terms, we obtain 

Saj'^ -1243:= -868. 
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Dividing by 8, we have 

Completing the square, 

/31\'' /31\^ 225 

.'-15i.+ (-) =-46+ (-)=—. 

Extracting the root, x — -==t:-— . 
o 4 4 

31 .15 

Hence x=-T-^-r=l^h or 4. Ans, 

4 4 ^' 

Ex, 14. Given — -— r7;=0, to find the values of x. 

X x+1 x+2 

(184.) The preceding rules will enable us to solve not only 
quadratic equations, but all equations which can be reduced to 
the form 

x'^''+px*'=q ; 
that is, all equations which contain only two powers of the un 
known quantity , and in which one of the exponents is double of 
the other. 

For if, in the above equation, we assume 2/=^", then y^—x^'^n 
and it becomes 

f-\-py^q. 

Solving this according to the rule, we find 



^"=2/=~|±\/^+X- 



2 V ^ • 4 
Extracting the Tzth root of both sides, 

EXAMPLE 1. 

Given :c*— -25a;^= — 144, to find the values of re. 
Assuming x^=y, the above becomes 

^/'-25^/=-144. 
Whence y— 16, or 9. 

But, since x^==y^^ x=:i^^/y. 

Therefore, a;=^=fcvl6, or ±^9. 

Thus x has four values, viz., +4, —4, +8, —3. 
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To verify these values : 
1st value, (+4)'-25X(+4)'=-144, i. e., 256-400= -144. 
2d value, (-4)'-25X(-4)'=-144, i. e., 256-400= -144. 
3d value, (+3y-25X(+3)'=-144, L e., 81-225=-144. 
4th value, (-3y-25X(-3)'^=-144, L e., 81-225=-144. 

EXAMPLE 2. 

Given x^—lx^=S, to find the values of a;. 
Assuming x^=^y, we have 

Whence y =8, or —1. 

Therefore, a:=± VS, or ± V — 1, the two last of which roots 
are imaginary. 

Example. 3. 

Given :z;^— 2:2;^=48, to find the values oix. 

Assuming x^=y^ the above becomes 

y-2y==48. 
Whence y ~^, or —6. 

And since x^=y, therefore x— Vy. 

Hence two of the roots of the above equation are 2 and— V6. 

This equation has four other roots, which can not be de- 
^■eimined by this process. 

example 4. 

Given 2a;— 7v'a;=99, to find the values of re. 
Assuming ^/x=y, this equation becomes 
2i/'^-7i/=99. 

Whence y=^^ ov — ^. 

And since ^/x—y^ therefore x=y'^, 

121 

Whence a: =81, or — r-. 

Although the square root of 81 is generally ambiguous, and 
may be either +9 or —9, still, in verifying the . preceding 
values, 's/x can not be taken equal to —9, because 81 was ob- 
tained by multiplying +9 by itself. For a like reason, ^x 

can not be taken equal to +-^. A similar remark is applica- 
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ble to Exs, 13 and 14 on the next page, and also to Ex, 7, 
page 186. 

EXAMPLE 5. 



Given V^+12+ Vx+12=6, to find the values ofx. 
Assuming x+l2=y, this equation becomes 

which evidently belongs to the same class as the previous ex- 
amples. Completing the square, v^e shall have 

y^=2, or -3. 
Raising both sides of the equation to the fourth power, 

y~16, or 81. 
Therefore, x or (y— 12)=4, or 69. 

EXAMPLE 6. 



Given 2x^+ V2a:;^ + l = ll, to find the values ofx. 
Adding 1 to each member of the equation, it becomes 

2a:'+l+V2^Hl = 12. 
Assuming 2x^^+1=7/, then 

y+?^*=12. 
Completing the square, we find 

/=3, or -4; 

that is, 
Therefore, 

and 

/15 /I 5 

Hence x=+2, -2, +1/-^, "" VV 

It may be remarked, that in equations of this kind it is gen- 
erally unnecessary to substitute a new letter, y, which has been 
done in the preceding examples simply for the sake of per- 
spicuity. 

Ex, 7. Given ^^+4.^^=12, to find the values ofx. 

Ans. .r~dr^3, or ± V— 6 



V2x'+1-- 


=s, 


or 


-4, 


2a;^+l = 


=9, 


or 


16, 


x'= 


=4, 


or 


15 
2- 
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Ex. 8. Given x^Sx^=blS, to find the values of x. 

Ans. x=2^ or — Vl9. 

6 3 

Ex. 9. Given rc^+a:^=756, to find the values of:?;. 

Ans. x=24:2, or — V2S\ 
Ex. 10. Given ^x^—^x^=—-^-^, to find one value of:?;. 

Ans. x=\y2. 

2 1^ 

Ex. 11. Given 2x^ -\-2x^ =^2, to find the values of:?;. 

Ans. x—\, or —8, 
Ex. 12. Given a:'— 12a;' +44:?;'— 48*:?:= 9009, to find the values 
of :?;. 

This equation may be expressed as follows : 
(x' - 6:?;)' + 8 (a;'^ - 6:?;) = 9009. 

Ans. x=\2, or —7, or 3=1= V~90. 

Ex. 13. Given lx—l^/x=22i, to find the values of a:;. 

361 
Ans. :r=49, or -— . 
y 



Ex. 14. Given V 10+:?;— Vl0+:r=:2, to find the values of :?; 

Ans. x=6, OT —9. 
Ex. 15. Given :?;'+20:?;'— 10=59 to find the values of:?;. 



Ans. x=VS, or V— 23. 
JSo;. 16. Given 3:?;'"— 2:?;"+ 3= 11, to find the values of x. 

Ans. x=V2,OY V— f. 
Ex. 17. Given x'^'-x^/S=x—l^/S, to find the values of:??. 

^/3 + 3 ^/3-l 

-4.W5. ■ — - — 5 or — - — . 



Ex.18. Given Vl+o;—:?;^— 2(1 +:?;—:?;')=i, to find the values 
ofx. 

Ans. lijVil, or idbi-v/TT. 

(185.) We have seen that every equation of the second de- 
gree has two roots, or that there are two quantities which, when 
substituted for x in the original equation, will render the two 
members identical. In like manner, we shall find that every 
equation of the third degree has three roots ; an equation of the 
fourth degree has/owr roots ; and, in general, a?z equation has 
as many roots as it has dimensions. 
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Before determining the degree of an equationj it should be 
freed from fractions, from negative exponents, and from the 
radical signs which affect its unknown quantities. Examples 
4, 5, 13, and 14 are thus found to furnish equations of the sec- 
ond degree, while examples 6 and 18 furnish equations of the 
fourth degree. 

The above method of solving the equation x'^''-\-'px*'=q will 
not always give us all of the roots, and we must have recourse 
to different processes to discover the remaining roots. The 
subject will be resumed in Section XX. 

PROBLEMS PRODUCING aUADRATIC E aUATIONS. 

Prob. 1. It is required to find two numbers, such that their 
difference shall be 8, and their product 240. 

Let X = the least number. 

Then will :?;+8 = the greater. 

And by the question a: (a: +8)=:?;'^+ 8a; =240. 

Therefore, a;=12, the less number, 

0^+8=20, the greater. 

Proof, 20 — 12=8, the first condition. 

20X12=240, the second condition. 

Prob. 2, The Receiving Reservoir at Yorkville is a rectan- 
gle, 60 rods longer than it is broad, and its area is 5500 square 
rods. Required its length and breadth ? 

Prob. 3. What two numbers are those whose difference is 
2a, and product 5? 

Arts, a^^-y/a^-^-b, and --a^^/ a'-^rh. 

Prob. 4. It is required to divide the number 60 into two such 
parts that their product shall be 864. 

Let X = one of the parts. 

Then will 60— x = the other part. 

And by the question, a;(60— a:)=60x— ^^^^=864. 

The parts are 36 and 24. Ans, 

Prob. 5. In a parcel which contains 52 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins, and the whole are worth two dollars 
How many are there of each ? 
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Prob. 6. What two numbers are those whose sum is 2a, and 
product h? 

Ans, a-\' Vd'—b, and a— Vd'—b. 

Prob. 7. There is a number consisting of two digits whose 
sum is lOj and the sum of their squares is 58. Required the 
number. 

Let X = the first digit. 

Then will 10— a; = the second digit. 

And x^+(10-:r)'=2:c'~20:c+100=58. 

That is, :2:'-10^=-21, 

x'--10x+25=4, 

a:=5±2=7, or 8. 

Hence the number is 73, or 37. 

The two values of X are the required digits whose sum is 
10. It will be observed that we put x to represent the first 
digit, whereas we find it may equal the second as well as the 
first. The reason is, that we have here imposed a condition 
which does not enter into the equation. If x represent either 
of the required digits, then 10— :c will represent the other, and 
hence the values of x found by solving the equation should 
give both digits. Beginners are very apt thus, in the state- 
ment of a problem, to impose conditions which do not appear 
in the equation. 

The preceding example, and all others of the same class, 
may be solved without completing the square. Thus, 

Let X represent the half difference of the two digits. 

Then, according to the principle on page 67, 
5+x will represent the greater of the two digits, 
5—x " the less " 

The square of 5+:^ is 25+10x+ x\ 
" d—x 25— 10:g+ x\ 

The sum is 50 + 2a;', which, according to the 

problem, =58. 

Hence 2x'= 8, 

or i??'= 4, 

and X =±2. 

Therefore, 5i-x =7, the greater digit, 

5—x =3, the less digit. 
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Prob. 8. Find two numbers such that the product of theii 
sum and difference may be 5, and the product of the sum of 
their squares and the difference of their squares may be 65. 

Prob. 9. Find two numbers such that the product of their 
sum and difference may be a, and the product of the sum of 
their squares and the difference of their squares may be ma. 



. /m+a / 



m—a 



2 -v 2 

Prob. 10. A laborer dug two trenches, whose united length 
was 26 yards, for 356 shilHngs, and the digging of each of 
them cost as many shillings per yard as there were yards in 
its length. What was the length of each ? 

Ans. 10, or 16 yards. 

Prob. 11. What two numbers are those whose sum is 2a, 
and the sum of their squares is 2h ? 



Ans, a+ Vb—a'', and a-— Vb—a''. 

Prob. 12. A farmer bought a number of sheep for 80 dollars, 
and if he had bought four more for the same money, he would 
have paid one dollar less for each. How many did he buy ? 

Let X represent the number of sheep. 

80 
Then will — be the price of each. 
X ^ 

And — — r would be the price of each, if he had bought four 

x-\-4 ^ 

more for the same money. 
But by the question we have 

80 80 ^ 
x a:j+4 
Solving this equation, we obtain 

x—\6, Ans. 

Prob. 1 3. A person bought a number of articles for a dol- 
lars. If he had bought 2& more for the same money, he would 
have paid c dollars less for each. How many did he buy ? 



V^ 



Prob. 14. It is required to find three numbers such that the 
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product of the first and second may be 15, the product of the 
first and third 21, and the sum of the squares of the second and 
third 74* 

Ans. 3, 5, and 7. 

Prob. 15. It is required to find three numbers such that the 
product of the first and second may be a, the product of the 
first and third b, and the sum of the squares of the second and 
third c. 



^^,.^^.^y/_f_. J,y/_ 



'+b'' V a'+b'' 

Prob. 16. The sum of two numbers is 16, and the sum of 
their cubes 1072. What are those numbers ? 

Ans, 7 and 9. 

Prob. 17. The sum of two numbers is 2a, and the sum of 
their cubes is 2b. What are the numbers ? 



Ans. a+\/—z — SLud a—\/ —- — 
y Sa y Sa 



Sa V 3a 

Prob. 18. Two magnets, whose powers of attraction are as 
4 to 9, are placed at a distance of 20 inches from each other. 
It is required to find, on the fine which joins their centers, the 
point where a needle would, be equally attracted by both, ad- 
mitting that the intensity of magnetic attraction varies inverse- 
ly as the square of the distance. 

. { 8 inches from the weakest magnet, 

( or —40 inches from the weakest magnet. 

Prob. 19. Two magnets, whose powers are as m to n, are 
placed at a distance of a feet from each other. It is required 
to find, on the line which joins their centers, the point which is 
equally attracted by both. 



Ans. 



The distance from the magnet m is 



as/m 



\ The distance from the magnet n is ; . 

Prob. 20. A set out from C toward D, and traveled 6 miles 
an hour After he had gone 45 miles, B set out from D to- 
ward G, and went every hour gV of the entire distance ; and 
after he had traveled as many hours as he went miles in one 



156 aUADRATIC EaUATIONS 

hour, he met A. Reqmred the distance between the places C 
and D. 

Ans, Either 100 miles, or 180 miles. 

Prob. 21. A set out from C toward D, and traveled a miles 
per hovir. After he had gone b miles, B set out from D toward 
C, and went every hour ;^th of the entire distance ; and after 
he had traveled as many hours as he went miles in one hour, 
he met A. Required the distance between the places C and D. 



Ans. «(!i^±y^(^) -fc). 



Prob. 22. By selling my horse for 24 dollars, I lose as much 
per cent, as the horse cost me. What was the first cost of 
the horse ? 

Ans. 40, or 60 dollars. 

aUADRATIC EaUATIONS CONTAINING TWO UNKNOWN aUAN- 
TITIES. 

(186.) An equation containing two unknown quantities is 
said to be of the second degree when it involves terms in which 
the sum of the exponents of the unknown quantities is equal to 2, 
hut never exceeds 2. Thus, 

2x'' -4x+y'=25, 
and lxy—4:X-\-y =40, 

are equations of the second degree. 

The solution of two equations of the second degree contain- 
ing two unknown quantities, generally involves the solution of 
an equation of the fourth degree containing one unknown quan- 
tity. Hence the principles hitherto established are not suffi- 
cient to enable us to solve aZZ equations of this description. 
Yet there are particular cases in which they may be reduced 
either to pure or affected quadratics, and the roots determined 
in the ordinary manner. 

(187.) When one of the equations is a simple equation, it is 
generally best to find an expression for the value of one of the 
unknown quantities from the simple equation, and substitute 
this value in the place of its equal in the other equation. The 
resulting equation will be of the second degree, and may be 
.solved by the ordinary rules. 
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Ex.1. Given x^+Sxy— 3/' = 23 ) to find the values of x 

X +2y = 7 ) and i/. 
From the second equation, we find 
X ^l—2y. 
Whence x''=4Q-2Sy+^y\ 

And, substituting this value in the first equation, we have 

a common quadratic equation, which may be solved in the 
usual manner. 

Arts. x^2, and ?/=2. 

Ex. 2. Given 2x^-{' xy—^y"" =20 ) to find the values of x 
2x —Sy = 1 ) and y. 

Ans. x=5, ?/=3. 

3 "~ *^ > to find the values of x and y. 
93/— 9a;=18 ) 

Ans. x=2, y=4. 
(188.) When the same algebraic expression is involved to 
different powers, it is sometimes best to regard this expression 
as the unknown quantity. 

Ex. 4. Given x^+2xy+y''+2x=l20—2y ) to find the val- 
xy—y^=S ) uesof:?:andy. 

Here the first equation may be put under the form 
{x+yY+2{x+y) = l20, 
where x+y may be regarded as a single quantity, and, by 
completing the square, we shall find its value to be 
either 10, or —12. 

Proceeding now as in the last Article, we shall find 

x=6, or 9, or —9zf.y/5, 
y=4, or 1, or — 3±'v/5. 

Ex. 5. Given 4xy=96—x''y'^ 



, to find the values of x and y. 
x+y=Q ) ^ 

Here we may regard xy ^s the unknown quantity, and we 
shall find its value from the first equation to be 

either 8, or -12. 

Proceeding again as in the former Article, we shall find 
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x=2,or4, or 3±^21, 
?/=4, or 2, or 3qp v'21. 

Ex. 6. Given ~H — =— - ( . n j ^u i r j 

y y 9 > to find the values oi x and y. 

x—y=2 J 

X 

Here - may be treated as the unknown quantity, and we 
shall find its value to be 

3' ^' "^ ' 



5 17 

either t:^ or — 



From which we find 



17 
x=5, or — , 



y=3, or- 



10- 

(189.) When the sum of the dimensions of the unknown 
quantities is the same in every term of the two equations, it is 
sometimes best to substitute for one of the unknown quantities 
the product of the other by a third unknown quantity. 

Ex. 7. Given x^-\-xy =56 K ^ , ^, . r . 

, ^ 2 r.^1^0 find the values oix and y. 
xy +2^/'==60 ) ^ 

Here, if we assume x^vy, we shall have 

vy+vy^^^% 

vy'+2y'=e0. 
From the first of these equations, 

,_ 56 

60 

and from the second, y^= — r-r ; 

^ V +2 

60 56 

therefore, '~T1^=="T7~"- 

v+2 V -{-V 

From which, after completing the square, we obtain 

4 7 

Substituting either of these values in one of the preceding 
expressions for 3/^ we shall obtain the values of y ; and since 
x=-vy, we may easily obtain the values of:?:. 

X=±14,0Y ■±4:^/2, 
^^^^- ^ 2/==f10, or ±3^/2. 
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Ex. 8. Given 2:r'+3:ry+ y^=20 ) to find the values of x 

5x' +4i/'=41 ) and ?/. 
If we assume x=vy, we shall find 

1 13 



whence, as before, we shall obtain 
Ans, 



a:=±l, or — T=r, 
I V21 



i/=:±3, or — =• 
r V21 

£?a:. 9. Given rc^+a^i/=77 ) n ^ .^ i r ^ 

^ , ^ [ to find the values of x and y. 
xy—y^ =12 ) 

If we assume x=vy, we shall find 



whence, as before. 



Ans. 



7 11 
i^-jor-. 



±11 

^j,^±4,or— . 



(190.) When the unknown quantities in each equation are 
similarly involved, it is sometimes best to substitute for the 
unknown quantities the sum and difference of two other quan- 
tities, or the sum and product of two other quantities. 

Ex, 10. Given ~+^=18 ) ^ ^ , ,. i r i , 

y X > to find the values oi x and y. 

X +y =12 ) 
Here let us assume 

x=z+v, 
y=^z—v. 

Then, by adding these two equations together, we shall have 

:c+y=2%=12, or %=6 ; 
that is, x=6+v, and i/=6— v. 

But, from the first equation, we find 
x^-\'y^=:^\Sxy^ 

8 
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Substkuting the preceding values of x and y in this equa- 
tion, and reducing, we obtain 

432 + 36iy?^ 648 -^ 1 &v\ 

Whence v=^2. 

Therefore, x=4, or 8, 

and y—^r 01' 4. 

Ex. 11. Given :c'-l-y'=3368 ) ^ , ,, , ,. , 

. ^ o c to find the /alues oi .r and y. 

( a;=3, or 5, 
Ans, ] ^ _ 
( y=5, or 3. 

^:c. 12. Given x' +y' =341 K ^ , ,, , . , 

, ( x=6, or 6, 
( y=^6, or 5. 



PROBLEMS. 

1. Divide the number 100 into two such parts, that the sum 
of their square roots may be 14. 

Ans. 64 and 36. 

2. Divide the number « into two such parts, that the sum 
of their square roots may heh. 



3. The sum of two numbers is 8, a;nd the sum of their fourth 
powers is 706. What are the numbers ? 

Ans» 3 and 5. 

4. The sum of two numbers is 2a, and the sum of their 
fourth powers is 2h, What are the numbeis ? 

Ans, adbV-3a'+VW+&. 

5. The sum of two numbers is 6, and tha sum of their fifth 
powers is 1056. What are the numbers? 

A^s, 2 and 4. 

6. The sum of two numbers is 2^, and the sum of their fifth 
powers is h. What are the numbers ? 

Ans. a±\/\/4-+~a'. 
^ ^ lOa 5 
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7. What two numbers are those whose product is 120 ; and 
if the greater be increased by 8 and the less by 5, the product 
of the two numbers thus obtaixied shall be 300? 

Ans, 12 and 10, or 16 and 7.5. 

8. What two numbers are those whose product is a ; and 
if the greater be increased by h and the less by c, the product 
of the two numbers thus obtained shall be d? 



m , m^ ah , m , rrib' ab 
2 V 4 c ' 2 V 4 c ' 



d—a—hc 



where m- 



c 

9. Find two numbers such that their sum, their product, 
and the difference of their squares may be all equal to one an- 
other. 

3,5 ,15 

Ans. 2+^4' ^^^2"^^? 

that is, 2.618, and 1.618, nearly. 

10. Divide the number 100 into two such parts, that their 
product may be equal to the difference of their squares. 

Ans. 38.197, and 61.803. 

11. Divide the number a into two such parts, that their prod- 
uct may be equal to the difference of their squares. 

Ans. — —z and 



DISCUSSION OF THE GENEBAL EaUATION OF THE SECOND 
DEG-REE. 

(191.) We have seen, Art. 181, that every equation of the 
second degree may be reduced to the form 

x''-\rpx=q, 
where p and q represent known quantities, either positive or 
negative, integral or fractional. 

The value of a; in this equation is 

either cc= -|+ \/^+ 4 » 



or 



==-f-v/.4 
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And, since these values necessarily result from the general 
equation, we infer, 

PROPERTY I. 

Every equation of the second degree has two roots ^ and only 
two, 

A root of an equation is such a number as, being substituted 
for the unknown quantity, will satisfy the equation. 

This principle has been often exemplified in the preceding 
pages. Two values have uniformly been found for x, although 
both values may not be applicable to the problem which fur- 
nishes the equation. This property will be found demon- 
strated in a general manner in Art, 294. 

(192.) If we multiply 



^+f-\/?+T=0' 



by a;+|+y^^+Z!==0, 

we shall obtain x^-\-px-'q=0, 

which was the equation originally proposed. 
Hence, 



PROPERTY II. 

Every equation of the second degree, whose roots are a and b, 
may he resolved into the two factors x— a and x—b. 

Ex, 1. Thus the equation 

a5'-10a;+16=0, 

may be resolved into the factors ] o— n' 

where 8 and 2 are the roots of the given equation. 

It is also obvious that if « is a root of an equation of the sec- 
ond degree, this equation must be divisible by x—a. Thus 
the preceding equation is divisible by a;— 8, giving the quotient 
a:— 2. 

Ex,% The roots of the equation 
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are —2 and —4. Resolve it into its factors. 
Ex. 3. The roots of the equation 

x'+6x- 2^7=0, 
are +3 and —9. Resolve it into its factors. 
Ex. 4. The roots of the equation 

;r''~2:c-24=0, 
are +6 and —4. Resolve it into its factors. 

(193.) If we add together the two values of x in the gen- 
eral equation of the second degree, the radical parts having 
opposite signs disappear, and we obtain 



^ P P 
Hence, 



2 2 ^* 



PROPERTY III. 

The algebraic sum of the two roots is equal to the coefficient 
of the second term of the equation, taken with a contrary/ sign. 

Thus, in Ex. 1, page 145, 

a;'-10a;=~-16, 
the two roots are 8 and 2, whose sum is +10, the coefficient 
of X taken with a contrary sign. 
In the equation 

x^+6x=-8, 
the two roots are —2 and --4. 

In the equation 

x^+16x=-60, 
the two roots are —6 and —10. 

If the two roots are equal numerically, but have opposite 
signs, their sum is zero, and the second term of the equation 
vanishes. Thus the two roots of the equation x^=l6, are +4 
and —4, whose sum is zero. This equation may be written 
x''+0x=16. 
(194.) If we multiply together the two values of a; (observ- 
ing that the product of the sum and difference of two quan- 
tities is equal to the difference of their squares), we obtain 
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Hence, 

PROPERTY IV. 

The product of the two roots is equal to the second member oj 
the equation^ taken with a contrary sign. 
Thus, in the equation 

the product of the two root# 8 and 2 is +16, which is equal to 
the second member of the equation taken with a contrary sign» 

So, also, in the equation 

a;'+6a;=27, 
whose two roots are +3 and —9, their product is —27. 

The two last properties enable us readily to form an equa- 
tion when its roots are kilo/wii. 

Ex, 1. Let it be required to form the equation whose roots 
are 2 and 8. 

According to Property IIL, the coefficient of the second 
term of the equation must be — 10 ; and, from Property IV. 
the second member of the equation must be —16. Hence the 
equation is 

x'-10x=-l6. 

Ex. 2. Form the equation whose roots are 3 and 5. 

Ex. 3. Form the equation whose roots are —4 and --7. 

Ex. 4. Form the equation whose roots are 5 and —9. 

Ex. 5. Form the equation whose roots are —6 and +11. 



REAL AND iMAd-INAUY VALtJES OF THE UNlCNOWN aUANTITY. 

(195.) The values ofx in the general equation of the second 
degree are 

^=-|±\/?+^. 

Values of the unknown quantity which are not imaginari/ 
are, for the sake of distinction, called ?'ea/. 
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Since —-, being a square, is positive for all real values of/?, 

it follows that the 3xpression g'+'x can only be rendered neg- 
ative by the sign cf gr. 

When q is positive, or when q is negative 5ind numerically 

p" jy" 

less than ^, then will g+=j- be positive, and, consequently, 

V^'^A ^^^^ '^^ ^^^^* '^'^^^ happens in nearly all the preced- 
ing examples. 

When q is negative, and numerically greater than -r^, then 

3'+^ will be negative, and, consequently, x/q-^^ will be im- 
aginary. This happens in Ex, 5, page 146. 

CASE I. 

When \J q-\-^ is real 

P 

1. When, in tho equation x^-^px^q^ p is negative, and ~ 

is numerically greater than x/q^^, hoth values of x wiM he, 

real and positive. 

This happens in the equation 

x^^6x=--8, 
whose two roots are 4 and 2. 
Also in the equation 

a:'^-10:r=-16, 
whose two roots are 8 and 2. 

2. When p is positive, and ~ is numerically greater than 



v ^"^ jT* ^^^^ values ofx will be real and negative. 
This happens in the equation 
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whose two roots are —2 and —4. 
Also in the equation 

whose two roots are ~6 and —10. 



3. When ^ is numerically less than v/ g+— , both values of 
X will be real, the one positive and the other negative. 
This happens in the equation 

x'+6x=27, 
whose roots are +3 and —9. 
Also in the equation 

^'-2:z:=24, 
whose roots are +6 and —4. 

CASE 11. 



(196.) When v/ g+'j- is imaginary. 

In this case, both values (^ x are imaginary. 
This happens in the equation 

x'^Sx^-lS, 

whose roots are 4±'\/— 2. 

We will now prove that in this case the conditions of the 
question are incompatible with each other, and therefore the 
values of x ought to be imaginary. The demonstration de- 
pends upon the following principle : 

The greatest product which can be obtained by dividing a 
number into two parts and multiplying them together, is the 
square of half that number, 

Letjt? = the given number, 
and d = the difference of the parts. 

t) d 
Then, from page 67, ^+- = the greater part, 

7) d 

^— - = the less part. 
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and ^ — -7- = the product of the parts. 

Now, since ^ is a given quantity, it is plain that this expres- 
sion will be the greatest possible when ^=0 ; that is, ^ is the 

greatest product, which is the square of —, half the given 

number. 

For example, let 12 be the number to be divided. 

We have 12=1 + 11; and 11X1 = 11. 

12=2+10; and 10X2=20. 
12=3+ 9; and 9X3=27. 
12=4+ 8; and 8X4=32. 
12=5+ 7; and 7X5=35. 
12=6+6; and 6x6=36. 
We here see that the smaller the difference of the two parts, 
the greater is their product; and this product is greatest when 
the two parts are equal. 
Now, in the equation 

p is the sum of the two roots, and q is their product. There- 
fore q can never be greater than -j-. 

If, then, any problem furnishes an equation in which q is 

p^ 
negative, and greater than =^, we infer that the conditions of 

the question are incompatible with each other. 
Thus, in the example 

i— =9, which is numerically less than q. The equation re- 
quires us to divide the number 6 into two parts whose product 
shall be 10, which is an impossibility; and^^ accordingly, in 
solving the equation, we obtain imaginary values for x. 

Hence an imaginary root indicates an absurdity in the pro^ 
posed question which furnished the equation. 

Suppose it is required to divide 8 into two such parts that 
their product shall be 18. 

8*. 
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Let X = one of the parts, 

and 8—x =i the other. 

Then, by the conditions. 

Whence a;'— 8a:= — 18. 

This equation, solved by the usual method, gives 
cc=4± V~2, an imaginary expression. 

Hence we infer that it is impossible to find two nurnbers 
whose sum is 8, and product 18. This is obvious from the 
Proposition above demonstrated, from which it appears that 
16 is the greatest product which can be obtained by dividing 
8 into two parts, and multiplying them together. 

(197.) When q is negative, and numerically equal to — , the 

radical part of both values of x becomes zero, and both values 

P 
of a; reduce to — ^. The two roots are then said to be equal. 

Thus, in the equation 

a;'^— 6a:= — 9, 
the two roots are 3 and 3. 

We say that ill this case the equation has two roots, because 
it is the product of the two factors, :c— 3=0^ and x— 3=0. 

DISCUSSION OF PARTICULAR PROBLEMS. 

(198.) In discussing particular problems which involve equa- 
tions of the second degree, we meet with all the different cases 
which are presented by equations of the first degree, and some 
peculiarities besides. We may therefore have, 

1 . Positive values of x. 

2. Negative values. 

3. Values of the form of -T. 

A 

A 

4. Values of the form of-r-. 

6. Values of the form of-. 

All these different cases are presehted by Problem 19, 
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page 155, when we make different suppositions upon the values 
of a, m, and n ; but we need not dwell upon them hei'e. 

The peculiarities exhibited by equations of the second de- 
gree are, 

6. Double values of a;. 

7. Imaginary vJilues. 

We will consider the last two cases. 
(199.) Double values oftM unknown quantity. 
We have seen that every equation of the second degree has 
two roots. Some:imes both of these values are applicable to 
the problem whicl. furnishes the equation. Thus, in Problem 
20, page 155, we obtain either 100 or 180 miles for the dis- 
tance between the places C and D. 

C E D 

I J .__ I 

Let E represent the situiation of A when B sets out on his 
journey. Then, if we suppose CD equals 100 miles, ED will 
equal 55 miles, of which A will travel 30 miles (being 6 miles, 
an hour for 5 houis), and B will travel 25 miles (being 5 miles 
an hour for 5 hours). 

If we suppose CD equals 180 miles, ED will equal 135 miles, 
of which A will travel 54 miles (being 6 miles an hour for 9 
hours), and B will travel 81 miles (being 9 miles an hour for 
9 hours). 

This problem, therefore, admits of two positive answers, 
both equally applicable to the question. 

Problem 22, page ^bQ, is of the same kind; and another 
will be found on page 193. 

In Problem 18, page 155, one of the values of x is positive, 
and the other negative. 

C' AC B 

i . I I 1 

Let the weakest magnet be placed at A, and the strongest 

at B ; then C will represent the situation of a needle equally 

attracted by both magnets. According to the first value, the 

distance AC=8 inches, and CB=12. Now at the distance of 

8 inches, the attraction of the weakest magnet will be x'epre- 

4 
sented by j^; and at the distance of 12 inches, the attraction 

o 
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9 

of ttiB other magnet will be represented by — ^, and these two 

powers are equal ; for 

4__9_ 

But there is another point, C^ which equally satisfies the 
conditions of the question; and this point is 40 inches to the 
left of A, and therefore 60 inches to the left of B ; for 

40' "60=^* 
(200.) Imaginary values of the unknown quantity. 
We have seen that an imaginary root indicates an absurdity 
in the proposed question which furnished the equation. 

In several of the preceding problems, the values of x be 
come imaginary in particular cases. 

When will the values of x in Problem 6, page 153, be im- 
aginary ? 

Ans, When 6>a\ 

What is the absurdity involved in this supposition ? 

Ans, It is absurd to suppose that the product of two num- 
bers can be greater than the square of half their sum. 

When will the values oi x in Problem 11, page 154, be imag- 
inary? 

Ans. When a'yh ; or {2ay>4.h. 

What is the absurdity of this supposition ? 
Ans. The square of the sum of two numbers can not be 
greater than twice the sum of their squares. 

When will the values oi x in Problem 17, page 155, be im- 
aginary? 

Ans. When a'>h ; or {2ay>Sh. 

What is the absurdity of this supposition ? 
Ans. The cute of the sum of two numbers can not be 
greater than four times the sum of their cubes. 

When will the values of x in Problem 4, page 140, be im- 
•4ginary, and what is the absurdity of this supposition ? 



SECTION XIII. 



RATIO AND PROPORTION. 

(201.) Numbers may be compared in two ways : either by 
means of their difference, or by their quotient We may in- 
quire how much one quantity is greater than another ; or, how 
many times the one contains the other. One is called Arith- 
metical, and the other Geometrical Ratio. 

The difference between two numbers is called their Arith- 
metical Ratio, Thus, the arithmetical ratio of 9 to 7 is 9-^7, 
or 2; and li a and h designate two numbers, their arithmetical 
ratio is represented by «— &. 

Numbers are more generally compared by means of quo- 
tients ; that isy by inquiring how many times one number con- 
tains another. .The quotient of one number divided by another 
is called their Gepm:etrical Ratio, The term Ratio, when used 
without any qualification, is, always understood to signify a 
geometrical ratio, and we shall confine our attention to ratios 
of this description. 

(202.) By the 7'atio of two numbers, theiij we mean the quo- 
tient which arises from dividing one of these numbers by the 
other. 

Thus, the ratio of 12 to 4 is represented by — , or 3. 



4' 



5 

The ratio of 5 to 2 is -, or 2.5. 

The ratio of 1 to 3 is -, or .333, &c. 



We here perceive that the value of a ratio can not always 
be expressed exactly in decimals ; but, by taking a sufficient 
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number of terms, we can approach as nearly as we please to 
the true value. 

If a and h designate two numbers, the ratio of « to Z? is the 
quotient arising from dividing a by &, and may be represented 

by writing them a : 6, or t. The first term, tz, is called the 

antecedent of the ratio ; the last term, &, is called the consequent 
of the ratio. 

Hence it appears that the theory of ratios is included in the 
theory of fractions, and a, ratio may be considered as a fraction 
whose numerator is the antecedent, and whose denominator is the 
consequent. 

(203.) When the antecedent of a ratio is greater than the 
consequent, the ratio is called a ratio of greater inequality ; as, 

5 12 

-, -—i When the antecedent is less than the consequent, it is 

2 5 

called a ratio of less inequality ; as, -, -. When the antece- 
dent and consequent are equal, it is called a ratio of equality ; 

q Q 

as, -, -. It is plain that a ra,tio of equality may always be 
3 8 

represented by unity. 

(204.) When the corresponding terms of two or more sim- 
ple ratios are multiplied together, the ratios are said to be 

compounded. Thus, the ratio of r, compounded with the ratio 

of -, becomes 7-,. 
d od 

When a ratio is compounded with itself, the result is called 

2.4 

a duplicate ratio. Thus, the duplicate ratio of- is - ; and the 

, ,. . .a . a" 

duplicate ratio 01 -7 is -n. 

A ratio compounded of three equal ratios is called a tripli- 

2 8 
cate ratio. Thus, the tripUcate ratio of - is — ; and the tripli- 



3 27, 



^a . a" 

cate ratio 01 t is 7^. 



The ratio of the square roots of two quantities is called a 
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4 2 

suhduplicate ratio. Thus, the subduplicate ratio of -is -; and 

y o 

the subduphcate rsttio oi j- is — r* 

The ratio of the cube roots of two quantities is called a sub- 

8 2 
triplicate ratio. Thus, the subtriplicate ratio of — r is - ; and 

, . ,. . ^a . Va 

the subtriphcate ratio oi 7 is -^yr. 

(205.) If the terms of a ratio are both multiplied^ or both di- 
vided by the same quantity, the value of the ratio remains un- 
changed. 

The ratio of « to & is represented by the fraction y and the 

value of a fraction is not changed if we multiply or divide both 
numerator and denominator by the same quantity. Thus, 

a 
a ma n 

n 

or a : o^ma : mo=- : -. 

n n 

(206.) Ratios are compared with each other by reducing 
the fractions which represent them to a common denominator. 

In order to ascertain whether the ratio of 2 to 7 is greater 
or less than that of 3 to 8, we represent these ratios by the 

2 3 

fractions - and ;;, and reduce them to a common denominator. 

7 8 

They thus become 



16 ,21 

56 ^^^56' 
and, since the latter of these is the greatest, we infer that the 
ratio of 2 to 7 is less than the ratio of 3 to 8. 

(207.) A ratio of greater inequality is diminished, and a ratio 
of less inequality is increased, by adding the same quantity to 
both terms. 

r^, 3 3+1 4 

T^"^' 2>2+T'^^3' 
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2 2+1 3 
3<3Tl'^'4- 

To prove the proposition generally, let j- represent any ra* 

tio, and let x be added to each of its terms. The two ratios 

■will then be 

a , a+x 
T and T-— , 
b+x 

which, reduced to a common denominator, become 

ab+ax ab+bx 

b(b+xj' Mprx)' 

Now if a>,6, that is, if r is a ratio of greater inequality, then, 
since ax is greater than bx^ the first of these fractions is great- 
er than the second, and therefore r is diminished hy the addi- 
tion of the same quantity to each of its terms. 

But if a<b, that is, if t is a'^ ratio of less inequality, then, 
since ax is less than bx, the first of the above fractions is less 
than the second, and therefore t is increased by the addition 

of the same quantity to each of its terms. 

(208.) If, in a series of ratios, the consequent of each is the 
antecedent of the following ratio, then the ratio of the first an- 
tecedent to the last consequent is equal to that which is com.' 
pounded of all the intervening ratios. 

Let the proposed ratios be 

a b c d e 

Compounding them hj Art, 204, we obtain 

abcde 
bcd^' 
which, being divided hy bcde, reduces to 

a 

T 
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PROPORTION. 

(^209.) Proportion is an equality of ratios. 
Thus, if «, h, c, d are four quantities, such that a, when di- 
vided by &, gives the same quotient as c when divided by d, 
then a, hi c,# are cMed pi^oportionals, and we say that a is t<3 
& as c is to rf; and this is expressed by writing them thus : 

a:b : : c : d, 
or a : b=c : d, 

a c 

So, ako, 3, 4,?9, 12 are proportionals ; that is, 
3:4::9:12 
3 9 
4=12- 

In ordinary language, the terms ratio and proportion are 
confounded with each other. Thus, two quantities are said to 
be in the proportion. of 3 to 5, instead of the ratio of 3 'to 5. 
A ratio subsists between two quantities, a proportion only be- 
tween four. Ratio is the quotient arising from dividing one 
quantity by another ; two equal ratios form a proportion, 

(210.) In the proportion 

a\h \\c\di 
a^h, c^ d are called the terms of the proportion. The first and 
last terms are called the extremes, the second and third the 
means. The first term is called the first antecedent, the second 
term the first consequent, the third term the second antecedent, 
and the fourth term the second consequent. 

The word ifer/w, when applied to a proportion, is used in a 
slightly different sense from that explained 'm Art, 27. The 
terms of a proportion may be polynomials. Thus, 
a-\-hic-{-d::e-{-f:g'{-h. 

(211.) When the second and third terms of a proportion are 
identical, this quantity is called a mean proportional between 
the other two. Thus, if we have three quantities, a, h, c, such 
that 

a\h ',',h I c. 
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then h is called a mean proportional between a and c, and c is 
called a third proportional to a and h. 

If, in a series of proportional magnitudes, each consequent is 
identical with the next antecedent, these quantities are said to 
be in continued proportion. Thus, if we have a, h, c, d, e, f 
such that 

a : b :: b : c :: e : d :: d : e : : e :f, 

b~ c~~ d~~ e'' f* 
the quantities a, b, c, d, e,f^xe in continued proportion. 

(212.) If four quantities are proportional, the product of the 
extremes is equal to the product of the means. 
Let a :b :: c : d. 

Then will ad=bci 

For, since the four quantities are proportional, 

a_c 
b~d' 
Multiplying each of these equals by bd^ the expression be- 
cames 





abd bed 




h~ d; 


or 


ad=bc. 


Thus, if 


3:4:: 9 : 12^ 


then 


3X12=4X9. 



(213.) Conversely, if the product of two quantities is equal 
to the product of two others, the first two quantities may be 
made the extremes^ and the other two the means of a proportion. 

Let ad—bci 

Then will a ib w c : d. 

For, since ad=bc, 

dividing each of these equals by bd, the expression becomes 



b. 





r^'°^r6' 




that is. 


a : b^ :: c : d, or c : d : 


: a 


Thus, if 


3X12=4X9, 




then 


3 : 4 : : 9 : 12, 




or 


9 : 12 : : 3 : 4. 
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(214.) The preceding proposition is called the test of propor- 
tions, and any change may be made in the form of a propor^ 
tion which is consistent with the application of this test. In 
order, then, to decide whether four qpantities are proportional, 
we must compare the product of the extremes with the product 
of the means. 

Thus, to determine whether 5, 6, 7, 8 are proportional, we 
multiply 5 by 8, and obtain 40. Multiplying 6 by 7, we ob- 
tain 42. As these two products are not equal, we conclude 
that the numbers 5, 6, 7, 8 are not proportional. 

Again, take the numbers 5, 6, 10, 12. The product of 5 by 
12 is 60, and the product of 6 by 10 is also 60. Hence these 
numbers are proportional ; that is, 

5:6; : 10 : 12. 

(215.) If three quantities are in continued proportion, the 
product of the extremes is equal to the square of the mean. 

If a:b::b:c. 

Then, by Art, 212, ac=bb, which is equal to ¥, 

Conversely, if the product of two quantities is equal to the 
square of a third, the last quantity is a mean proportional be- 
tween the other two. 

Thus, let ac—y^. 

Dividing these equals by &c, we obtain 

a_b 

or a : b : : b : c. 

Thus, if 4 : 6 : : 6 : 9, 

then 4X9=6^ 

And conversely, if 4x9=6^ 
then 6 is a "mean proportional between 4 and 9. 

EXAMPLES. 

1. Given the first three terms of a proportion, 24, 15, and 
40, to find the fourth term. 

2. Given the first three terms of a proportion, Sab\ 4a^b\ 
and 9a^b, to find the fourth terra. 

3. Given the last three terms of a proportion, 4aV, Sa'b% 
and 2a^bi to find the first term. 

M 
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4. Given the first, second, and fourth terms of a proportion, 
6y\ "Ix^y^ and 2lx^y, to find the third term. 

5. Given the first, third, and fourth terms of a proportion, 
a+b, tt'"— Z>^ and (a— by, to find the second term. 

(216.) Ratios that are equal to the same ratio are equal to 

each other. 

Let a:b::x:y,) . ... _ _ 

, t then will a:o::c: a. 

and c :a::x :y,) 

For, since aibiixiy, 

a X 
we have t=-- 

by 

And since cidiixiy, 

c X 

we ri:g.ve i=-- 

d y 

my c a C 

Therefore, TT^^ 

{i,nd hence a:b ::c: d. 

(217.) If four quantities are proportional, they will be pro- 
portional by alternation; that is, the first will have the same ratio 
to the third that the second has to the fourth. 

Let a :b :i c I d, 

then will a: c ::b: d. 

For since a:b ::c: d, 

by Art, 212, ad=bc, 

and since ad=bc, 

by Art, 213, a:c ::b :d, 

(218.) If four quantities are proportional, they will be pro- 
portional by inversion ; that is, the second will have to the first 
the sam,e ratio that the fourth has to iV third. 

Let a:b ::c : d; 

then will b :a:: d: c. 

For since a:b ::c :d, 

by Art. 212, ad=bc, 

or bc=ad. 

Therefore, by Art, 213, b:a:: d:c, 

(219.) If four quantities are proportional, they wiH be pro 
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portional by composition ; that is, the sum of the first and sec- 
ond will have to the second the same ratio that the sum of the 
third and fourth has to the fourth. 

Let a'.hiicid ; 

then will a+h :h\: c+d : d. 

For since a:h::c:d, 

a c 
we have t=-i. 

o d 

Add unity to each of these equals, and we have 

a c a-\-h c+d 

-+!=-+!, or -^=-^; 

that is, a'{-h :b :: c+d : d. 

(220.) If four quantities are proportional, they will be pro- 
portional by division ; thdit is, the difference of the first and sec- 
ond will have to the second the same ratio that the difference of 
the third and fourth has to the fourth. 



Let 




a : b : : c : d ; 


then will 




a—b:b :: c—d: d. 


For since 


1 


a:b::c: d, 


we have 




a c 
b~"d' 


Subtract 


unity from each of these equals, and we have 




a 
b" 


^ c ^ a—b c—d 

-'^d ^'^'- b = d' 


that is, 




a—b : b : : c—d: d. 



(22L) If four quantities are proportional, they will be pro- 
portional by conversion ; that is, the first will have to the dif- 
ference of the first and second the same ratio that the third has 
to the difference of the third and fourth. 

Let a:b ::c:d; 

then will a : a—b : :c: c—d. 

For since a:b',:c'.d, 

by inversion, & •. a\:d:c ; 

b d 
whence -=-. 

a c 

Subtract each of these equals frDm unity, and we have 
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h d a—h c—c 

1 — =1— , or 



a c a c 

that is, a—h : a :: c—d : c, 

or inversely, a : a—b: : c : c—d. 

(222.) If four quantities are proportional, the sum of the first 
and second will have to their difference the same ratio that the 
sum of the third and fourth has to their difference. 

Let a :h :: c \ d ; 

then will a-^rh : a—h :i c-^-d : c—d. 

For since a:h i\ c i d, 

by composition, a+h ih :: c+d i d^ 

and by alternation, a+h : c-{'d :: h : d. 

Also, since a : b :: c : d, 

by division, a—b :b i : c—d : d, 

and by alternation, a—b:c—d::b:d. 

Hence, by equality of ratios, 

a+b : a—b : c+d : c—d. 

(223.) If four quantities are proportional, like powers or roots 
of these quantities will also be proportional. 

Let a : b : : c : d ; 

then will a" : &" : : c" : d\ 

For since a : b : : c : d, 

a c 
we have t=-5' 

a 

Raising each of these equals to the nth power, we obtain 

F~d"' 
that is, a" : 5" : : c" : c?**, 

where n may be either a whole number or a fraction. 

(224.) If there is any number of proportional quantities all 
having the same ratio, the first will have to the second the same 
ratio that the sum of all the antecedents has to the sum of all the 
consequents. 

Let a, &, c, d, e, / be any number of proportional quantities 
such that 

a : b :: c : d :: e :f, 

then will a : b -. : a-^-c-^e : b+d-^f 
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For since a : b :: c : d, 

we have ad=bc; 

and since a : b :: e if, 

we have af=be. 

To these equals add ab=ba, 
and we obtain a(b+d+f)=^b(a+c+e). 

Hence, by Art 213, a : b : : a+c+e : b+d+f, 

(225.) If three quantities are in continued proportion, the 
first will have to the third the duplicate ratio of that which it 
has to the second. 

Let a :h ::b : c. 

Then a : c : : a^ : ¥. 

For since a : b : : b : c, 

by Art. 212, ac=b\ 

Multiplying each of these equals by a, we obtain 
a^c=ab^ ; 
that is, a^Xc—aXb^. 

Resolving this equation into a proportion by Art 213, we 
have 

a : c: : a^ : 5^ 

(226.) If four quantities are in continued proportion, the first 
will have to the fourth the trijplicate ratio of that which it has to 
the second. 

Let a, b, c, d be four quantities in continued proportion, so 
that 

a : b : : b : c : : c : d, 
then will a : d :: a^ : ¥. 

For since a : b : : c : d, 

we have ad=^bc; 

and since a : 6 : : 6 : c, 

we have ac=V, 

Multiplying these equals by ab, we obtain 
a\bdc)=b\abc), 
ox a'Xd=b'Xa. 

Hence, by Art 213, aid* ; a' : b\ 
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(227.) If there are two sets of proportional quantities, the 
products of the eorfesponding terms will he proportionaL 

Let a : b :: c : d, 

and e: f :: g: L 

Then will ae : bf :: eg : dh. 

For, since a : b :: c : dj 

by Art. 212, ad— be. 

And since e :f :: g : h, 

by Art. 212, ^h=fg' 

Multiplying these equals together, we have 

aeXdh=bfXcg' 
Hence, by Art. 213, ae : bf : : eg : dh. 

(228.) Three quantities are said to be in harmonical propor- 
tion when the first is to the third as the difference between the 
fir'st and second is to the difference between the second and third. 
Thus, 2, 3, 6 are in harmonical proportion ; for 

2:6:: 3-2 : 6-3. 
Let «, 5, c be in harmonical proportion ; then 

a : c :: a—b :b—c. 
Multiplying the extremes and means, and reducing, we have 

ah 
2a— b 
Hence, to find a third harmonical proportional to two quan- 
tities, divide the product of the first and second by twice the 
first diminished by the second. 

Ex. 1. Find a third harmonical proportional to 3 and 5. 
Ex. 2. Find a third harmonical proportional to 5 and 8. 
(229.) Four quantities are said to be in harmonical propor- 
tion when the first is to the fourth as the difference between the 
first and second is to the difference between the third and fourth. 
Thus, 2, 3, 4, 8 are in harmonical proportion ; for 

2 : 8 ::3-2 : 8-4. 
Let a, &, c, d be in harmonical proportion ; then 

aid'.' a — b : c~d. 
Multiplying the extremes and means, and reducing, we 
have 
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ac 



d^ 



2a-h' 

Hence, to find a fourth harmonical proportional to three 
quantities, divide the product"^ of the first and third by twice 
the fii'st diminished by the second. 

Ex, 1. Find a fourth harmonical proportional to 4, 5, and 6. 

Ex, 2. Find a fourth harmonical proportional to 5, 8, and 10. 

(2,30.) Proportions are often expressed in an abridged form. 
Thus, if A and B represent two sums of money put out for 
one year at the same rate of interest, then 

A : B : : interest of A : interest of B. 

This is briefly expressed by saying that the interest varies 
as the principal. A peculiar character od is used to denote 
this relation. Thus, we write 

the interest qd the principal. 

One quantity varies directly as another, when both increase 
or" diminish together in the same ratio. Thus, in the above 
example, A varies directly as the interest of A. In such a case 
either quantity is equal to the other multiplied by some con- 
stant number. Thus, if the interest ijarie^ as the principal, 
then the interest equals the principal multiplied by a constant 
quantity, which is the rate of interest. 

,If A 00 B, then A=mB, 

If the space (S) described by a falling body varies as the 
square of the time (T), then 

m representing some constant quantity. 

(231.) One quantity may vary directly as the product of 
several others. Thus, if a body moves with uniform velocity, 
the space described is measured by the product of the time 
by the velocity. If We put S to represent the space described, 
T the time of motion, and V the uniform velocity, then we 
shall have 

SooTX'V. 

Also the area of a rectangle varies as the product of its 
length and breadth. 

The weight of a stick of timber varies as its length X its 
breadth X its depth X its density, 

9 
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If the density is given, then the weight varies as the length 
X the breadth X the depth. 

If the depth also is given, then the weight varies as the length 
X the breadth. 

If the breadth is given, then the weight varies as the length. 

Finally, if the length also is given, then the weight is equal 
to a constant quantity. 

(232.) One quantity varies inversely as another when one 
increases in the s^me ratio that the other diminishes. Thus, 
the altitude of a triangle whose area is given, varies inversely 
as its base. 

If the product of two quantities is constant, then one varies 
inversely as the other. 

In uniform motion,, the space is measured by the product of 
the time by the velocity ; that is, 

S==TxV. 

Whence T=™ 

If the space be supposed to remain constant, then 

that is, the time required to travel a given distance varies in- 
versely as the velocity. Suppose the distance is 360 miles; 
then, 

if the velocity is 12 miles per hour,, the time will be 30 hours % 

«' 20 " " 18 " 

" 24 " " 15 " 

that is, if the velocity is doubled^ the time is halved. The one 
varies inversely as the other. 

Conversely, if one quantity varies inversely as another, the 
product of the two quantities is constant. 

Thus, if T o) :^, 

then the space (S),is a constant quantity. 

(233.) One quantity may vary directly as a second, and in- 
versely as a third. Thus, according to the Newtonian law of 
gravitation, the attraction (G) of any heavenly body varies 
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directly as the quantity of matter (Q), and inversely as the 
square of the distance (D). 

That is, Ga)§. 

(234.) Application of the preceding principles, 

V to find the values of cc and y, 
xy — o, / 

Since x^-y : x yvh : 3. 

By division, Art. 220, y : x ::2 : 3. 

2x 
Therefore^ Sy:=2x, and y=—. 

Substituting this value of y in the second equation, we obtain 

2x' 

Therefore, x= ±3, 

and ^==dt2. 

JEx^ 2. Given x-iry : x —^y : : 3 : 1, / to find the values of x 

x^—y^^^dG, ) and y. 
From the first equation, by Jlrt 222, we obtain 
2x: 2^ :: 4:2; 
whence, x : y : : 2 : 1, 

and x=2y. 

Substituting this value of x in the second equation, we ob- 
tain 

5f==2, x=4. 



JEx. 3. Given x+y : x—y : : 64 : 1, } to find the values of a; 

xy=^G3y S and y. 
By Art, 223, x^y :x—y::8:l. 

By Art. 222, 2x : 2y : : 9:7; 

whence x i y i:9 :1. 

Therefore^ x=^—. 

Substituting this value of x in the second equation, we ob- 
tain 
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Ex. 4. Given x^—y^ix—yiiGl : I, ) to find the values of 

a;?/ =320, ) X and y. 

Since x'-y' : x'-Sx'y+Sxy'-y' : : 61 : 1. 



By division, Art 220, SxyX(x—y) : x—y : : 60 : 1. 



Hence 060 : x-y : : 60 : 1, 



and 16 : x—y : : 1 : 1. 

Therefore, x--y=d=4. 

Also, since x^—2xy+y^=16. 

And 4:zjy=1280. 

By addition, x'+2xy+y'= 1296. 

Extracting the root, x+y=:^S6. 

Hence cr:e=±20, or ±16, 

?/=±16, or ±20. 

Ex. 5. Given x^—y^i x^y—xy^ : : 7 : 2, ) to find the values 

a;+?/=6, S oix and y. 
Ans. x=4, or 2 ; y=2,.or 4. 



JBa;. 6. Given Vy --■ Va—x= Vy—x, ) to find the 

Vy—x+Va—x : Va—x : : 5 : 2, i values of 
a; and y. 

. 4« 5a 

5 ^ 4 

jBa;. 7. Given ir+ V^ : x—^x : : 3-v/^+6 : 2^/x, to find the 
values of x. 

Ans. x=9, OY 4. 

Ex. 8. What number is that to vsrhich,if 1, 5, and 13 be sev- 
erally added, the first' sum shall be to the second as the second 
to the third? 

Ans. 3. 

Ex. 9. What number is that to which, if a, &, and c be sev- 
erally added, the first sum shall be to the second as the second 
to the third ? 

a'-2b+c 
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Ex, 10. What two numbers are those whose diiFerencp, sum, 
and product are as the numbers 2, 3, and 5 respectively? 

Ans. 2 and 10. 

Ex, 11. What two numbers are those whose difference, sum, 
and product are as the numbers m, n, wad p? 

Ans, — — , and — - 



n+m n—m 

Ex. 12, Find two numbers, the greater of which shall be to 
the less as their ^um to 42, and as their difference to 6. 

Ans. 32 and 24. 
Ex. 13. Find two numbers, the greater of which shall be to 
the less as their sum to a, and their difference to b. 

^ {a+hy .a+b 

^^^•2(^:i5)'^^^^2-'- 

Ex. 14. There are two numbers which are in the ratio of 3 
to 2, the difference of whose fourth powers is to the sum of 
their cubes as 26 to 7. Required the numbers. 

Ans, 6 and 4. 

Ex. 15. What two numbers are in the ratio of m to n, the 

difference of whose fourth powers is to the sum of their cubes 

asp to q? 

mp m^+n^ . np m^+n^ 

Ans. —^X— I J, and — X~i i. 

q m^—n^ q mr—n' 
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PROGRESSIONS. 

ARITHMEl-lCAL PEOGRESSION. 

(235.) An Arithmetical Progression is a series of quantities 
which increase or decrease by the continued addition or suhti^ac- 
tion of the same quantity. 

Thus, the numbers 

1,3, 5,7,9, 11, &c., 
which are obtamed by the addition of 2 to each successive 
terra, form what is called an increasing Arithmetical Progres- 
sion ; and the numbers 

20, 17, 14, 11, 8, 5, &c., 
which are obtained by the subtraction of 3 from each success- 
ive term, form what is called, a decreasing Arithmetical Pro- 
gression. 

(236.) To find the last term of an Arithmetical Progression. 

If a represent the first term of an arithmetical progression, 
and d the common difference, the successive terms of an in- 
creasing series will be 

a, a-\-d, a-{-2d, a+Sd, a+4df, &c. 

The successive terms of a decreasing series will be 
a, a—d, a-— 2d, a—Sd, d—4d, &c. 

Since the coefficient of c? in the second term is 1, in the third 
term 2, in the fourth term 3, and so on, the nth term of the 
series will be 

a±(n-'l)d, 
which may be called the last term when the number of terms 
is 71. Hence, 
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The last term of an arithmetical progression is equal to the 
first, ± the product of the common difference into the number of 
erms less one. 

In what follows we shall consider the progression an inci^eas- 
Ing one, since all the results which we obtain can be immediate- 
y applied to a decreasing series by changing the sign of d. 

If we put I to represent the last term of the series, we shall 
iccordingly have 

l=a-\-(n—l)d. 

This equation contains four variable quantities, any one of 
ivhich may be computed when the other three are known. 

(237.) To find the sum of n terms of the series. 

Take any series, and under it set the same terms in an m- 
irerted order, thus : 

Let the series be 1, 3, 5, 7, ^ 9, 11, 13, 15, 

the same series inverted is 15, 13, 1 1, 9, 7, 5, 3, 1 . 

The sums are, 16, 16, 16, 16, 16, 16, 16, 16. 

The sums of the two series must be double the sum of a sin- 
gle series, and is equal to the sum of the extremes repeated as 
many, times as there are terms. 

In order to generalize this method, let S represent the sum 
of the series, 

Then S=a-f «T^+a+2(Z+a+3c?-f- ••..+/. 

If we write the same series in an inverted order, thus : 

S=Z+.]^+/-2cZ+Z-3^-|- +«, 

and add the two series together^ term by term, we obtain 

2S==/+^+/Ta+/-M+^f^ .+^M. 

Represent the number of terms in the series by n; then 
2S=?z(/+a). 

Hence o— - — - — . 

Therefore, 

The sum of an Arithmetical Progression is equal to half the 
sum of the two extremes, multiplied by the number of terms. 

It also appears from the above, that the sum of the extremes 
is equal to the sum of any other two terms equally distant from 
the extremes. 
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(238.) The two fundamental equations 

contain five variable quantities, 

a^ Z, df, 71, S, 
of which any three being given, the otiier two may be found. 
Accordingly, 20 different cases may arise, all of which are 
solved by combining the formulae above given. These cases 
are exhibited in the. following table, and should be verified by 
the student : 



No. 



Given. 



Required. 



«, dy n 
a, d, S 

a, 71, S 
d, n, S 



l=a+(n--l)d, 



l=:^id±V2dS + {a-id}\ 
, 2S 
n 
^^S (n-l)d 
n 2 



a, d, n 
«, d, I 

a, n^l 

d, 72, I 



S 



'^=-\n\2a-^(n'-\)d\, 
l-\-a f-a'' 



S=- 



2d 



S = -^X72, 
S=|7Z[2Z-(7Z~l)cf}. 



9 

10 

11 

12 



a, 71, S 
a, Z, S 
71, Z, S 



cZ= 



I— a 



d=^ 



71-1' 

2S— 2^71 



d-- 



'2S-Z-a' 
27ZZ-2S 

7Z(7l— 1)* 



13 
14 
15 
16 



d^ 72, Z 
d, 72, S 

dj, s 

72, Z, S 



« = Z— (72— l)cZ, 
S (72-1)^ 



« = - 



a=icZ±V(Z+i^Zr-26ZS, 
2S 



72 
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No. 



Given. 



Required. 



Formulae. 



17 

18 
19 
20 



(2, d, I 

«, c?, S 

a, Z, S 

^, /, S 



I— a 



n~ 



± V(2a-d)^+86ZS--2a+J 



2d 



2S 
'Z+a' 



2Z+yZ±V(2/+^)'^— 86?S 
26Z 



EXAMPLES. 

(239.) Ex. 1. Required the sum of 60 terms of an arithmetical 
progression whose first term is 5, and common difference 10. 

Ans, 18000. 
This example affords an application of Formula 5. 
Ex, 2. Required the number of terms of a progression whose 
sum is 442, whose first term is 2, and common difference 3. 

Ans. 17. 
This example is solved by Formula 18. 
Ex, 3. Required the first term of a progression whose sum 
is 99, whose last term is 19, and common difference 2. 

Ans. 3. 
Ex, 4. The sum of a progression is 1455, the first term 5, and 
the last term 92. What is the common difference ? 

Ans. 3. 
Ex, 5. A body falls 16 feet during the first second, and in 
each succeeding second 32 feet more than in the one imme- 
dkitely preceding. If it continue falling for 20 seconds, how 
many feet will it pass over in the last second, and how many 
in the whole time? 

Ans, 624 feet in the last second, and 6400 feet in the whole 
time. 

Ex. 6. Required the sum of 101 terms of the series 
1, 3, 5, 7, 9, &c. 



Ex. 7. Find the nth term of the series 
1, 3, 5, 7, 9, &c. 

9* 



Ans. 10201. 



Ans. 2nrT-l ; 
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that is, the last term of this series is one less than twice the num* 
her of terms. 

Ex. 8. Find the sum of n terms of the series 
1, 3, 5, 7, 9, &c. 

Ans. 7i^; 

that is, the sum of the terms of this series is equal to the square 
of the number of terms. 

Thus, 1+3 = 4=2\ 

1+3+5 = 9=3^ 

1+3+5+7 =16=4^ 
1+3+5+7+9=25=5^ 
Ex.9. Find the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c., 
up to n terms. 

At 

Ex. 10. Find the sum of the even numbers 
2, 4, 6, 8, &c., 

up to n terms. 

Ans. n(n+l). 

Ex. 11. One hundred stones being placed on the ground in 
a sti-aight line, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by one 
to a basket which is placed two yards from the first stone ? 

Ans. 20200 yards. 

Ex. 12. Find m arithmetical means between two given num- 
bers. 

In order to solve this problem, we must first find the com- 
mon difference. The whole number of terms consists of the 
two extremes and all the intermediate terms. If, then, m rep- 
resent the number of means, m+2 will be the whole number 
of terms. 

Substituting m+2 for n, in Formula 9, page 190, we have 

6?=—-—-= the common difference, 
m-\-\ 

whence the required means are easily obtained by addition. 

Ex. 13. Find 6 aritbiifietical means between 1 and 50. 
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Ex, 14. Find three numbers in arithmetical progression, the 
sum of whose squares shall be 123S, and the square of the 
mean greater than the product of the two extremes by 16. 

Ans, 16, 20, and 24. 

In examples of this kind, it is genei^ally best io represent the 
series in such a manner that the common difference may dis- 
appear in taking the sum of the terms. Thus a progression 
of thi'ee terms may be represented by 
a—d, a, a+d; 
one of four terms by a~Sd, a—dy a+d, a+Sd, &c. 

Ex, 15. Find three numbers in arithmetical progression, the 
sum of whose squares shall be a, and the square of the mean 
gT^eater than the product of the two extremes by h. 

/a— 2b , I a—2h , /a—2h 

Ex, 16. Find four numbers in arithmetical progression 
whose sum is 28, and continued product 585. 

Arts. I, 5, 9, 13. 

Ex, 17. A sets out for a certain place, and travels 1 mile 
the first day, 2 the second, 3 the third, and so on. In five days 
afterward B sets out, and travels 12 miles a day. How long 
will A travel before he is overtaken by B ? 

Ans. 8 or 15 days. 

This is another example of an equation of the second de- 
gree, in which the two roots are both positive. The following 
diagram exhibits the daily progress of euch traveler. The di- 
visions above the horizontal line represent the distances trav- 
eled each day by A ; those below the line the distances trav- 
eled by B. 

A.1234 5 6 7 8 9 10 11 12 13 14 15 

1 11 I 1 1 1 I I I 1 1 I 1 1 I 

_l I I I I I I I I I I 

B. 1 2 3 4 5 6 7 8 p 10 

It is readily seen from the figure that A is in advance of B 
until the end of his 8th day, when B overtakes and passes him. 
After the I2th day, A gains upon B, and passes him on the 
15th day, after which he is continually gaining upon B, and 
could not be again overtaken. 

Ex, 18. A goes 1 mile tlie first day, 2 the second, and so on. 

N 
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B Starts a days later, and travels h miles per day. How long 
will A travel before he is overtaken by B ? 

Ans, -—- days. 

In what case would B never overtake A ? 



Ans, When «>- 



86 • 

For instance, in the preceding example, if B had started one 
day later, he could never have overtaken A. 

Ex. 19. A traveler 'set out from a certain plac"^e and went 1 
mile the first day, 3 the second, 5 the third, and so on. After 
he had been gone three days, a second traveler sets out, and 
goes 12 miles the first day, 13 the second, and so on. In how 
many days will the second overtake the first? 

Ans, In 2 or 9 days. 
Let the student illustrate this example by a diagram like the 
preceding. 

GEOMETRIGAL PROaRESSION. 

(240.) A Geometrical Progression is a series of quantities^ 
each of which is equal to the ptoduct of that which precedes it hy 
a constant number. 

Thus, the series 

2,4, 8, 16, 32, (fee, 
and 81, 27, 9, 3, &:c., 

are geometrical progressions. In the former, each number is 
derived from the . preceding by multiplying it by 2, and the 
series forms an increasing geometrical progression. In the 
latter, each number is derived from the preceding by multiply- 
ing it by -I, and the series forms a decreasing geometrical pro- 
gression. 

In each of these case^, the common multiplier is called the 
common ratio, 

(241.) To find the last term of a geometrical progression. 

Let a represent the first term of the progression, and r the 
common ratio ; then the successive terms of the series will be 
a, ar, ar^, ar% ar\ ^lc. 

The exponent of r in the second term is 1, in the tJm^d term 
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IS 2, in the fourth term 3, and so on ; hence the n\k\ term of the 
series will be 

If, therefore, we put I for the last term, and ti the number of 
terms of the series, we shall have 

That is. 

The last term of a geometrical progression is equal to the 
product of the first term by that power of the ratio whose expo- 
nent is one less than the number of terms* 

(242.) To find the sum of all the terms of a geometrical pro- 
gression. 

If we take any geometrical series, and multiply each of its 
terms by the ratio, a new series will be formed, of w^hich ev- 
ery term except the last will havfe its corresponding term in 
the first series. Thus, take the series 

1,^,4, 8, 16, 32, 
the sum of which we will represent by S, so that 
8=1+2+4+8 + 16+32. 
Multiplying each term by 2, we obtain 

28=2+4+8+16+32+64. 
The terms of the two series are identical, except the first 
term of the first series and the last term of the second series. 
If, then, we subtract one of these equations from the other, all 
the remaining terms will disappear, and we shall have 
28-8=64-1. 
in order to generalize this method, let a, ar, af^ &c., rep- 
resent any geometrical series, and 8 its sum ; then 

8=GJ+ar+^r''+ar^+ . . . . . . +ar"''^+rtr''~\ 

Multiplying this equation by r, we have 

r8=«r+«r'^+«r^+«r^+ +ar"~^+(^r^ 

Subtracting the first equation from the second, we obtain 
r8-S=ar"-a. 

Hence' 8=- 



r-1 ' 

or, substituting the value of I already found, we shall have 



WQ 
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Hence, to find the sum of the terms of a geometrical pro- 
gression, 

Multiply the last term hy the ratio^ suhtract the first term, and 
divide the remainder hy the ratio less one. 

If the series is a decreasing one, and r consequently repre- 
sents a fraction, it is convenient to change the signs of both 
numerator and denominator in this expression, which then be- 
comes 

_^ a—ar d—lr 
l — r 1— T 
(243.) In the two fundamental equations 
l=:af'-\ 
Ir—d 



S 



r^V 



there are five variable quantities, 

a, /, r, ?z, S, 
of which any three being given, the other two may be found. 
Accordingly, as in arithmetical progression, 20 different cases 
may arise, all of vvhich are readily solved, with the exception 
of those in which n is the quantity sought. The value of n 
can only be found by the solution of an exponential equation. 
See Aj't. 352. These different cases are all exhibited in the 
following table for convenient reference. 



Given. J Required. 



Formulae. 



a, r, n 

<2, r, S 
a, n, S 
r, ?i, S 



^_ g + (r-l)S 
^~ r 



1= 



(r--l)Sr"-^ 



a, r, n 
a,r, I 

a, n, I 
r, 71, I 



S 



S= 



ar —a 



S= 



r-1 ' 

Ir—a 



S= 



r-V 



S = 



Ir^^-l 



PROGRESSIONS. 



197 



No. Given. Required. 



Fdrmulse. 



9 
10 
11 
12 



a, n, I 
a, n, S 
a, I, S 
71, Z, S 



^=Vi' 






r~ 






-Z. 



13 

14 

15 
16 



r^ n, I 

r, 71, S 

r, Z, S 
n, Z, S. 



«= 



■ (r-l)S 

a=/r--(r-l)S, 
a(S-a)"'-^=Z(S-Z)"-\ 



17 

18 
19 
20 



a, r, Z 
a, r, S 
a, Z, S 
r, Z, S 



n=^ ^— +1, 

log, r 

_log\a-\-{r—l)^'] — log,a 



n— 



log, r 
log, I— log. a 



:+l. 



log,{^-a)-log,{^-l) 
ZQ^.Z^Zog-.[Zr-(r~l)S] ,, 

7Z== — hi. 

log, r 



EXAMPLES. 

Ex, 1 . Required the sum of the series 
1, 3, 9, 27, &c., 
continued to 12 terms. 



Arts. 265720. 



This example is solved by Formula 5. 

Ex, 2. Required the sum of the series 

1,2, 4, 8, 16, &c., 

continued to 14 terms. 

Ans, 16383. 

^x. 3, Given the first 4erm 2, the ratio 3, and the number 
of terms 10, io find the last term. 

Ans, 39366. 

Ex, 4. Given the first term l,the last term 512, and the sum 
of the terms 1023, to find the ratio. 
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Ex. 5. Given the last term 2046, the number of terms 12, 
and the ratio 2, to find the first term. 

Ex, 6. A person being asked to dispose of his horse, said he 
would sell him on condition of. receiving one cent for the first 
nail in his shoes, two cents for the second, and so on, doubling 
the price of every nail to 32, the number of nails in his four 
shoes. What would the horse cost at that rate ? 

Ans. #42,949,672.95. 

(244.) To find any number of geometrical means between two 
given numbers. 

In order to solve this problem, it is necessary to know the 
ratio. If m represent the number of means, m+2 will be the 
whole number of terms. Substituting m+2 for n in Formula 9 
Art. 243, we obtain 



V a 



That is, to find the ratio, divide the last term by the first term,, 
and^extract the root denoted by the number of means plus one. 

When the ratio is known, the required mean^ are obtained 
by continued multiplication. 

Ex. I. Yixid three geometrical means between 2 and 162. 

Ex. 2. Find two geometi-ical means between 4 and 256. 

(245.) Of deci^easing pi^ogressions having an infinite number 
of terms. 
The formula 

1 — r, 

which represents the sum of n terms of a decreasing series, 
may be put under the form 



S= 



1-r 1- 



In a decreasing progression, since r is a proper fraction, f 
is less than unity, and the larger the niamber n, the smaller will 
be the quantity r". If, therefore, we take a very large num- 
ber of terms of the series, the quantity r% and, consequently, 

the term t—— , will be very small ; and if we take ?z greater 
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than any assignable number, then •- will be less than any 

assignable number. We shall therefore have 



Hence the sum of an infinite series decreasing in geometrical 
progression is found by the following 

RULE. 

Divide the first term hy unity diminished hy the ratio. 
Ex, 1. Find the sum of the infinite series 

Here a=-l,r=i. 

Therefore, S=-^=-i--=2. 

\—r l—^ 

Ex. 2. Find the sum of the infinite series 

Ans, |. 
Ex, 3. Find the sum of the infinite series 

Ex, 4, Find the ratio of an infinite progression, whose first 
term is 1, and the sum of the series f . 

Ans, i. 

Ex. 5. Find the first term of an infinite progression, whose 
ratio is xV> ^^^ the sum f. 

Ans, f 

Ex, 6, Find the first term of an infinite progression, of which 

. . 1 ■ , n 

the ratio is ~, and the sum ■ 



n n—1 

PROBLEMS. 

(246.) Prob. 1. Of four numbers in geometrical progression, 
the sum of the first and second is 15, and the sum of the third 
and fourth is 60. Required the numbers. 

Let X, xy, xy'^, xy^, be the numbers. 

Therefore, x+xy =15, 

and xy'^+xy^^QO, 
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Multiplying the first equation by ^/^ 

Therefore, y^'^^^ 

and ?/ =±2/ 

Also, a;±2a:=15. 

T herefor e, a; = 5, or — 15. 

Taking the first value of ±, and the corresponding value of 
y, we obtain the series 

5, 10, 20, 40; 
which numbers may be easily verified. 

Taking the second value of x, and the corresponding value 
of y, we obtain the series 

~15, +30, -60, +120; 

which numbers also perfectly satisfy the problem understood 
algebraically. If, however, it is required that the terms of the 
progression he positive, the last value of :r would be inapplica- 
ble to the problem, though satisfying the algebraic equation. 

Several of the following problems also have two solutions, 
if we admit negative values. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose sum is 210, and the last exceeds the first by 90 
What are the numbers? 

Ans. 30, 60, and 120. 

Prob. 3. There are three numbers in geometrical progres- 
sion whose continued product is 64, and the sum of their cubes 
is 584. Required the numbers. 

Ans. 2, 4, and 8. 

Prob. 4. There are four numbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and the 
sum of the extremes is to the sum of the means as 7 to 3. Re- 
quired the numbers. 

Ans. 1, 3^ 9, and 27. 

Prob. 5. Of four numbers in geometrical progression, the 
diflference between the first and second is 4, and the diflference 
between the third and fourth is 36. What are the numbers ? 

Ans. 2, 6, 18, and 54. 

Prob. 6. Of four numbers in geometrical progression, the 
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^uiti of Ih-e fiM and third is a, the sum of the second tod fourth 
is h. What are the numbers ? 

or a'h aV h' 



Ans, 



«^+5^' a^-^}f' a'-^-y' a^-^h'"' 



HA.BMONICAL PROGRESSION. 

(247.) A series of quantities is said to he in harm.onical pr u- 
gression when, of any three consecutive terms, the first is to the 
third as the difference of the first and second is to the difference 
of the second and third. 
Thus the numbers 

60, 30, 20, 15, 12, 10, 
are in harmonical progression ; for 

60 :20 :: 60-80 : 80-20 
30 : 15 :: 30-20 : 20-15 
20 : 12 :: 20-15 : 15-12 
15: 10:: 15-12 : 12-10. 
So, also, the numbers 

1 1 'ill SiTO 

form an harmonical progression. 

(248.) The reciprocals of a series of terms in harmonical prO" 
gression form an ar^ithmetioal progression. 
Thus, the reciprocals of 60, 30, 20, &c., are 

_l- JU -J- -1- J- I 

6 0> 30? 20> 159 12> T0» 

which are respectively equal to 

J_ _2_ _3_ _4_ J „6_ 
6 0> 6 0> 6 0> 6 0» 6 0"> 6 0> 

being an arithmetical progression whose common difference 

is eV 

If six musical strings of equal weight and tension have their 
lengths in the ratio of the numbers 

111111 

■*•> Y? 3> 4» I' ¥» 

the second will sound the octave of the first ; the third will 
sound the twelfth ; the fourth will sound the double octave ; 
the fifth will sound the eighteenth; and the sixth will sound 
the third octave of the first. Hence the origin of the term 
harmonical or musical proportion. 
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Let a, 5, c be three quantities in harmonical progression ; 
then 

a \ c \\ a—h : h—c; 

whence h= — — -. 

That is, an harmonical mean between two quantities is equal 
to twice their product divided by their sum. 



SECTION XV. 



GREATEST COMMON DIVISOR. — CONTIN- 
UED FRACTIONS.— PERMUTATIONS AND 
COMBINATIONS. 

(249.) The greatest common divisor of two or more quan- 
tities is the greatest factor which is common to each of the 
quantities. 

THEOREM. 

The greatest common divisor of two quantities is the same 
with the greatest common divisor of the least quantity^ and their 
remainder after division. 

To prove, this principle, let the greatest of the two quantities 
be represented by A, and the least by B. Divide A by B ; 
let the entire part of the quotient be represented by Q,, and the 
remainder by R. Then, since the dividend must be equal to 
the product of the divisor by the quotient + the remainder, we 
shall have 

A==QB+R. 

Now every number which will divide B will divide QB ; 
and every number which will divide R and QB will divide 
R+QB or A. That is, every number which is a common di- 
visor of B and R is a common divisor of A and B. 

Again, every number which will divide A and B will divide 
A and QB ; it will also divide A— QB or R. That is, every 
number which is a common divisor of A and B is also a com- 
mon divisor of B and R. Hence the greatest common divisor 
of A and B must be the same as the greatest common divisor 
ofBandR. 
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(250.) To find, then, the greatest common divisor of two 
quantities, we divide the greater by the less ; and the re^main- 
der, which is necessarily less than either of the given quanti- 
ties, is by the last Article divisible by the greatest common di- 
visor. 

Dividing the preceding divisor by the last remainder, a still 
smaller remainder will be found, which is divisible by the 
greatest common divisor ; and by continuing this process with 
each remainder and the preceding divisor, quantities smaller 
and smaller are found, which are all divisible by the greatest 
common divisor, until at length the greatest common divisor 
must be obtained. Hence the following 

RULE. 

Divide the greater quantity hy the less, and the preceding di- 
visor hy the last remainder, till nothing remains ; the last divi- 
sor will he the greatest common divisor. 

When the remainders decrease to unity, the given quanti- 
ties have wo common divisor greater than unity, and are said 
to be incommensurahle, ov prime io each other. 

EXAMPLES. 

Exi 1. What is the greatest common divisor of 372 and 246 ? 

372 246 

246 1 
246 126, first Remainder. 
126 1 
126 120 , second Remainder. 

120 nr 

120 6, third Remainder. 
120 ~2Q 

Here we have continued the operation of division until we 
obtain for a remainder ; the last divisor (6) is the greatest 
common divisor. Thus, 246 and 372 being each divided by 
6, give 41 and 62j:and these quotients are jorme with respect 
to each other; that is, have no common divisor greater than 
unity. 
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f]x, 2 What is the greatest common divisor of 
336 and 720 ? 

Ans. 48. 

Ex, 3. What is the greatest common divisor of 
918 and 522? 

Ans, 18. 

(251.) In applying this rule to polynomials, some modifica- 
tion may become necessaryi It may happen that the first term 
of the dividend is not divisible by the first term of the divisor. 
This may arise from the presence of a faqtor in the divisor 
which, is not found in the dividend, and may therefore be sup- 
pressed. For, since the greatest common divisor of .two quan- 
tities is only the product of their comwoTi factors, it can not be 
aflfected by a factor of the one quantity which is not found in 
the other. 

We may therefore suppress in the first polynomial all the 
factors common to each of its terms. We do the same with 
the second polynomial, and if the suppressed factors have a 
common divisor, we reserve it as forming part of the common 
divisor sought. 

But if, after this reduction, the first term of the dividend, 
when arranged according to the powers of some letter, is not 
divisible by the^ first term of the arranged divisor, we may mid- 
iiply the dividend by any monomial factor which will i^ender its 
first terjn divisible by the first term of the divisor. 

This will not affect the greatest common divisor, because 
we introduce into the dividend a factor which belongs 07ily to 
the first term of the divisor ; for by supposition, all the factors 
common to each of its terms have been suppressed. 

EXAMPLES. 

Ex. 1. Required the greatest common divisor of 

X^+X^ SLYidx^—l. 

The operation will here stand as follows : 



x'+x' 
x^—x 



x'-^l 



x^ -{-x, first Remainder* 
Suppressing a;, we have x^+l. 
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x'-l 



x'-hl 



x'+x'\x '-l 
^"-x^-l 
-x^-l. 
Whence x'^+l is the greatest common divisor. To verify 
this result, divide x^'-^x^ by a:'+l, and we obtain x^ ; divide 
x^—l by x^+l, and v^e obtain rc^'—l. 

Ex, 2. Required the greatest common divisor of 

x'-b'x and x'':h2bx+b\ 
Suppressing the factor x in the first polynomial, we proceed 
as follows : 



x'+2bx+V 
x' -¥ 



x'-b' 



1 



2bx+2b^, first Remainder. 
Suppressing the factor 2b, 



x'-b' 
x^+bx 



x+b 



x-'b 



-bx-b' 
-bx-b' 
Whence x+b is the greatest common divisor. 
Ex. 3. Required the greatest common divisor of 
4a'-2a'-Sa+l and 3«'---2a~l. 

Ans, a—1, 
Ex. 4. Find the greatest common divisor of 
x^—a^ and x^—aK 

Ans. x—a. 
Ex, 5. Find the greatest commpn divisor of 
a''-Sab+2b' and a^-cz&-2P. 

Ans, a— 2b. 
Ex., 6. Find the greatest common divisor of 
a^—x^ and a^—a'x—ax'^+x^. 

Ans, a^—x^ 
Ex, 7. Find the greatest common divisor of 

a'-a'b+Sab'-Sb\2ind a''-5ab+4b\ 

Ans. a--b 
Ex, 8. Find "the greatest common divisor of 

a^-^ah^'ac+2¥-2bc ^XiA a''-¥'+2bc-c\ 
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CONTINUED FRACTIONS. 



(252.) From the operation on page 204, we see that the 

^ . 246 . ' 1 

fraction — IS equal to— ^, 

Also, the fraction -—- is equal to ^ . ,, . 
246 ^ l+IH 

Therefore, -— is equal to 



372* ^1 + 1 



•»■ J^l 26* 

, . , , ^. 120 . ^ 1 1 

Again, the fraction -— is equal to ; . ■ or rr-r* 

AA^b -'■"rTae' 1 + 20 

Therefore, ^— - is equal to -— r 
o7^ 1 + 1 

I+l 



1+^V, 
which is called a continued fraction. 

A continued fraction is one whose numerator is unity, and its 
denominator an integer plus a fraction whose numerator is like- 
wise unity, and its denominator an integer plus a fraction, and 
so on. 

The general form of a continued fraction is 

1 

a+l 

h+l 

c+1 



d+l 

e+1, &c. 

(253.) Any fraction may be transformed into a continued 
fraction by the method of finding the greatest common divisor 
of the numerator and denominator. 

Ex. 1. Transform -—z into a continued fraction. 
347 

Ans. 1 

3+1 

22+1 

1+i. 
10 
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351 
Ex, 2. Transform -i-rz into a continued fraction. 
voo 

Ans, 1 



2+1 



1 + 1 



2+1 



1 + 



87^ 



421 

Ex. 3. Transform —— into a continued fraction. 
972 

251 

Ex. 4. Transform — — into a continued fraction. 
764 

130 

Ex. 5. Ti'ansform --— • into a continued fraction. 
421 

(254.) The value of a continued fraction, when composed ol 
a finite number of terms, is easily found. 

Ex. 1. Find the value of the continued fraction 

1 

2+1 



3+i. 
Beginning with the last fraction, we have 

13 

3 + 1: 



Hence 

Therefore, 

And 



4 
4 



3+i 13* 


21^ - 


30 


^+3+i 


13" 


1 

2+1 = 

3+i 


13 
"30" 


of the cc 


)ntiE 


1 




S+1 




2+1 





. Ans. 



4+i. 
Ex, 3. Find the value of the continued fractiou 
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1 



2+1 



3+1 



2+1 



2+i. 
(255.) WIfen a fraction has been transformed into a con- 
tinued fraction, its approximate value may. be found by taking 
a few of the first terms of the continued fraction. 

114 

Thus, an approximate value of —^ is J, which is the first 

term of its continued fraction. 

22 

By taking two terms, we obtain — , which is a nearer ap- 
proximation ; and three terms would give a jstill more accurate 
value. 

532 

JE^:. 1. Find approximate values of the fraction tt^« 

1 4 33 

"^''^- 2' 9' 74* 

115 

Ex. 2. Find approximate values of the fraction j— . 

Ex, 3. Find approximate values of the fraction j^. 

(256.) By this method we are enabled to discover the ap- 
proximate value of a fraction expressed in large numbers ; and 
this principle has some important appHcations, particularly in 
Astronomy. 

Ex. 4. The ratio of the circumference of a circle to its 
diameter is 3.1415926. Find approximate values for this 
ratio. 

22 333 355 
Ans. Y» Y06' I13; 

Ex. 5. In 87969 years, the Earth makes 277287 conjunct 
tions with Mercury. Find approximate values for the frac- 
87969 



tion 



277287* 

A 1 6^ jy 13 33 
'^' 3' 19' 22' 41' 104' 



mo 
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Ex. 6. In 67551 yeats, the Earthquakes 36000 conjunctions 

57551 
with Venus.^ Find approximate values for the fraction . 

8 235 
^^^^ 5' 147- 
Ecc.l, In S95306 years, the Moon makes 36S2422 synod- 
ical revolutions. Find an approximate value of the fraction 
29530 6 
3652422' 



Ans, 



19 
235* 



THEORY OF P3EIIMUT4.TJONS AND COMBINATIONS. 

(g57.) The different orders in which quantities may be ai*- 
ranged are called their Permutations. Thus, 

"^a, h, c, 

a, c, b, 

the permutations of the three letters a, b, c, taken all J b, a, c, 

together, are . . • . . • ^ . . ] &, c, a, 

c, a, b, 
^c?, Z>, a. 

fa, by 
a, c, 
b,a, 
b,c, 
c, a, 

^c, b. 



The permutations of the same letters taken two and 
two, are . . . , . t . . 



< 



The permutations of the same letters taken singly, or 
one by one, diVe . . . . . . . 



a, 
h, 
c. 

(2BB.) To find the number of permutations of n letters, taken 
m and m together. 
Let <z,b, €yd . . f , . k, be the 72 letters. 

Th0 number of permutiatiQns^ of n letters taken singly, or one 
by one, is evidently equal to the number of letters, or to n. 

The number of permutations ofn letters taken two and two 
is %(?i—l). For if we reserve one of the letters, as a, there 
wiU remain n^ I letters, 
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hyC, d , . . . . k. 
Writing a before each of these letters, we shall have 
ah, ac, ad . • . . . uk; 
that is, we obtain ?z—l permutations of the n letters tarken two 
and two, in which a stands first. Proceeding in the same 
manner with 6, we shall find ?z—.l permutations of the n letters 
taken two and two, in which h stands first ; and so for each 
of the n letters. Hence the whole number of permutations 

will he 

n{n—\). 

The number of permutations of n letters taken three and 
three together is 

n{n-\) {n-2). 

For if we reserve one of the letters, as a, there will remain 
n—1 letters. Now we have found the number of permuta- 
tions of 71 letters taken two and two to be n{n—l). Hence 
the permutations ofn—l letters taken two and two must be 
(n-1) {n-2). 

Writing a before each of these permatations, we shall have 
(n—l) (n—2) permutations of the n letters taken three and 
three, in which a stands first. Proceeding in the same manner 
with &, we shall find (ti— 1) {n—2) permutations of the 7i let- 
ters taken three and three, in which b stands first; and so for 
each of the ti -letters. Hence the whole number of permuta- 
tions will be 

n(n—l) (%— 2). 

In like manner, we can prove that the number of permuta- 
tions of % letters taken four and four is 

%(7i-l) (n-2) (%-3). 

When the letters are taken two and two, the last factor in 
the formula representing the number of permutations is w—l. 
When the letters are taken three and three, the last factor is 
n—2. When the letters are taken four and four, the last 
factor is .?z— 3. 

Hence, when the letters are taken m and m togetheiT, Ae last 
factor will be ti— (m-1) or n—m-\-l-', and the number of per- 
mutations of n letters taken m and m together will according- 
ly be 

n{n-l) {n-2) {n-2) ..... (n-m+l). 



213 PERMUTATIONS AND COMBINATIONS. 

EXAMPLES. 

Ex. 1. Required the number of permutations of the 8 letters 
Myb, c, d, e,f,gf ///taken 5 and 5 together. 

Here 7Z=8, m=5, n— W2+1=4, 

and the above formula becomes 

8.7.6.5.4=6720, Ans. 
Ex. 2. Required the number of permutations of the 26 let- 
ters of the alphabet, taken 4 and 4 together. 

Ans. 358800. 

Ex, 3* Required the number of permutations of 12 letters, 
taken 6 and 6 together. 

Ans. 665280. 

(259.) If we suppose that each permutation comprehends all 
the n letters; that is, \im=n, the preceding formula becomes 

n{n-l) (7Z-2) 2X1; 

or, inverting the order of the factors, 

1.2.3.4. ,. . .{n-l)n; 
which expresses the number of permutations of n letters taken 
all together. 

Ex. 1. Required the number of changes which can be rung 
upon 8 bells. 

According to the preceding formula, we have 

1.2.3.4.5.6.7.8=40320, Ans. 

Ex. 2. How many permutations may be formed from the 
letters of the word Roma ? 

Ex. 3. What is the number of permutations which may be 
formed from the letters composing the word " virtue f 

Ex. 4. What is the number of different arrangements which 
can be made of 12 persons at' a dinner-table? 

Ans. 479001600. 

(260.) The combinations of any number of quantities signify 
the different collections which may be formed of these quanti- 
ties, without regard to the order of their arrangement. 

Thus, the three letters a, b, c, taken all together, form but 
one combination, abc. 

Taken two and two, they form three combinations, 
ab, ac,^ be. 
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(261.) To find the number of combinations of n letters, taken 
m and m. together. 

The number of combinations of n letters taken separately, or 
one by one, is evidently n> 

The number of combinations of n letters taken two and twoj 
. 72(71—1) 

^^— F-- 

For the number of permutations of n letters taken two^and 
two is n{n—l) ; and there are two permutations {ab, ba) cor- 
responding to one combination of two letters. Therefore the 
number of combinations will be found by dividing the number 
of permutations by 2. 

The number of combinations of n letters taken three and 

, n(n—l) (n—2) 
three together, is — ^^ — —-— ^ . 

For the number of permutations of tz letters taken three and 
three, is n(n—l) {n—2); and there are 1.2,3 permutations for 
one combination of three letters. Therefore the number of 
combinations will be found by dividing the number of permu- 
tations by 1.2.3. 

In the same manner, we shall find the number of combina- 
tions of n letters, taken m and m together, to be 

n(7i— 1) (n—2) (?i~-m+l) 

1.2.3 . .. ., m * 

Ex 1. Required the number of combinations of six letters 
taken three and three together. 

Here n==6^ m^S, n—m+l=4, 

and the formula becomes 

i:2.3=^^- 

Ex, 2. Required the number of combinations of 8 letters 
taken 4 and 4. 

Ans. 70. 

Ex, 8. Required the number of combinations of 10 letters 
taken 6 and 6. 

Ans, 210. 

The following table, which is computed by the preceding for- 
mula, shows the number of combinations of 1, 2, 3, 4, &c., let- 
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ters taken singly, or two and two, three and three, &c. An 
important application of these principles will be seen in the next 
Section. 



Letters. 


Singly. 


2 and 2. 


3 and 3. 


4 and 4. 


5 and 5.|6 and 6. 


7 and 7. 


8 and 8. 


9 and 9.110 and 10. 


1 

2 
3 


1 

2 
3 


1 

3 








, 












1 






Number of combinations. 






4 
5 


4 
5 


6 
10 


1 

10 


1 

5 
















1 










6 


6 


15 


20 


15 


6 


1 










7 


7 


21 


35 


35 


21 


7 


1 








8 
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SECTION XVI. 



INVOLUTION OF BINOMIALS. 

(262.) We have shown, in Art 142, how to obtain any 
power of. a binomial by actual multiplication. We now pro- 
pose to develop a theorem by which this labor may be greatly 
abridged. 

Taking the binomial a+^, its successive powers found by 
actual multiplication are as follows : 
(a+by=a -\-h, 
la+by=a'+2ab +h% 
(a+by=a'+Sa'b+Sab' +¥ 
(a-\-by==:a'+4a'b+6a'¥ -i-^ab' +b% 
{a+by:^a'+5a'b+l()a'b' + lda'b'-i-5ab' +b% 
la +by= a' + 6a'b +1 5a'b' + 20a'b' + 1 5a'b' +6ab' +%\ 

The powers of a—b, found in the same manner, are as fol- 
lows : 

{a—hy~a — &, 
{a-by=^a'-2ab +b\ 
{a-by=a'Sa'b-hSab' -b% 
(a-by=a'-4a'b+6a'b' -4ab' +b\ 
{a-by==a'-5a'b-hWa'b'-l0a'b'+5ab' -b\ 
(a~&)«==a^--6a^&+I5aT--20aW + 15a^&^--6«Z)^+&\ 

On comparing the powers of a+b with those of a—b, we 
perceive that they only differ in ^Ae signs of certain terms. In 
the powers of a-\-b, all the terms are positive. In the powers 
of a— &, the terms containing the odd powers of b have the 
sign—, while the even powers retain the sign +. The reason 
of this is obvious ; for,^ since — 6 is the only negative term of 
the root, the terms of the power can only be rendered nega- 

10* 
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tive by b. A term which contains the factor —b sua even 
number of times, will therefore be positive ; if it contain it an 
odd number of times, it must be negative. Hence it appears 
that it is only necessary to seek for a method of obtaining the 
powers of a+b ; for these will become the powers of a—b by 
simply changing the signs of the alternate terms. 

(263.) If we' consider the exponents of the preceding pow- 
ers, we shall find that they follow a very simple law. Thus, 

In the square, the exponents , . ] ^ ' J J ^ 
^ i of & are 0, 1, 2. 

... , ,, ^ ^ (of^are 3,2,1,0, 

In the cube, the exponents > » ] r ■, ^ . ^ « 

^ ( of b are 0, 1,2, 3. 

( of a are 4, 3,2, 1, 0, 
In the fourth power, the exponents I r . r. ■. c. ^ a 

. ^ i of b are 0, 1,2, 3, 4. 

&c., &c., &c. 

In the first term of each power, a is raised to the required 
power of the binomial ; and in the following terms, the expo- 
nents of a continually decrease by unity to ; while the ex- 
ponents of b increase by unity from up to the required power 
of the binomial. It is obvious that this will always be the case, 
to whatever extent the involution may be carried. Also, the 
sum of the exponents of a and b in any term is equal to the ex- 
ponent of the power required. Thus, in the second power, the 
sum of the exponents of a and b in each term is 2 ; in the third 
power it is 3 ; in the fourth power, 4, (fee. 

We hence infer, that for the seventh power the terms, with- 
out the coefficients, must be 

a\ a% a'b\ aV, a'b\ a'b\ ab\ ¥ ; 
and for the ?zth power, 

a% or-% ar-'b\ oT-W . a^5"-^ ab""-', b\ 

(264.) It remains to determine the coefficients which belong 
to these terms ; and in order to discover the. law of their forma- 
tion, let us take the coefficients already found by themselves. 
The coefficients of the 1st powei: are 1 1 

2d " 12 1 

^' 3d " 13 3 1 

" 4th " 14 6 4 1 

" 5th " 1 5 10 10 5 1 

'[ §th " 1 6 15 20 15 6 1 
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The numbers in this table are identical with those in the ta- 
ble of combinations on page 214. For example, the coefficients 
of the fifth power denote the number of combinations of five 
letters taken one and one, tvVo and two, &c. ; the coefficients 
of the sixth power denote the number of combinations of six 
letters taken one and one, two and two, &c. The reason of 
this will appear if we obs^'ve the law of the product of several 
binomial factors, x+a, x+b, x+c, x+d, &:c. 

Multiplying x + a 
by X + b, 

we obtain x^-\-{a+b)x-\-ab=lst product. 

Multiplying hj x -h c, 
we obtain x^+{a+b + c)x^ + (ab + ac + bc)x + abc = 2cl 

product. 

Multiplying by x + d, 
we obtain x^+(a-i-b+c-i'd)x^ + (ab+ac+ad+bc + bd+ 

cd)x^ + (abc + abd+ acd+ bed) x + abcd= 3d pr od uct. 

We observe that in each of these products the coefficient of 
X in the first term is unity ; the coefficient of the second term is 
the sum of the second terms, of the binomial factors ; the coefficient 
of the third term is the sum of all their ^products taken two and 
two ; the coefficient of the fourth term is the sum of all their 
products taken three and three, &c. 

It is easily seen that if we multiply the last product by a 
new factor, x-^-e, the same law of the coefficients will be pre- 
served. Hence the law is general. 

If now, in the preceding binomial factors, we suppose a, b, 
Cn d^ (fee, to be all equal to each other, the product 

(x-\-a') (.r+&) (x-\-c) (x-\-d) 

becomes (a;+a)^ 

The coefficient of the second term of the product, or a+6+ 

c+cZ, , becomes a^-a-^-a-^-a ; that is, a taken as 

many times as there are letters a, b, c, d, and is, consequently, 
equal to na. 

The coefficient of the third term, or ab+ac, &c., reduces to 
^2_i_^2_|_^2 _ . . ,^ or a"^ repeated as many times as there are 
different combinations of n letters taken two and two ; that is, 

by 1?'^. 361, to ^^^ ' a\ 
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The coefficient of the fourth term reduces to d repeated as 

many times as there are different combinations of, ti letters 

,1 I • n{n-\) (n-2) ^ , 
taken three and three ; that is, a% and so on. 

Thus we find that the nth power of x+a may be expressed 
as follows: 

n(n—l) , „ n(n—l) (?z-~2) „ „ ., , 

'^na^"^x+a'% 
which is called the Binomial Formula, and is generally as- 
cribed to Sir Isaac Newton. So important was it regarded, 
that it was engraved on his monument in Westminster Abbey 
as one of his greatest discoveries. 

On comparing the different terms of this development, we 
perceive that any coefficient may be derived'from the preced- 
ing one by the following rule: If the coefficient of any term be 
multiplied by the exponent of x in that term, and divided by the 
exponent of u increased by oncy it will give the coefficient of the 
succeeding term. 

Thus, the fifth power oi x-ha is 

x'-h^ax^+lOaV^lOaV+na'x-ha'. 

If the coefficient 5 of the second term be multiplied by 4, 
the exponent of x in that term, and divided by 2, which is the 
exponent of a increased by one, we obtain 10, the coefficient 
of the third term. 

So~, also, if 10, the coefficient of the fourth term, be multi- 
plied by 2, the^ exponent of x, and divided by 4, the exponent 
of a increased by one, we obtain 5, the coefBcient of the fifth 
term ; and so of the others. 

The coefficients of the sixth power will also be found as fol- 
lows : 

6X5 15X4 20X3 15X2 6X1 
'^' 2 ' 3 ' 4 ' 5 ' 6 ' 
that is, 1, 6, 15> 20, 15, 6, 1. 

The coefficients of the seventh power will be 

7 I^ 21X5 35X4 35X3 21X2 7X1 
' ' 2 ' 3 ; 4 ' 5 ' 6 ' 7 ' 
that is, 1, 7, 21, 85, 35, 21, 7, 1. 
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Therefore, the seventh power of .t-1-« is 

x' -f lax' + 21 a"^' + 85a V + 35^2 V + 2la'x'' + Ta'x + a^ 
It is sometimes preferable to retain the factors of the coeffi- 
cients distinct from each other, as follows : 

7 76 765 7654 

{x^-ay^x''+-ax^-^f-a'x^-\-~^^^ 

7.6.5.4.3 ^ ^ 7.6.5.4.3.2 ^ 7.6.5.4.8.2 .1 ^ 

1:2:3:4:5'' "^ "^1.2.3.4.5.6'' '^■^i:^:3:4."5:6:7'''- 

The factor 1 is retained for the sake of symmetry, and to 
exhibit more clearly the law of the coefficients. 
(265.) The following, therefore, is the 

BINOMIAL THEOREM. 

In any power of a binomial x+a, the exponent of x begins in 
the first term with the exponent of the power, and in the follow- 
ing terms continually decreases by one. The exponent of a com- 
mences with one in the second term of the power, and continually 
increases by one. 

The coefficient of the first term is one ; that of the second is 
the exponent of the power ; and if the coefficient of any term be 
multiplied by the exponent of x in that term^ and divided by the 
exponent of a inci'-eased by one, it will give the coefficient of the 
succeeding term* 

(266.) The number of terms in the power is always greatei 
by unity than the exponent of the power. Thus, the numbei 
of terms in; (a+Z?)' is 4+1, or 5 ; in («+&)' is 6+1, or 7. 

Also, if we examine the table in Art, 264, it will be per- 
ceived that, after we pass the middle term, the same coeffi- 
cients are repeated in the inverse order. Thus, the coeffi- 
cients of 

(a+6)^are 1,5, 10, 10,5, 1; 

of {a-\-by are 1, .6, 15, 20, 15, 6, 1. 

Hence it is only necessary to compute the coefficients for 
half the terms; we then repeat the same numbers in the in- 
verse order. 

(267.) The sum of the coefficients for eac}i power is equal to the 
number 2 raised to the same power. For, let x=^l and/z=l, 
then each term without the coefficients reduces to unity, and 
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the value of the power is simply the sum of the coefficients. 
Also, in this case, {x+ a)" becomes (1 + 1)", or 2\ Thus the 
coefficients of the 
first pov^er are 1+1=2=2^ ; 
second " 1+2+1=4=2^; 

third " l+3+3+l=8=:2'; 

fourth « 1+4+6+4+1 = 16=2*, 

&c., &c., &c. 

EXAMPLES. 

Jilx, 1. Raise x+a to the 9th pov^er. 

The terms without the coefficients are 

x\ ax% a^x\ a^x% aV, a^x\ a'x% aJx", a^x, a\ 
And the coefficients are 

9X8 36X7 84X6 126X5 126X4 84X3 36X2 9X1 

^'^'"^'"T"'"^"' 5 ' 6 ' 7 ' 8 ' 9 ' 
that is, 

1, 9, 36, 84, 126, 126, 84, 36, 9, 1, 

Prefixing the coefficients, we obtain 
(:c+a)'=^'+9ax'+36aV+84aV+126aV+126«V+84aV+ 

+36«V+9«'^+«'. 

It should be remembered that, according to Art, 266, it is 
only necessary to compute the coefficients of AaZf the terms in- 
dependently. 

Ex, 2. What is the 6th power oix—al 

(268.) If the terms, of the given binomial are aflfected with 
coefficients or exponents, they must be raised to the required 
powers, according to the principles already established for the 
involution of monomials. 

Ex, 3. Raise 2x+5a^ to the fourth power. 

For convenience, let us substitute h for 2;r, and c for 5a^ 

Then (&+c)*=&*+46^c+66V+45c^+c^ 

Restoring the values of h and c. 

The first term will be (2:r)' =16:?;'. 

The second term " 4(2i?;)^X 5a' =4.8.5:?;V, 

The third term " 6(2x)'X(56zy=6.4.25;rV. 

The fourth term " 4(2.r) X(5ay=4.2.125:ua'. 

The fifth term " (5ay=625a'. 
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Therefore, 

{2x+5ay=16x'+160xW+600x'a'+1000xa'+625a\ 
Ex, 4. What is the fourth power of2x^-i-4y'' ? 
Ex, b. What is the seventh power of 2a— 3& ? 

Ans. 1 2^a' - 1 MAa'h + 6048a'5' - 1 5 I20a'h' + 22680a'6* 
'-20412a''h'+l02ma¥-2lSlh\ 
Ex, 6. What is the sixth power oi a^-{-2ah ? 

Ans, a''+l 8a''b + 1 S6a''b' + 54:0a'V +121 5a''b' + 

+ U5Sa'b'+729a'b\ 
Ex. 7, What is the fifth power of 5c''-4y'z ? 
(269.) By means of the Binomial Theorem we can raise any 
polynomial to any power. 

For example, let it be required to raise a+b+c to the third 
power. 

For convenience, we put &+c==m; we then have 
{a+b+cy=(a+my=a'+Sa'm+Sam''+m\ 
Substituting for m its equal, b+c, we obtain 

{a+b+cy=a'+Sa\b+c)+3a(b+cy+(b+cy. 
We must now develop the powers of the binomial h+c, and 
perform the multiplications which are here indicated. We 
thus obtain 

{a+b+cy=a'+Sa''b+Sab' +b% 
+Sa''c+6abc+S¥c, 
+ Sac''+Sbc% 

Ex, 2. Raise x+a+b to the fifth power. 
(270.) When one of the terms of a binomial is unity, the 
powers assume a simpler form, since every power of 1 is 1. 
Thus, the fourth power oi a+b, which is 
a'+4a'b+6a'b'+4ab'+b\ 
when we make a—1, becomes 

l+4:b+6b'+4:b'+b\ 

n n(n—l) „ n(n—l)(n—2) ,. . 
SQ,also,(l+a)"==l+-a+ ^^^ ^+"1-^ -a'+,&c. 

Every binomial of the form {x+ay may be reduced to the 

form of a:"f 1+- j . For 
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Therefore, {x+aY=x''\l+-) , 

This expression for the value of {x-^a)" is equivalent to that 
on page 218, as may be easily shown by multiplying x" into 
each term v^ithin the parenthesis. For some purposes this is 
i^egarded as the simplest form. 

(271.) In the development of the binomial (x+a)", we have 
hitherto supposed n to be a positive integer. The Binomial 
Theorem is, however, applicable, whatever be the nature of 
the quantity n, whether it be positive or negative, integral or 
fractional. When ti is a positive integer, the series consists 
of n+l terms. In every other case, the series^nevQr termin- 
ates; that is, the development of (x+aY furnishes an infinite 
series. 

Ex. 1. It is required to convert —-r or (a+h)~^ into an in- 
finite series. 

According to Art. 265, the terms without the coefHcients are 
a-\ a~% a-^h\ a-%\ a~'h\ a-%\ a-'b\ &c. 

The coefficient of the first term is 1. 

The coefficient of the second term is -— 1, the exponent of 
the power. 

The coefficient of the third term is 
« fourth " 

" fifth 

" sixth " 

We thus obtain 
1 



~1X- 


-2 


_ ! 1 


2 
+ 1X- 


-3 


- + 1. 

T 


3 

-IX- 


-4 


-4-1 


4 
+ 1X- 


-5_ 


- -rx. 



where the law of the series is obvious ; the coefficients are all 
unity, and the signs are alternately positive and negative. 
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We might have obtained the same result by the ordinary 
rinethpd of division. The operation is as follows : 



1 
a 



a+b 



1 b b' ¥^ ^ 
a a a a 



the quotient. 



a 

b__^¥ 
a a^ 

a' 



Hence, 
1 



1 b b' b' ., ,. , 

-=-——+— — 2f &c., which may be written 

CL (Ji CL a 



a+b 
ar^—ar^b-\-ar%'^—ar^b^-^,6icc,, the same as before found; 

and it is obvious, from inspecting the operation of division, that 
the series will never terminate. 

1 



Ex, 2. It is required to convert 



or {a-\-b) ^ into an 



Ans, ^~ 



{a-^by 
infinite series, 

2b Sb' 4b' 5b' ^ 
■^^■^-^■^^"■'^"•' 
oi\ a-~'-2ar'b+Sar'b'-4a~'b'+5a-'b\ &c. 

Here the coefficients increase regularly by 1, and the signs 
are alternately positive and negative. We might have ob- 
tained the same result by division, as in the former example. 

Ex, 3. Expand into a series -— r or (a— &)"~^ 

Here the coefficients furnished by the Rule are 
+ 1, -^1, +1,^-1, &c. 

But the factor b being negative, all its odd powers are nega- 
tive. Hence the second term contains two negative factors, 
so that its resulting sign is +. The same remark applies to 
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the fourth and sixth terms, &c.', making the terms of the series 
all positive. 

1 
Ex, 4. Expand into a series -. jr--^ or (a—b) ^. 

Ex, 5, Expand into a series (a+5)~l 

Ans. a-'-Sa-''b-{-6a-'b''-l0a-'b'+l5a-'b''-, &c. 
Ex, 6. Expand into a series {a—b)~^. 

Ans, a-''^4:a-'b+l0a-V+20a-'b'+S5a-'b'+, &c. 
(272.) We have novv considered the powers of a binomial 
when the exponent is an integer, either positive or negative. 
It remains to consider the case when the exponent is 3. fraction. 

EXAMPLES. 



Ex, 1. Expand Va+b or (a^by into an infinite series. 
The terms without the coefficients are 

i _i __3 __:5 __1 

a^, a 'b, a -5^ a ^Ify a ^b\ &c. 
The exponents of a decrease by unity, while those of 6 in- 
crease by unity. 

The coefficient ^of the first term is 1. 

" second " +-. 



third 



2 

2 '^ 2 ^ 



2 2.4 

fourth « rJ^A=.j^l±^^ 

a 2.4.6 



fifth 



BX-f^ 1.3.5 
4 2.4.6.8* 



The series, therefore, is 



. , ,.i 1,1 ->i, .1 _3 • , 1.3 __5-, 1.3.5 __7,^ 

The factors which form the coefficients are kept distinct, in 
order to show more clearly the law of the series. The numer- 
ators of the coefficients contain the series of odd numbeis, 1,3, 
5, 7, &c., while the denominators contain the even numbers, 
2, 4, 6, 8, 10, (fee. 

The above series expresses the square root of cz+Z?. We 
shall obtain the same result if we extract the square root by 
the usual method. See JLr^. 299. 
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J 

Ex, 2. It is required to convert {a^-\-xy into an infinite 
series, 

^^'' ^"^2^ '~2.4a^'^2.4.6a^~2Z6y8^"^2.4.6.8.10a^~' ' 
v^here the law of the series is evident 

Ex. 3, It is required to convert {a—xY into an infinite 
series. 

Ex, 4. It is required to convert {a-^-hy into an infinite 

series. 

, \{ ' h 2¥ 2.5&' 2.5.8&^ , ) 

Ans. a^ I l+_^^^^+^^^^»^^^— +, &c. \ . 

JE:?:. 5. Expand (a— &)* into an infinite series. 

'^'^^- .^ r 4a 4.8a^ 4.8.12a^ 4.8.12.i6aV ''^'^- 

. - . , /" 

Ex, 6. Expand (a+:r)^ into an infinite series. 
Ex, 7, Expand (1—:?;)^ into an infinite series. 

Ans. 1-5^-;^jo'^'~5T6jL5'''~5.10.15.20^''~' ^''' 
Ex. 8. Expand (a"— b')^ into an infinite series. 

(273.) The binomial theorem is also applicable to cases in 
which the value of the exponent n is a negative fraction, 

EXAMPLES. 

1 

Ex. 1. Expand into a series i or {a+h) 2. 

{a^-hy 

The terms without the coefficients are 

«"^ a'^% arh\ (rh\ cTh', (r''^h\ &c. 

The coefficient of the first term is 1. 
" second " — -. 

p 
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i>^ 3 12 

The coefficient of the third term is —~: — - — +;— :• 

2 2.4 

1.3, 



fourth « 



i X~| _ 1.3.5 
3 ~ 2.4.6 



fifth " ^•4.6 X i 1.3.5.7 

^ 4 ^2.4.6.8- 

Hence we obtain 

I 

Ex. 2. Expand into an infinite series (a+x) ^. 

-_v 1 _4 1.4 _x ^ 1.4.7 -19 ^ 1.4.7.10 13 

&c. 

jEo;. 3. Expand (1 4-:r)""^ into an infinite series. 

X 6x' 6,Ux' e.iLmx' 

^^^- ^"'5+5l0~5J0.-15+5J0.l5:20~'^"- 

Ex.4. Expand (a^—:?;) ^ into an infinite series. 

1 x l.Sx' L3^ 1.3.5V7^ 

^''^- ^^+2^'^2:4^+2A6^"^2.4 ^""^ 

771 

Ex. 5. Expand • — into an infinite series. 

mf ^ L3c^ 1.3.5c^^ 1.3.5.7 c^^ \ 

^'' TV 2¥^2Ab'^2.4.6b''^ 2.4.6.8&« ' ^""'J ' 

(274.) The binomial theorem may be employed to determine 
the roots of surd numbers. 



EXAMPLES. 

Ex. I. It is required to find the square root of 2. 

The development of (a+by has been given in Ex. 1, page 

1 i 

224. If we make a=l apd &=1, then (a+by becomes (1+1)- 

or ^/2 ; and the terms of the development become 

1 1_ 1.3 1.3.5 1.3.5.7 ^ 

"^2 2.4*^2.4.6 2.4.6.8"^2.4.6.8.10 ' ^'' 

which therefore expresses the square root of 2. The sum of 
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this series is 1.41421. Asj however, the series converges very 
slowly, it would require a large number of terms to give the 
root with tolerable accuracy. The following example affords 
a better illustration of the utility of the method. 
Ex, 2. Required the square root of 101. 

101 = 100^1+^). Therefore V"l0I=:10ri+— V'. 

1 i 

Put a=l and &=— -rin the development of (<2+&)^ on page 

224, and we shall have 
r—_ ( 1 1 1.3 1.3.5 \ 

This series converges so rapidly that the first two terms 
give a result correct to three decimal places, and five terms 
give a result correct to ten decimal places. 

Thus, the value of the first term is 1.00000000000 

" second " + ,00500000000 

'* third " ~ .00001250000 

" fourth " + .00000006250 

" fifth " — .00000000039 

Their sum is 1.00498756211. 

And multiplying by 10, we have 

^101 = 10.0498756211. 

— - ■ 1. 

Ex, 3. It is required to convert a/9, or its equal (8+1)^, into 

an infinite series, and find its value. 

Am. 

1 1 5^ 5.8 5.8.11 

^"'"a2^'~"3.6.2'^'^ 3^.9.2' 3.6.9.12,2"'^3.6.9.12.15^""' ^'^ 

=2.08008. 
Ex. 4. It is required to extract the cube root of 31. 

V3T= V27+4=: V27(l+^)*, 

- \ 4 2.4^ 2.5.4^ 2.5.8.4^ ) 

^■^ ( ^''"3.27 3.6.27'"^ 3.6.9.2r 3.6.9.12.27*'^' ) ' 

= 3.14138. 
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EVOLUTION OF POLYNOMIALS. 

(275.) Method of extracting the square root of a polynomial. 

In order to discover a rule for extracting the square root, let 
us consider the square of a+6, which is «^+2<2&+&^ If we 
write the terms of the square in such a manner that the pow- 
ers of one of the letters, as a, may go on continually decreas- 
ing, the first term will be the square of the first term of the 
root ; and since in the. present case the first term of the square 
is a% the first term of the root must be a. 

Having found the first term of the root, we must consider 
the rest of the square, namely, 2ah-\-lf, to see how we can de- 
rive from it the second term of the root. Now this remainder, 
2ab+b'^, may be put under the form (2a+b)b ; whence it ap- 
pears that we shall find the second term of the root if we di- 
vide the remainder hy 2a+b, The first part of this divisor, 
2a, is double of the first term already determined ; the second 
part, 6, is yet unknown, and it is necessary at present to leave 
its place empty. Nevertheless, we may commence the divis- 
ion, employing only the term 2a ; but as soon as the quotient 
is found, which, in the present case, is b, we must put it in the 
vacant place, and thus render the divisor complete. 

The whole process, therefore, may be represented as fol- 
lows : 

a'+2ab+b'\ a+b = the root. 
a' 



2ab+¥ 
2ab+b' 
Hence we derive the following 



2a+5 = the divisor. 
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RULE FOR EXTRACTING THE SaUARE ROOT OF A POLYNOMIAL. 

Arrange t/ie terms according to the powers of some one letter ; 
take the square root of the first term for the first term of the re- 
quired root, and subtract its square from the given polynomial. 

Divide the first term of the remainder by double the root al- 
ready found, and annex the result both to the root and the divi- 
sor. Multiply the divisor Mus increased by the last term of the 
root, and subtract the product from the last remainder, Pr^o- 
ceed in the same manner to find the additional terms of the root. 

Ex, 1. Required the squarerootof«^--2a'^a:+3aV— 2aaj^+a:;\ 

a^—2a^x-\-^a'x''—2ax^-\-x'^\a''—ax-\-x'' = the root. 
a\ ~ 

■ 2(f—ax = the first divisor. 



-2a^x-\-Za^x' 



2a\x'-2ax'+x' 
2aV'-2ax'-^x' 



2a^—2ax+x^ — the second divisor. 



For verification, multiply the root a'^—ax-\-x^ hy itself, and 
we shall obtain the original polynomial. 

Ex. 2. Required the square root of a^+2(2&+2ac^-5'*+26c+c^ 

Ex, 3. Required the square root of \0x'^—\0x^—\2x''-\'bx''-{- 
^x'-2x'{-l, 

Ex^ 4. Required the square root of 8«a:^+4aV+4a;*+166V 
■{-l^b'+lQaWx. 

Ans, 2x''+2ax+4b\ 

Ex, 5. Extract the square root of l^a'b'+a'—Qa'b— 20 a'b'' 
+b'+l^a'b'-^6ab\ 

Ex, 6. Extract the square root of 8a¥+a^—4a''b-}-4b\ 

(276.) Method of exti^acting the square root of numbers. 

The preceding rule is applicable to the extraction of the 
square root of numbers. For every number may be regarded 
as an Algebraic polynomial, or as composed of a certain num- 
ber of units, tens, hundreds, &c. Thus, 

529 is equivalent to 500+20+9. 

Also, 841 " 800+40+1. 

If, then, 841 is the square of a number composed of tens 
and units, it must contain the square of the tens, plus twice the 
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product of the tens ty the units, plus the square of the units. 
But these three, terms are blended together in 841, and hence 
the peculiar difficulty in determining its root. The following 
principles will, however, enable us to separate these terms, 
and thus detect the root. 

(277.) I. For every two figures of the square there will be one 
figure in the root, and also one for any odd figure. 

Thus, the square of 1 is 1, 

" 10 is lOG, 

« 100 is 10000, 

1000 is 1000000, 
&c., (fee. 

The smallest number consisting of two figures is 10, and its 
square is the smallest number of three figures. The smallest 
number of three figures is 100, and its square is the smallest 
number of five figures, and so on. Therefore, the square root, 
of every number composed of one or two figures will contain 
one figure ; the square root of every number composed of three 
or four figures will contain two figures ; of a number from five 
to six figures will contain three &gures; and from 27^~l to 2n 
figures must contain ti figures. 

Hence, if we divide the number into periods of two figures, 
proceeding from right to left, the number of figures in the root 
will be equal to the number of periods. 

(278.) 11. Th^ first figure of the root will be the square root 
of the greatest square number contained in the first period on 
the left. 

For the square' of tens can give nq- figure in the first right 
hand period ; the square of hundreds can give no figure in the 
first two periods on the right ; and the square of the highest 
figurp in the root can give no figure except in the first period 
on the left. 

Ex, 1. Suppose we wish to find the square root of 529. 

The square of 23 or 204^3 is 20'+2.20.3+3', 
or 400+120+9. 

Here the three classes of terms are exhibited distinct from 
each other, and we might extract the root by the rule of J.r^. 
275. But observe that in the number 529, since the square of 
the tens can not give a figure in the place of units or tens, it 
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must be contained in the first period 5. Now this period con- 
tains not only the square of the tens, but also a part of the 
product of the tens by the units. The greatest square contain- 
ed in 5 is 4, whose root is 2; hence 2 must be the number of 
tens, whose square is 400; and if we subtract this from 529, 
the remainder 129 contains twice the product of the tens by 
the units, plus the square of the units. If, then, we divide this 
remainder by twice the tens, we shall obtain the units, or pos- 
sibly a number somewhat too large. This quotient figure can 
never be too small, but it may be too large, because the re- 
mainder 129, besides twice the product of the tens by the units, 
contains the square of the units. We therefore complete the 
divisor by annexing the quotient 3 to the right of the 4, and 
then multiplying by 3, we evidently obtain the double product 
of the tens by the units, plus the square of the units. The en- 
tire operation may then be represented as follows : 

5-29l23=the root 

4 
431129. 

129. 
(279.) Hence, for the extraction of the square root of num- 
bers we derive the following 



1. Separate the given number into periods of two figures each^ 
beginning at the right hand, 

2. Find the greatest square contained in the left-hand period ; 
its root is the first figure of the required root. Subtract the 
square from the first period, and to the remainder bring down 
the second period for a dividend. 

3. Double the root already found for a divisor, and find how 
many times it is contained in the dividend, exclusive of its right- 
hand figure ; annex the result both to the root and the divisor, 

4. Multiply the divisor thus increased by the last figure of the 
root; subtract the product from the dividend, and to the remaiiider 
bring downthe next period for a new dividend. 

5. Double the whole root now found for a new divisor, and con- 
tinue the operation, as before, until the periods are all brought 
down. 
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Ex. 


2. Find the 


square root of 186624. 


The 


operation is 


as follows : 

18-66-241432 
16 
83] 2 66 
2 49 



8621 1^24 
17 24. 

Ex. 3. Find the square root of 21086464. 
Ex. 4. Find the square root of 88078225. 
(280.) We have seen that the root of a fraction is equal to 
the root of its numerator divided by the root of its denominator* 

. ^529 . 23 

Hence the square root oi ■— — , or 5^29^ is — -, or 2.3. 

* lUO 1(J 

^, . 186624 . 432 

The square root of ;^^^^ ,or 18.6624, is --— , or 4.32. 
lOOuO 100 

That is, the square root of a decimal fraction may be found in 
the same manner as a whole number, if we d vide it into periods 
commencing with the decimal point. 

Ex. 5. Find the. square root of 58.614336. 
Ex. 6. Find the square root of 9.878449. 

Hence, also, if the square root of a number can not be found 
exactly, we may, by annexing ciphers, obtain the root ap- 
proximately in decimal fra^itions. 

Ex. 7.' Find the square root of 2, 

Arts. 1.4142136 nearly, 

Ex. 8. Find the square root of 3. 

Ex. 9. Find the square root of 10. 

The most expeditious method of extracting roots is usually 
by means of logarithms. See page 308. 

(281 .) Method of extracting the cube root of a 'polynomial. 

We already know that the cube of a-\-h is r/+3^'5+3«5'+6'. 

If, then, \\iQ cube were given, and we were required to find 
its root, it might be done by the following method : 

When the terms are arranged according to the powers of 
one letter, we at once know, from the first t^rm aVthat a must 
be one term of the root. If, then, we subtract its cube from 
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the proposed polynomial, we obtain the remainder Sa^b+Sab^ 
+b\ which must furnish the second term of the root. 
Now this remainder may be put under the form 
{3a^-{'Sab-[-b')Xb; 
whence it appears that we shall find the second term of the 
root, if we divide the remainder by Sa^+Sab-{-¥. But as this 
second term is supposed to be unknown, the divisor can not be 
completed. Nevertheless, we know the first term Sa^, that is, 
thrice the square of the first term already found, and by means 
of this we can find the other part b, and then complete the di- 
visor before we perform the division. For this purpose, we 
must add to Sa^ thrice the product, of the two terms, or Sab, 
and the square of the second term of the root, or Z>^ Hence 
we derive the following 

BULE I^OR EXTHACTING THE CUBE ROOT; OF A POLYNOMIAL. 

(282.) Arrange the terms according to the powers of some one 
letter, take the cube root of the first term, and subtract the cube 
from the given polynomial. 

Divide the first term of the remainder by three times the square 
of the root already found, the quotient will be the second term of 
the root. 

Complete the divisor by adding to it three times the product of 
the two terms of the root, and the square of the second term. 

Multiply the divisor thus increased by the last term of the root, 
and subtract the product from the last remainder, Pi^oceed in 
the same manner to find the additional terms of the root. 

Ex. I, Extract the cube root of ^'+ 12a' + 48a +64. 
a'+12a'+48a+64 I a+4 = the root. 



12a'+48a-|-64 
12a'+48a+64 



3a'+12a+16 = the divisor. 



Having found the first term of the root a, and subtracted its 
cube, we divide the first term of the remainder, 12a', by three 
times the square of a, that is, 3a', and we obtain 4 for the sec- 
ond term of the root. We then complete the divisor by add- 
ing to it three times the product of the two terms of the root, 
which is 12a, together with the square of the last term, 4, 



234 EVOLUTION OF POLYNOMIALS. 

which is 16. i Multiplying, then,- the complete divisor by 4, 
and subtracting the product from the last remainder, nothing 
is left. Hence the required cube root is a+4. 

This result may^ be easily verified by multiplication. 

Ex. 2. Extract the cube root of a' -6a' + 15a' -20a' + 1 bo!" 

-6(2+1. 

a'—6a''\-l6a''-20a'+l5a'-6a+l \_o^-2a-\-l = the root. 

a^ _^ 

' Sa'-6a'+4a^ = the first divisor. 



-Ga'+lba'-Wa' 
-6a'+12a'- 8a' 



3a'-12a'+15a'-6a+l 
Sa'-12a'+15a''-6a+l 



Sa'-12a'+15a'-6a+l == 
the second divisor. 



We may dispense v^^ith forming the complete divisor accord- 
ing to the rule, if, each time that we find a new term of the 
root, we raise the entire root to the third power, and subtract 
the cube from the given polynomial. 

Ex, 3. Required the cube root of 6:i;'— 40^'+:c'+96a:— 64. 

Ex, 4. Required the cube root of 18x'+36cc'+24a;+8+32a;' 

Ex. 5. Required the cube root of 3b'+b'-5b'-l+Sb. 
(283.) Method of extracting the cube root of numbers.. 
The preceding rule is applicable to the extraction of the 
cube root of numbers ; but a difficulty in applying it arises 
from the fact that the terms of the power are all blended to- 
gether in the given number. They may, however, be separated 
by attending to the following principles : 

I. For every three figures of the cube there will be one figure 
in the root, and also one for any additional figure or figures. 
Thus, the cube of 1 is 1, 

10 is 1000, 
" 100 is 1000000, 

" 1000 is 1000000000, 

&c., &c. 

Hence we see that the cube root of a number consisting of 
from 1 to 3 figures will contain one figure ; of a number from 
4 to 6 figures will contain two figures ; from 7 to 9 figures will 
contain i^^ree; and from 2n—2 to 3?i figures must contain ?z 
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figures. Hence, if we divide the number into periods of three 
figures, proceeding from right to left, the number of figures in 
the root will be equal to the number of periods. 

II. The first figure of the root will be the cube root of the great-' 
est cube number contained in the first period on the left, 

Ex. 1. Suppose we wish to find the cube root of 12167. 

The cube of 23 or 20+3 is 20'+3.20^3+3.20.3'+3', 
or 8000 + 3600 + 540 + 27. 

Here the four classes of terms are exhibited distinct from 
each other, and the rule of Art. 282 might be easily applied. 
But observe that in the number 12167, since the cube of the 
tens can not give a figure in the first three places, it must be 
contained in the first period 12. The greatest cube contained 
in this is 8', the root of which is 2. Hence 2 must be the num- 
ber of tens whose cube is 8000 ; and the remainder 4167 con- 
tains three times the product of the square of the tens by the units, 
plus three times the product of the tens by the square of the units, 
plus the cube of the units. 

If, then, we divide this remainder by three times the square 
of the tens, we shall obtain the units, or possibly a number too 
large, because the divisor is too small. We therefore com- 
plete the divisor by adding to it three times the product of the 
tens by the units, plus the square of the units. The entire 
operation is then as follows : 

12-167|23=the root. 

_S 

20^X3 =1200 4 167 
20 X3X3= 180 

3^= 9 4 167 



complete divisor =1389 
(284.) Hence, for the extraction of the cube root of numbers, 
we derive the following 

RULE. 

1 . Separate the given number into periods of three figures 
each, beginning at the right hand, 

2. Find the greatest cube contained in the left-hand period ; 
its root is the first figure of the required root. Subtract the cube 
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from the first period^ and to the remainder bring down the sec- 
and period for a dividend, 

8. Take three hundred times the square of the root already 
found for a trial divisor; find how many times it is contained 
in the dividend, and place the quotient for a second figure of the 
root. 

4. Complete the divisor by adding to it thirty times the. prod- 
uct of the two figures of the root, and the square of the second 
figure, 

5. Multiply the divisor thus increased by the last figure of 
the root; subtract the product from the dimdend, and to the re- 
mainder bring down the next period for a new dividend. 

6. Take three hundred times the square of the whole root now 
found for a new trial divisor, and continue the operation as be- 
fore until all the periods are brought down. 

It will be observed that three times the square of the tens, 
when their local value is regarded, is the same as three hun- 
dred times the_ square of this digit, not regarding its local 
value. 

Ex. 2. Find the cube root of 20796875. 

Ex.S. Find the cube root.of 250991 1279. 

Ex. 4. Find the cube root of 895562584119. 

The same method is applicable to the extraction of the cube 
root of fractions, and also of imperfect powers. 

Ex. 5. Find the cube root of 604.422796375. 

Ex. 6. Find the cube root of 4. 

Ex. 7. Find the cube root of 11. 

(285.) Method of extracting any root of a polynomial. 

We already know that the ?2th power of a+& is <2*'+7^a"~^5+ 
other terms. The first term of the root is, therefore, the nth 
root of the first term of the polynomial. Also, the second term 
of the root may be found by dividing the second term of the 
polynomial by ?za"~^ ; that is, the first term of the root raised 
to the next inferior power, and multiplied by the exponent of 
the given power. Hence we deduce the following 

RULE FOR EXTRACTING ANY ROOT OF A POLYNOMIAL. 

Arrange the terms according to thepoivers of one of the letters, 



EVOLUTION OF POLYNOMIALS. 237 

and take the nth root of the first term for the first term of the re- 
quired root. 

Subtract its power from the given polynomial, and divide the 
first term of the remainder by n times the (p.— I) power of this 
root ; the quotient will be the second term of the i^ooL 

Subtract the nth power of the terms already found from the 
given quantity, and, using the same divisor, proceed in like man- 
ner to find the remaining terms of the root. 

Ex, 1. Required the fourth root of 16a'— 96«'a;+'216<xV-~ 
2lQax'-\-Slx\ 

l^a^—ma'x-\-2lMx^-2l^ax'-\'Slx'\2q^-2x = the root. 

— 96a'x|32^?,' = the divisor. 



16a'--96a'^+216aV-216a:c'+81:?;*. 

Here we take the fourth root of 16a', which is 2a, for the 
first term of the required root ; subtract its fourth power, and 
bring down the first term of the remainder — 96a^^. For a 
divisor, we raise the first term of the root to the third power, 
and multiply it by 4, making 22a\ Dividing, we obtain —2x 
for the second term of the root. The quantity 2a— 3a; being 
raised to the fourth power, is found to be equal to the proposed 
polynomial. 

Ex. 2. Required the fifth root of 80^'+32a;'~8Ga;''-40:z;'*-f 

10;r-L 

Ans, 2x—l. 

Ex, 3. Required the fourth root of 336^'+81:^;'-216.T'~ 
56a:' + 1 6 - 224:^;' + '34:c. 

Ans, ^x''—2x—2, 
(286.) Method of extracting any root of numbers. 
It is easy to ap])Iy the preceding Rule to the extraction of 
any root of numbers. For a reason similar to that given for 
the square and cube roots, we must first divide the number into 
periods of n figurtis each. Then the first figure of the root 
will be the ni\\ root of the greatest nih. power contained in the 
first period on the left. If we subtract its power from the 
given number, and divide the remainder by n times the {n — 1) 
power of the first dgure, regarding its local value, the quotient 
will be the second figure of the root, or, possibly, something 
too large. The result may be verified by raising the whole 
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root now found to the nth power; and if there are other figures, 
they may be found in the same manner. 
Ex. 1. Find the fifth root of 33554432. 
335-M432|32 
243^ 
5.3^=405| 925 



32^=335 54432. 
Bx. 2, Find the fifth root of 4984209207, 
.Ex. 3. Find the fifth root of 10. 

(287.) When the index of the root to be extracted is a mul- 
tiple of two or mor^ numbers, we may obtain the root required 
by the successive extraction of simpler roots, Art. 159. 

For example, we may ohtam the fourth root by extracting 
the square root twice successively ; for the square root of a^ is 
a^ and the square root of a" is a. 

The eighth root may be obtained by extracting the square 
root three times successively ; for the square root of a® is «\ 
that of a^ is a^ and that of a^ is (t. 

In the same manner, the sixteenth root may be obtained by 
extracting the square root jfoz^r times successively, and so on. 

The sixth root may be found by extracting the square root^ 
and afterward the cube root ; for the square root of a^ is a% 
and the cube root of a^ is a. We may also take, first, the cube 
root, which gives a^, and afterward the square root, which 
gives a, as before. It is, however, best to extract the roots of 
the lowest degree first, because the operation is less laborious. 

In general, the muth root of a number is equal to the nth root 
of the rath root of this number. That is. 



For, raising each member of this equation to the %th power, 
^e have 

ya=Va. 
Ex. 1. Find the fourth root of 6a^&'+«'-4«^&-4a&'+&\ 
Ex. 2. Find the sixth root of 6a^6+15a*5'+a'+20a^Z>'+15a'i^' 

Ex. 3. Find the eighth root of 1024:z;'?/+1792:cy+256^'+ 
1120xy+1792a:y+448:cy+y'+112a;y+16:r3/^ 
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EXTRACTION OF THE SaUARE ROOT 0¥ A aUANTITY OF THE FORM 

(288.) Binomials of this class require particular attention, 
because they frequently occur in the solution of equations of % 
the fourth degree, such as are treated of in Art, 184. Thus 
the equation 

gives us a^'^=7rh4^/3. 

Hence, in order to find the value of x, we must extract the 
square root of the binomial 7±4-s/3. 

In order to show that the square root of such an expression 
may sometimes be extracted, take the binomial 

2±^/3, 
and find its square. 

(2±^3)'=4±4^/3+3=7±4^/3. 
Therefore, the square root of 7±4-v/3 is 2=t^/3. 
The square root of an expression of the form adb\/b may, 
therefore, sometimes be extracted, and it is required to deter- 
mine a general method for this purpose whenever it is prac- 
ticable. 

THEOREM I. 

(289.) The sum or difference of two surds can not he equal to 
o rational quantity. 

For, if possible, let \/a±'s/b=c, where c denotes a rational 
quantity, and y/a, ^/& denote surd quantities. 

By transposing ^/b and squaring both sides, we obtain a= 
t*=p2c^/6+&; whence, by transposition and division, we have 

^ ^ b+c'-a 

The second member of the equation contains only rational 
quantities, while 's/b was supposed to be irrational; that is, 
we find an irrational quantity equal to a rational one, which 
is absurd. Hence the sum or difference of two surds can not 
be equal to a rational quantity. 

11* 
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THEOREM 11. 



In every equation of the form 

the rational parts on the opposite sides are equal to each other, 
and also the irrational parts. 

For if X is not equal to a, let it be equal to a±%. 

Then fl;±%± ^yz=a±: y/b ; 

or z^Vi—Vy; 

that is, a rational quantity is equal to the difference of two 
surds, which, by the last l" heorem, is impossible. Therefore, 
x=a, and, consequently, \/y= s/h, 

THEOREM III. 



If Va+ Vh is equal to x-k- ^/y, 

then will "sf a— ^f~h he equal to x— s/y. 

For, by involution, a+ '^h=x^-{r2X'>/y-{-y. 

But, by the last Theorem, a=^x^-\-yr 

and s/l)=2xy/y. 

Subtracting, we obtain a— y/h—x''—2x^y-\'y. 

Therefore, by evolution, s/ a— ^/h—x— ^/y. 

(290.) To find an expression for the square root of a± ^/b. 

Let us assume V a-\- Vb=p+q (1), 

where p and q may be both radicals, or one rational and the 
other a radical, but jo^ and q"^ are required to be rational 

Then, by the last Theorem, 

Va— '\/h=p—q (2). 

Multiplying these equations together, we obtain 

^a'—h—p'^—q^ (3), a rational quantity. 

Hence we see that, in order that v<2+ ^^ ^^7 be expressed 
by the sum of two radicals, or one rational term and the other 
a radical,^j^e expression ^^ —h must he a perfect square. 

Let, then, «^-^ 6 be a perfect square, and put 'sfcf—h^c; 
tjquation (3) will thus become 
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Squaring equations (1) and (2), we obtain 

Adding these tvzo equations, we obtain 

But we have already found 

Hence 2^^=a+c, 

and 2q^=a--c. 

From which we obtain^ 



, /a+c 




^,=W^- 




Therefore, 

Va+ i/5, or j»+^=:± \V "~2~" 


v^o 


Va- V^, or p-q=di ^y^.^— -- 


V-r). 



(291.) Hence, to extract the square root of a binomial of the 
form a± -v/^, we have the following 

IIULE. 

From the square of the rational part (a^), take the square of 
the irrational part (b) ; extract the square root of the remainder, 
and, calling that root c, the required root will he 

/a-^-c , la—c 

Ex, 1. Required the square root of 4+2v'3. 
Here a— 4, and ^/&=::2^/3; therefore, a'-~5=c''= 16— 12=4; 
or c^2. Hence, by the above formula, the required root will 
be 

/4+2 /4^ ^ , 
V-2-+V-2-=^'+'- 
Yerification. 
The square of y'S+l is 3-1-2 v^3+l =4+2 s/3. 

Q 
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Ex, 2, Required the square root of ll+6v^2. 

Here a=U, and ^/&=6^/2; therefore, 5=36X2=72 ; and 
a^— 6=49=c\ Hence c=7, and we find the square root of 
ll+6x/2 is y/9+^2, or 3+%/2. Ans. 

Ex. 3. Required the square root of 11— 2^/30. 

Ans. v^6— ^ y/5. 

Ex. 4. Required the square root of 2+^/3. 

Ans. V^+Vh 

(292.) This method is applicable even when the binomial 
contains imaginary quantities. 

Ex. 5. Required the square root of 1+4 V.— 3. 
Here' a=l, and \/&=4 V —3 ; hence &= — 48, and «^— &=49 ; 
therefore, c=7. The required square root is v'4+ V — 3=2+ 

V — 3. J.7Z5. 

Ex. 6. Required the square root of ~|+|. V— 3. 

Ans. i+i/^. 

jEo;. 7. Required the square root of 2 V — 1. 

Here we put a=0 ; hence c=2, and the required root is 

i + V"=T, 

which may be easily verified. 

Ex. 8. Required the value of the expression 

VJ+2^- V6-2V5. 
JSo;. 9. Required the value of the expression 

•\/4+3/^lo+ V^- 3 V-20. 

-Aws. 6. 



SECTION XVIII. 



INFINITE SERIES. 

(293.) An infinite series is an infinite number of terms, each 
of which is derived from the preceding term or terms accoi'd-* 
ing to some law. 

As l+|+j+H._i_+, &c., 

or l-j+|-_i_+_i_-,&c. 

These are examples of geometrica.1 progressions, in the first 
of which the ratio is I, andin the second it is — |. 

Infinite series may arise from the common operations of di- 
vision, the extraction of roots, and other processes of calcula- 
tion, as will be seen hereafter. 

A converging series is one. in which the sum of any number 
of its terms is finite, as in the examples just given. 

A diverging series is one in which the sum of its terms is not 
finite ; as, 

1+2+3+4+5+6+7, &c. 

An ascending series is one in which the exponents of the un- 
known quantity continually increase ; as, 

ax'\-hx'+cx''\-dx^+ex'+, (fee. 
A descending series is one in which the exponents of the un- 
known quantity continually decrease ; as, 

«:c-'+te-^+ca;""'+&-'+ex-'+, &c. 



PROBLEM I. 

(294.) Any series being given^ to find its several orders of 
differences. 



244 INFINITE SERIES. 

RULE. 

1. Take the first term from the second, the second from the 
third, ^the third from the fourth^ Spc, ; and the remainders will 
form a new series, called the first order of differences. 

2. Take the first term of this last series from the second, the 
second from- the third, <^c, ; and the remainders will form a third 
series, called the second order of differences. 

3. Proceed in like manner for the third, fourth, <^c,, orders 
of differences, and so on till they terminate, or are carried as far 
as may he thought necessary » 

Ex, 1. Required the several orders of difFerences of the 
series of squares, 

1 4 9 16 25 36 49, &c, 

3 5 7 9 11 13 first differences. 

2 2 2 2 2 second differences. 

G third differences. 

Ex, 2. Required the several orders of diffefMces of the 

series of cubes, 

I 8 27 64 125 216, &c. 

7 19 37 61 91 first differences. 

12 18 24 30 second differences. 

6 6 6 third diffei'ences. 

fourth differences. 

Ex, 3. Required the several orders of differences of the 
series of fourth powers, 

1, 16, 81, 256, 625, 1296, &c. 

Ex, 4. Required the several orders of differences of the 
series of fifth powers, 

1, 32, 248, 1024, 3125, 7776, 16807, &c. 

Ex,. 5, Required the several orders of differences of the 
series of numbers, 

1,3,6, 10, 15,21, &ic. 

PROBLEM II. 

(295.) To find the nth term of the series 
a, b, c, d, e, &c. 
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Take the proposed series, and subtract each term from the 
next succeeding one; we shall thus obtain for the first order 
of differences, 

h—a^c—h, d—c, e--d, &c. 

Again, subtracting each term^ of this series from the next 
succeeding term, we find for the second order of differences, 

c—2b+a, d—2c+h, e—2d+c, &c. 

Subtracting, again, each term of the preceding series from 
its next succeeding term, we find the thii^d order of differences, 
d— 3c + 3& — a, e — 3^+ 3c — &, &c. 
Subtracting again, we find for the fourth order of differences, 
e—4d+6c—4b+a, &c. 

Let D', D'', D''', D^'^', &c., represent the first terms of the 
several orders of differences. 

Then, 
D' =b—a; whence &= (35+ D^ 

D'' =c-2b-ha; " c=a-h2J)'+ B", 

J)"'=f^_Sc-hSb-a; " ^=«+3D'+3D''+ B"', 

B'^'^e-Ad+Qc-^b+a; « e=6X+4D'+6D''+4D''^+D'% 
&c., &c. 

The coefficients of the value of c, the third term of the pro- 
posed series, are 1, 2,\, which are the coefficients of the sec- 
ond power of a binomial ; fhe coefficients of the value of d, the 
fourth term, are 1, 3, 3, 1, which are the coefficients of the 
third power of a binomial, and s6 on. Hence we infer that 
the coefficients of the nih. term of the series are the coefficients 
of the (?i— 1) power of a binomial. Therefore, the nth. term 
of the series will be 

Ex, 1. Required the twelfth term of the series 

2, 6, 12, 20, 30, &c. 

The first order of differences is 4 6 8 10, &c. 
The second order of differences is 2 2 2, &;c. 
The third order of differences is 0. 

Here D'=4, D''=2, and D'''=0. Also, «==2, and ?^=12. 
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Hence a+(n-l)D'+^^^^^^-^=^^=2+llD'+55D"= 

2+44+110=:156 — the twelfth term. 
Ex. 2, Required the twentieth term of the series 

1,3, 6, 10, 15, 21, &c. 
Here «=1, D^=2, D''=l, and n=20. 

Therefore, the 2bth term =l + 19D' + 17lD''=l+38+171 

=210, Ans. 
Ex. 3. Required the thirteenth term of the series 

l,^, 14, 30, 55, 91, (fee. 
Ex. 4. Required the fifteenth term of the series 
1, 4, 9, 16, 25, 36, &c. 

Ans. 225, 
Ex. 5. Required the twentieth term of the series 
1, 8, 27, 64, 125, &c. 

PROBLEM III. 

(296.) To find the sum ofn terms of the series 

a, b, c, d, e, &c. 
Assume the series 

0, a, a+b, a+b+c, a+b+c+d, &c. 
Subtracting each term from^ the next succeeding, we obtain 
a, b, c, d, e, &c., 
w^hich is the series whose sum it is proposed to find. Hence 
the sum of n terms of the proposed series is the (n+l)th term 
of the assumed series ; and the ?zth order of differences in the 
first series is the {n+l)th. order in the other series. If, there- 
fore, in the formula of the preceding Problem, we substitute 

for a, 
n+1 for n, 
a for D', 
D^forD'', 
&c., 
we shall have 

2 ^,3 /<^o0.4 

&c., 

which is the sum of n terms of the proposed series. 
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Ex, 1. Required the sum of ?i terms of the series 

1,2, 3, 4, 5,6, &c. 

Here «=1, D'=:l, D'^-0. 

^, _. n{n—l)D' n^—n n'+n n{n+l) 

Therefore, na-\ — ^ — =n+- — — — 



2 2 2 2 

the sum of n terms, the same as found in J.r^. 239. 
Ex, 2, Required the sum of ?z terms of the series 

r, 2^ 3^ 4^ 5^ &c. 

Here a=l, D^=3, D''=2. 

Therefore the general formula reduces to 

Sn{n—l) 2n (n—l){n—2) 
n+-— + -^ , 

2n'+S'ri'+n 



6 

n{n+l)(2n^l) , . , 

=— ^ A ^' ^^^ ^^^ required. 

Ex, 3. Required the sum of n terms of the series 

l^2^ 3^ 4% 5% 6^&c. 

Here a=l, D^=7, D^'=12, I)'^'=6. 



Ans, 



4 

Jbx, 4. Required the sum of n terms of the series 
1, 3, 6, 10, 15, &c. 

n(n + l)(n+2) 

Ex, 5. Required the sum of n terms of the series 
1, 4, 10, 20, 35, &c. 

n{7i-\-l) {n^2) (n+3). 



Ans, 



2.3.4 



PROBLEM IV. 

(297.) A series of equidistant terms, a, b, c, d, e, ^c, being 
given, to find any intermediate term by interpolation. 

This is essentially the same as Problem II. For convenience, 
let us put X to represent the distance of the required term from 
the first term of the series a, in which case x=n—'ly and we 
shall have 
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Ex, 1. Given the square root of 94, equal to 9.69536 ; 

95, " 9.74679 ; 
" 96, " 9.79796, 

to find the square root of 94.25. 

Here the first, differences are +.05143, +.05117, 
and the second difference is —.00026; 

that is, D^= +.05143, D^'= -.00026. 

But z=a-\-\D^—i^-^'D". 

Hence the square root of 94.25 is 

9.69536+.01286+.00002, 
or 9.70824. J.7Z5. 

Ex, 2. Given the square root of 160, equal to 12.64911 ; 

162, " 12.72792; 
" " 164, " 12.80625, 

to find the square root of 161. 

Here the int-erval betv^een the given numbers is 2 ; the dis- 
tance of the required term from the first term is 1 ; and, since 
the interval of the given numbers is always to be reckoned as 
unity,, we have x=\. 

Also, D'=- +.07881, D''= -.00048. 

And z^a+l-D'-lB". 

Therefore the square root of 161 is 

12.6491 1 +.03941 +.00006, 
or 12.68858. Ans. 

Ex. 3. Given the cube root of 60, equal to 3.91487 ; 

" " 62, " 3.95789 ; 

« « 64, " 4.00000 5 

« 66, " 4.Q4124, 

to find the cube root of 61. 

Ans, 3.93650. 

Ex. 4. Given the fourth root of 625, equal to 5.000000 : 

" " 628, " 5.005988: 

" « 631, " 5.011956; 

« « 634, " 5.017903, 

to find the fourth root of 627. 

Here x-=%. Therefore, x=a+fD -^D '. 

Ans. 5.003994. 
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Ex, 5. Given the square root of 70, equal to 8.36660 ; 

" 74, " 8.60233 ; 

" " 78, " 8.83176; 

" " 82, " 9.05539, 

to find the square root of 71. 

Ans, 8.42615. 

(298.) Fractions expanded into infinite series. 
When th^ dividend is not exactly divisible by the divisor, 
the quotient may be expressed by a fraction. Thus, if it is 

required to divide 1 by \—a, we obtain the fraction -— . 

I— a 

We may, however, commence the division according to the 

usual method ; thus, 



l-a 



l+dZ+a'^+«'+<2*+? &c., = the quotient. 



a 
a—d 



a 






Hence =l+a+«'^+<2^+a*+a^+, &c., to infinity. 

\—a 

Suppose a= J, we shall then have 

=- — 7=2, which will be equal to the series 

l-a \-\ 

Suppose a~\, we shall then have 

r =- — T=h which will be equal to the series 

I— a i—^ 

Ex, 2. Resolve — - — into an infinite series. 
\-\-a 

Ans, l-^a+a'^— a^+(7/--a^+, &c 
Suppose a=|-, we shall then have 



250 



INFINITE SERIES. 



■ 1 — f? which will be equal to the series 

i-i+i-i+rV- sV-i-. ^^' 

c 



Ex, 3. Resolve the fraction 



a+b 



into an infinite series. 



c be ¥c b^c p 

Ans. ^H — ^ j+5 <fec. 

a a^ a^ a"" 



Exj, 4. Resolve 



b+x 



into an infinite series. 



1+^ 

£.T. 5. Resolve into an infinite series. 

l—x 

W^ may proceed in the same manner when there are more 

than two terms in the divisor. 

1 



Ex, 6. Resolve 



l-a+d 



Ex, 7. Resolve 



into an infinite series. 

Ans, l-\-a—a^—a^-\-a^-\^,&LC. 

into an infinite series. 



{a-\-xy 

(299.) Jnjinite series obtained by extracting the square root. 
In Art, 272, -yj a-^b has been expanded into an infinite series 
by the Binomial Theorem. It was also remarked that the 
same result might have been obtained by extracting the square 
root according to the usual rule, Art, 275. The operation will 
proceed as follows : 

a-\-b a^'\ J 3+ 5 — , &c., = the square root of a+&. 

2a^ 8a^ 16a^ 



2a^-I Y, first divisor. 

2^2 



4a 



4ta 



2a^H — 7 — -3, second divisor. 
a~ 8a^ 



V V 


1 ^^ 


Aa 8a' 


'64a' 


+^^ 


b' 



Sa' 64a' 
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This result is the same as that obtained in Art 272. 
Ex, 2. Extract the square root of 1—x. 

Ex, 3. Extract the square root of a^'+Z?. 
Ex, 4. Extract the square root of a^—b, 

METHOD OF UNKNOWN COEFFICIENTS. 

(300.) The method of unknown coefficients is a method of 
developing algebraic expressions into series, by assuming a 
series having unknown coefficients, and afterwai;d finding the 
value of these coefficients. This method is founded on the fol- 
lowing 

THEOREM. 

If an equation of the form 

A+Bx+Cx'+'Dx'+, ^&.G„=A'+'B'x+C'x'+I)'x'+, &c., 
must be verified by any value given to x, the terms involving the 
same powers in the two, members are r^espectively equal. 

For, since this equation must be verified for every value of 
x, it must be verified when a;=0. But, upon this supposition, 
all the terms vanish except two, and we have 

A=A. 
Suppressing these two equal terms, we have 

'Bx-^Cx''-{-'Dx'-\-, &c., -=B'x+CV-f D':c^+, (fee. 
Dividing every term by x, we obtain 

B+C:z;+D:z;^+, &c., =B'+C'a:+DV+, &c. 
Since this equation must be verified for every value of x, it 
must he verified when x=0. But, upon this supposition, 

B=B^ 
In the same manner, we can prove that 

D=D', &c. 

l—x 
(301.) Let it be proposed to develop the expression —— 

1 ~piC 

into a series arranged according to the powers of x. It is 
plain that this development is possible, for we may divide the 
numerator by the denominator, as explained in Art, 298. 
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Let us, then, assume 
1- 



A+Bx+Cx'-\-'Dx'-{-Ex'+, &c., 



where the coefEcients A, B, C, D are supposed to be independ- 
ent of X, but dependent on the known terms of the fraction. 

In order to obtain the values of these coefficients, let us mul- 
tiply both members of the above equation by the denominator 
l-\~x, and we shall have 

l-x=A+(A+B)x+(B+C)x'+(C+'D)x'+{J)+E)x'+,&LG. 

But, according to the preceding Theorem, the terms involving 
the same powers o{ x in the two members of the equation must 
be equal to each other. 

Therefore, 



A= 


1, 






A+B = - 


-1 


; hence B=i— 2. 


B+C=- 





a 


C = +2. 


C+D= 


0; 


i( 


D=-2. 


D+E= 





(i 


E=+2. 


&c., 






&c. 



Substituting these values of the coefficients in the assumed 
series, we obtain 

l-^=l-2x+2x'-2x'+2x'-, &c. 
1+x 

(302.) The method thus exemplified is expressed in the fol- 
lowing 

RULE. 

Assume a series with unknown coefficients as equal to the pro- 
posed expression ; then, having cleared the equation of fractions, 
or raised it to its prosper power, find the value of each of these 
coefficients hy equating the corresponding terms of the two ex-- 
pressions, or putting such of them as have no corresponding 
terms, equal to zero, 

Ex. 2. Expand the fraction - — - — - — 5 into an infinite series. 

Assume :; — ^ , , =A+Ba:+C^'+D:g^-fE:g^+, &c. 
Multiplying by 1—2^+.^^^ we have 
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l=:A+(B-2A)x+(C-2B+A):^'+(D-2C+BK+(E-2l)+ 

Hence we must have 

A=l 

B-2A=0vB=2A =2, 

C-2B+ A=0 vC=2B--A=3, 

D-2e+ B=0-.-D-2C~B=4, 

E-2D+ C=0-.-E=2D-C=5, 

&c., &c. 

Therefore, ———-^==^l+2x+Sx'+4x'+5x'+, &e. 

1 + 2x 
Ex, 3. Expand the fraction ^—^ into an infinite series. 

Ans, .l-{-^x-\-4Lx''-^^x^-\-nx''\-lSx'+2^x'^, &c., 

where the coefficient of each term is equal to the sum of the 

coefficients of the two preceding terms. 

\—x 
Ex. 4. Expand — — -^ into an infinite series. 

1 ""• 4iX — Sx 

Arts. l-^x-^5x''^-l^x'-{-4:\x'-\-12lx'-\', &c 
What is the law of the coefficients in this series ? 

Ex, 5. Expand - — —^ into an infinite series. 
1 — Sx 

Arts. l+5a:+15a;'+45;z;'+135;r'+, &c. 
What is the law of the coefficients in this series ? 



Ex. 6. Expand ■\/l—x into an infinite series. 

X x" ^x' S.^x' 3.5.7:r^ 
Ans. 1-2""2:4""2X6~2:4:6:8~2.4.6.8.10~' 

(303.) The method of unknown coefficients requires that we 
should know beforehand the/orm of the development with re- 
spect to the powers of :?;. Generally, we suppose the develop- 
ment to proceed according to the ascending powers of:?;, com- 
mencing with x"" ; but sometimes^ this form is inapplicable, in 
which case the result of the operation is sure to indicate it. 

Let it he required, for example, to develop the expression 

1 

- — — r into a series. 

3x— re' 

Assume - — -^=A+B:c+Crc'^+Dx^+, &;c. 
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Clearing of fractions, we have 

whence, according to Art, 300, we conclude 

1--0, 
3A==0, &c. 
Now the first equation, 1=0, is absurd, and shows that the 
assumed form is not appUcable in the present case. But if we 

1 1 

put the fraction under the form -X;^^-, and suppose that 

X o X X 

it will become, after the reductions are made, 

1=3A+(3B-A):?:+(3C-BK+(3D~C)^^+, &c., 
which gives the equations 

3A=1 ; whence A= |-. 

3B-A=0; « B=i. 

3C-B=0; " C=^V 

3D-C=:0; " D=^V 

1 1 /I X x"^ x^ \ 

Therefore, ^-_j=-(^-+-+-+-+,&c.; 

X~^ X° X X^ -- 

that is, the development contains a term affected with a nega- 
tive exponent. 

We ought, then, to have assumed at the outset 

^ , =Ax~'+B-{-Cx+'Dx'+Ex'+, &c. 

tjX^~X 

The particular series which should be adopted in each case 

may be determined by putting x=0, and observing the nature 

of the result. If, in this case, the proposed expression becomes 

equal to a finite quantity, the first term of the series will not 

contain x. If the expression reduces to zero, the first term 

A 
will contain x ; and if the expression reduces to the form -~, 

then the first term of the development must contain x with a 
negative exponent. 



SECTION XIX. 



GENERAL THEORY OF EaUATIONS. 

(304.) It is proposed in this Section to exhibit the most irn- 
portaiit propositions relating to the theory of equations, to- 
gether with the Theorem of Sturm, by which we are enabled 
to determine the number of real roots of an equation. 

A function of a quantity is any expression involving that 
quantity. Thus, 

ax^+b is a function of ^. 
ay^+cy+d is a function of y. 
ax^—by^ is a function of :c and y. 
In a series of terms, two successive signs constitute a />er- 
manence when the signs are alike, and a variation when they 
are unlike. Thus, in the polynomial 

the signs of the first two terms constitute a permanence ; the 
signs of the second and third constitute a variation ; and those 
of the third and fourth also a variation. 

(305.) A cubic equation is one in which the highest power 
of the unknown quantity is of the third degree ; as, for ex- 
ample, 

x'-Qx''-\-^X'-lb=^0. 

All equations of the third degree, with one unknown quan- 
tity, may be reduced to the form 

x^-\-ax^+bx'\'C—0, 

A biquadratic equation is one in which the highest power of 
the unknown quantity is of the fourth degree ; as, for example, 

a;'~6a:'+7:c'+5x-4=0. 
12 



256 GENERAL THEORY OF EaUATIONS, 

Every equation' of the fourth degree, with one unknown 
quantity, may be reduced to the form 

The general form of an equation of the fifth degree is 
x^'i-ax^-\-bx^+cx''+dx+e=3 ; 
and the general form of an equation of th 3 ??2th degree, with 
one unknown quantity, is 

rc'"+A:r'"-'+B^"-'+Crc"-'+ ..... +T3;+V=0 (m). 

This equation will be frequently referred to hereafter by the 
name of the general equation of the mth degree, or simply by the 
letter (??2). 

It is obvious, that if we could solve this equation,, we should 
have the solution of every equation which could be proposed. 
Unfortunately, no general solution has evei' been discovered ; 
yet many important properties are known, which enable us to 
solve any numerical equation which can evsr occur. 

PROPOSITION I. 

(306.) If ^ is a root of the general equatioi of the mth degree^ 
the equation will be exactly divisible by x— a. 

For ii a is one value oix, the equation must be verified when 
we substitute a in the place of x. Hence v/e must have 
a^j^Aa'"-'-\-Ba""'+Ca'''-'+ . +T:2+V=0 (1). 

Subtracting equation (1) from equation (5^4), we obtain 
(^-_^-)+A(x'"-^-a"^-')+B(;r'"-'-a'"-')+ . .,-{-1{x~a)=0 (2). 

But, by^rif. 76, each of the expressions {x^' — a"^), (x*""^— a"""^), 
&c., is divisible by x—a, and therefore equation (2) is also di^ 
visible by x—a. Now equation {m) is bu.; another form for 
equation (2) ; for if we take the value oi V, as found from 
equation (1), and substitute it for V in equation (m), it will give 
us equation (2) ; therefore, equation [m) is divisible by x — a. 

Conversely, if equation {m) is divisible by x~a, then a is a 
root of the equation. 

It will be noticed that this property is bat a generalization 
of what has been proved of equations of the second degree, iu 
Art 192. 

Ex. L Prove that 1 is a root of the equation 
a;'-6^Hlla;-'6=0. 
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This equation is divisible by x—1, and gives x^--5x+6=0. 
Ex. 2. Prove that 2 is a root of the equation 

x'-x-6=0. 
This equation is divisible by x—2, and gives :c'^+2;r+3=0. 
Ex, 3. Prove that 2 is a root of the equation 

x'-Ux''+S6x-S6=0, 
Ex, 4. Prove that 4 is a root of the equation 

x'+x'-S4x+56=0, 
Ex, 5. Prove that — 1 is a root of the equation 

x*-38x'+210:i:'+538:?:+289=:0. 
Ex, 6. Prove that —5 is a root of the equation 
:c^+6x'~10x^-112a;'-207x- 110=0. 
Ex, 7. Prove that 3 is a root of the equation 

x'+x''-Ux'-'Ux'+49x'+49x'S6x-S6=0, 

PROPOSITION 11. 

(307.) Every equation of the mth degree containing but one 
unknown quantity, has m roots and no more. 

For, suppose a to be a root of the general equation of the 
mth degree. By the last Proposition, this equation is divisible 
by x—a; and if we actually perform the division, the equation 
will be reduced to one of the next inferior degree. 

If we represent the coefficients of the different powers of x 
by A', B', &c., the quotient will be 

:c"-'-l-A':c'""-'+B':c'"-^+ +T'a;+V'=0. 

This equation must also have a root, which we will repre- 
sent by h ; and dividing by x—h, the equation will be reduced 
to one of the next inferior degree, and so on. 

We may continue this series of operations (m—1) times, when 
we shall arrive at a simple equation which has only one root. 
Hence the proposed equation will have m roots, 

a, b, c, d, /; 

and its successive divisors, or the factors of which it is com- 
posed, will be 

X~'~' Uf it/— ""t/, i<y^— 'C, X Cb, • • • • . w V, 

being equal in number to the units contained in m, the highest 
exponent of the equation. 

R 
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We have seen that when one root of an equation is known, 
the equation is readily reduced to one of the next inferior de- 
gree ; and if we can depress any equation to a quadratic, its 
roots can be determined by methods ah'eady explained. 

Ex. I. One root of the equation 

is 1. Find the remaining roots. 
Ex. 2, Two roots of the equation 

are 1 and 3. Find the remainiiig roots. 

Ex. 3. Two roots of the equation 

x''-l2x''{-48x'-68x+15==,0 

are 3 and 5. Find the remaining roots. 

Ans. 2±'/3. 

Ex. 4. Two roots of the equation 

4x''- 14:c'-5:?;'+31rz;+6=:0 

are 2 and 3. Find the remaining roots. 

-3±v/5 

Ans. : , 

4 

Ex. 5. Two roots of the equation 

x'-6x'+24x-16=0 
are 2 a,nd — 2. Find the remaining roots. 

Ans. 3=±=v'5. 
(308.) It should be observed that this Proposition only proves 
that an equation of the mth degree may be continually depress- 
ed by division, and finally exhausted after m operations. The 
divisors are not necessarily unequal. Any number, and indeed 
all of them, may be equal. When we say that an equation of 
the mth degree has m roots, we mean that the polynomial can 
be decomposed into m binomial factors, equal or unequal, each 
eontaining one root. Thus, the equation 
0:^-6:?:^ + 12a:-8=0 
can be resolved into the factors 

(x-2) (x-2) (:?;-2)==0 ; or (x-2y=0 ; 
whence it appears that the three roots of this equation are 

2, 2, 2. 
But, in general, the several roots of an equation differ from 
each other numerically. 
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The equation 

has apparently but one root, viz., 2; but by the method of the 
preceding article we can discover two other roots. Dividing 
x^—8 hj x—2, we obtain 

x'+2x+4:=0. 
Solving this equation, we find 

Thus, the three roots of the equation 0:^=8 are 

2; -l+V"^^; -l-V"^. 
These last two values may be verified by multiplication as 
follows : 



-1+ V-3 
-1+ V-3 




-1- V-3 
-1- V-3 


1- V-3 
- V-3-3 




1+ V-3 
+ V-3-3 


-2-2V-3=the 
-1+ V-3 


square. 


— 2+2V— 3=the square. 
-1- V-3 


2+2V-3 
-2V-3+6 


the cube. 


2-2V-3 
+2V-3+6 


8= 


8= the cube, 



If the last term of an equation vanishes, as in the example 
x''\-2x'+Sx'+6x=0, 
the equation is divisible by x—0, and, consequently, is one 
of its roots. 

If the last two terms vanish, then two of its roots are equal 
too. 

PROPOSITION III. 

To discover the law of the coefficients of every equation, 
(309.) In order to discover the law of the coefficients, let us 
form the equation whose roots are 

a, b, c, d, , . . , . L 
This equation will contain the factors (x—a), (x—b), (^— c), 
fe. ; that is, we shall have 

(x—a) (x—h) (x—c) (x — d) (x—l)=0. 
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If we perform the multiplication as in Art 264:, we shall 
have 



x'^—a 


x'^-'+ab 


^m-2_ ^^^ 


-b 


+ ac 


— abd 


— c 


+ad 


— acd 


-d 


+ bc 


— bed 


&c. 


+ bd 
+ cd 


&c. 



'+. 



— (abc. .. . .Z)=0, 



Hence we perceive, 

1. The coefficient of the second term of any equation is equal 
to the sum of all the roots with their signs changed, 

2. The coefficient of the third term is equal to the sum of the 
products of all the roots taken two and two. 

3. The coefficient of the fourth term is equal to the sum of the 
products of all the roots taken three and three, with their signs 
changed, 

4. The last term is the product of all the roots with their signs 
changed. 

It will be perceived that these properties include those of 
quadratic equations mentioned on pages 163 and 164. 

If the roots are all negative, the signs of all the terms of the 
equation will be positive, because the factors of which the 
equation is composed are all positive. 

If the roots are all positive, the signs of the terms will be al- 
ternately + and — . 

Ex, 1. Form the equation whose roots are 1, 2, and 3. 

For this purpose, we must multiply together the factors 
x—t, x—2, x—S, and we obtain 

a;'-6x'+lla:-6=0. 

This example conforms to the rules above giv^n for the co- 
efficients. Thus, the coefficient of the second term is equal to 
the sum of all the roots (1+2+3) with their signs changed. 

The coefficient of the third term is the sum of the products 
of the roots taken two and two ; thus, 

1X2+1X3+2X3=11. 

The last term is the product of all the roots (1X2X3) with 
their signs changed. 
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Ex, 2. Porm the equation whose roots are 2, 3, 5, and —6* 
J.7i5,x'- 4x^-29:2:'+ 156a; -180=0. 

Show how these coefficients conform to the laws above 
given. 

Ex, 3. Form tha equation whose roots are 1, 3, 5, —2, —4, 
~6. 

Ans, x'-r2x'~4:lx'-81x'~\-4cQ0x''-4.4:4:X-120=0. 

(310.) Every rational root of an equation is a divisor of the 
last term ; for, since this term is the product of all the roots, it 
must be divisible by each of them. If, then, we wish to find a 
root by trial, we know at once what numbers we must employ. 

For example, take the equation 

x'-x-6=0. 

If this equation has a rational root, it must be a divisor of 
the last term, 6; hence we must try the numbers 1, 2, 3, 6, 
either positive or negative. 

If ^=^1, we have 1 — 1 — 6= — 6, 

^=2, " 8—2-6= 0, 

x=^H, " 27-3-6= 18, 

^=3, " 216-6-6=204, 

Hence we see that 2 is one of the roots of the given equa- 
tion, and by the method of Art. 307, we shall find the remain- 
ing roots to be 

PROPOSITION IV. 

(311.) No equation whose coefficients are all integers, and that 
of the first term unity,' can have a root equal to a rational frac- 
tion. 

For, take the general equation of the third degree, 

a^+:Ax'^\^x-\-C=0, 

and suppose, if possible, that the fraction — is one value of x, 

this fraction being reduced to its lowest terms. If we substi- 
tute this value for x in the given equation, we shall have 
a^ a^ ^^a _, 

I) b' o 
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Multiplying each term by Z?^ and transposing, we obtain 

Now, by supposition, A, B, C, a and b are whole numbers. 
Hence the entire right-hand member of the equation is a whole 
number. 

But by hypothesis, j- is an irreducible fraction ; that is, a 

and 6 contain no common factor. Consequently, a^ and b will 

contain no common factor, that is, t- is a fraction in its lowest 

ci 
terms. Hence, if 7- were a root of the pi^oposed equation, we 

should have a fraction in its lowest terms equal to a whole 
number, which is absurd. 

The same mode of demonstration is applicable to the general 
equation of the mXh degree. 

This proposition only asserts that in an equation such as is 
here described, the real roots must be integers, or they can not 
be exactly expressed in numbers. They may often be express- 
ed approximately by fractions, as is seen in the examples on 
pages 288-301. A real root which can not be exactly ex- 
pressed in numbers is, called incommensurable. 

PROPOSITION V. 

(312.) If the signs of the alternate terms in an equation are 
changed, the signs of all the roots will be changed. 

If we take the general equation of the mt\i degree, and change 
the signs of the alternate terms, we shall have 

a^"-Aaj"-^+B2;--^-C:r*"-'+ ..... =0 (1) % 
or, changing the sign of every term of the last equation, 
-x'^-\-A.x''-'-Bx'^-^-\-Cx''-'- ==0 (2). 

Now, substituting +a for x in equation {m) will give the 
same result as substituting —a in equation (1)^ if ttz be an even 
number; or, substituting —a in equation (2), if m be an odd 
number. If, then, a is a root of equation (m), —a will be a root 
of equation (1), and, of course, a root of equation (2), which is 
identical with it. 
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Hence we see that th^ positive roots may be changed into 
negative roots, and the reverse, by simply changing the signs 
of the alternate terms ; so that the finding the real roots of any 
equation is reduced to finding positive roots only. 
Ex. 1. The roots of the equation 

x'-2x'-5x+6=0 
are 1, 3, and —2. What are the roots of the equation 
x'+2x'-5x-6=0l 
Ex, 2. The roots of the equation 

x'-6x'+Ux-6=0 
are 1, 2, and 3. What are the roots of the equation 
x'+6x'+llx+6=0l 

PROPOSITION VI. 

(313.) If an equation whose coefficients are all real, contains 
imaginary roots, the number of these roots must he even. 

If ^n equation whose coefficients are all real, has a root of 
the form 

a-\-h^^-\, 
then will a—bV — l 

be also a root of the equation. 

For, let a+hV — l be substituted for x in the equation, the 
result will consist of a series of terms, of which those involving 
only the powers of a, and the even powers of 6V — 1 will be 
real, and those which involve the odd powers of bV — l will 
be imaginary. If we denote the sum of the real terms by P, 
and the sum of the imaginary terms by Q V — 1, then we must 
have 

P+QV'~T=0, 
which relation can only exist when P=0 and Q=0. 

Again, let a— &V — 1 be substituted for x in the proposed 
equation, the only difference in the result will be in the signs 
of the odd powers of bV — l, so that the result will be P— 
QV— 1. But we have found that P=0 and Q=0 ; hence 

P-Qa/'^=0. 

12* 
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And, since a^h V — 1 substituted for x gives a result equal to 
zero, it must be a root of the equation. 
Ex. 1. Find the roots of the equation 
x''-2x'\-4:=^0, 

Ans. —2, and l±y — 1. 
Ex. 2. Find the roots of the equation 
x^'-x'''-lx-\-l6=0, 

Ans. —3, and 2± V"^. 
Ex. 3. Find the roots of the equation 
5x'+2x-4:4:=:0. 

Ans. 2, and — 1± V— 3.4. 

Hence every equation of the third degree vi^hose coefficients 
are all real, must have one real root. The same is true of 
every equation of an odd degree. 

PROPOSITION VII. 

(314.) Every equation must have as many tariations of sign 
as it has positive roots, and as many permanences of sign as 
there are negative roots. 

To prove this Proposition, it is only necessary to show that 
the multiphcation of an equation by a new factor, x—a, cor- 
responding to a positive root, will introduce at least one varia- 
tion, and that the multiplication by a factor x-{-a will intro- 
duce at least one permanence. 

For an example, take the equation 

x'-\-2x^-l0x-24:=0, 

in which the signs are + + — —, giving one variation. 
Multiply this equation by a;— 2=0, as follows : 

x^-\'3x''-lOx-24: 

x—2 

x'-\-2x^-\()x''-24:X 

-2x^- 6:c'+20x+48 



x^-k- x^-lQx''- 4:i;+48=0. 

In this last product the signs are +-1 +, giving two va- 
riations; that is, the introduction of a positive root has intro- 
duced one new variation in the signs of the terms. 
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To generalize this reasoning, we perceive that the signs in 
the upper line of the partial products are the same as in the 
given equation ; bat those in the lower line are all contrary to 
those of the given equation, and advanced one term toward the 
right. 

Now, if each coefficient of the upper line is greater than the 
corresponding one in the lower, the signs of the upper line will 
be the same as in the total product, with the exception of the 
last term. But the last term introduces a new variation, since 
its sign is contrary to that which immediately precedes it ; 
that is, the product contains- one more variation than the 
original equation. 

When a term in the lower line is larger than the correspond- 
ing one in the upper line, and has the contrary sign, there is a 
change from a permanence to a variation ; for the lower sign 
is always contrary to the preceding upper sign. Hence, when- 
ever we are obliged to descend from the upper to the lower 
line in order to determine thesign of the product, there is a 
variation which is not found in the proposed equation ; and as 
all the remaining signs of the lower line are contrary to those 
of the proposed equation, there must be the same changes of 
sign in this line as in the given equation. If we are obliged to 
reascend to the upper line, the result may be either a variation 
or a permanence. But even if it were a permanence, since 
the last sign of the product is in the lower line, it is necessary 
to go once more from the upper line to the lower, than from 
the lower to the upper. Hence each factor, corresponding to 
a positive root, must introduce at least one new variation; so 
that there must be as niany variations as there are positive 
roots. 

In the same manner, we may prove that the multiplication 
by a factor x+a, corresponding to a negative root, must intro- 
duce at least one new permanence ; so that there must be as 
many permanences as there are negative roots. 

JEx. 1. The roots of the equation 

x''-Sx'-5x'-\-15x'-i-4x'-l2=0 

are 1, 2, 3, —1, and —2. There are also three variations of 
sign, and two permanences, as there should be, according to 
the Proposition. 
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Ex, 2. The equation 

has four real roots. How many of these are negative ? 
Ex. 3. The equation 

x'+Sx'-4:lx'-Sl[x'+400x'+M4x-l[20=0 

has six real roots. How many of these are positive ? 

If all the roots of an equation are i^eal, the number of posi- 
tive roots must be the same as the number of variations, and 
the number of negative roots must be the same as the number 
of permanences. If any term of an equation is wanting, we 
must supply its place with ±0 before applying the preceding 
Rule. 

PROPOSITION VIII. 

(315.) If two numbers, when substituted for the unknown 
quantity in an equation, give results with contrary signs, there 
is at least one root comprised between those numbers. 

Take, for example, the equation 

:c'-2x' + 3:r-44=:0. 

If we substitute 3 for ;r in this equation, we obtain —26; 
and if we substitute 5 for x, we obtain +46. There must, 
therefore, be a real root between 3 and 5 ; for, when we sup- 
pose x—S, we have 

x^-\-2x<J2x''-\-M. 

But when we suppose x=^b, we have 
x'+3;r>2x'+44. 

Now both the quantities 

x^-\-^x and 2x'+44 
increase while x increases. And since the first of these quan- 
tities, which was originally less than the second, has become 
the greater, it must increase more rapidly than the second. 
There must, therefore, be a point at which the two magnitudes 
are equal, and that value of x which renders these two magni- 
tudes equal must be a root of the proposed equation. 

In general, if two numbers, j9 and q, substituted ior x in an 
equation, give results with contrary signs, we may suppose the 
less of the two numbers to increase by imperceptible degrees 
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until it becomes equal to th,e greater number. The results of 
these successive substitutions must also change by impercepti- 
ble degrees, and must pass through all the intermediate values 
between the two extremes. But the two extreme values are 
affected with opposite signs ; there must, therefore, be some 
number between p and q which reduces the given equation to 
zero, and this number will be a root of the equation. 

In the same manner, it may be proved that if any quantity 
p, and €very quantity greater than p, substituted in an equation, 
renders the result positive, then p is greater than the greatest 
root. 

Hence, also, if the signs of the alternate terms are changed, 
and if q, and every quantity greater than q, renders the result 
positive, then ~q is less than the least root. 

If the two numbers, which give results with contrary signs, 
differ from each other only by unity, it is plain that we have 
found the integral part of a root. 

Ex. 1. Find thexintegral part of one of the roots of the equa- 
tion 

^^*- 11^^+8:?;-.- 16=0. 

When x=2, the equation reduces to —12; and when x=S, 
it reduces to +71. Hence there must be a root between 2 and 
3 ; that is, 2 is the first figure of one of the roots. 

Ex. 2. Find the first figure of one of the roots of the equa- 
tion 

x^-{-x^-\-x-^lOO=0. 

Ans. 4. 

Ex. 3. Find the first figure of each of the roots of the equa- 
tion 

x^-4cx''-Qx-\-S:=^0. 

PROPOSITION IX. 

(316.) Every equation may he transformed into another, 
whose roots are greater or less than those of the former by any 
given quantity. 

Let it be required to transform the general equation of the 
mth degree into another whose roots are greater by r than 
those of the given equation. 

Take y=x+r, or x—y-r-r, 
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and substitute y—r for x in the proposed equation; we shall 
then have 



+A 



2/--+, 



_j m(m—l)r'^ 



— Qn—l)Ar 
+B 



, m( m- l)(m-2)r 



+ 



2.3 

(m-l) (m-2)Ar' 



3/'"-^^&c.,=0, 



— {m—2)Br 
+C 

which equation evidently fulfills the required conditions, since 
y is greater than x by r. 

If we take y=x—r^ or a:=y+r, we shall obtain in the same 
way an equation whose roots are less than those of the given 
equation by r. 

Ex, 1. Find the equation whose roots are greater by 1 than 
those of the equation 

We must here substitute y— 1 in place of x, 

Ans. y^'-l[y+l=0. 
Ex, 2, Find the equation whose roots are less by 1 than 
those of the equation 

x'-2x''-hSX'-4=0. 

Ans. y+y'+23^— 2=0. 
Ex, S, Find the equation whose roots are greater by 3 than 
those of the equation 

x'+9x'+12x'-Ux=0, 

Ans, y'Sy'-l5y'+49y-12=0, 
Ex, 4. Find the equation whose roots are less by 2 than 
those of the equation 

5x'-l2x'-{-Sx''-{'4:X-5=0, 

Ans, 5y'+2Si/ + 5ly''+S2y-l=0, 
Ex, 5. Find the equation whose roots are greater by 2 than 
those of the equation 

a:^+10;r'+42a:'+86:i;'+70x+12=0. 

Ans, y'-{-2y''-62/'-l0y-\-S=0, 

PROPOSITION X. 

(317.) Any complete equation may be transformed into an- 
other whose second term is wanting. 
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Since r in the preceding Proposition is indeterminate, we 
may put — mr+A equal \o zero, which will cause the second 

term of, the general development to disappear. Hence r=— , 

and x=y . 

Hence, to remove the second term of an equation, substitute 
for the unknown quantity a new unknown quantity, together 
with such a part of the coefficient of the second term, taken with 
a contrary sign, as is denoted by the degree of the equation, 
Ex. 1. Transform the equation 

x''-Gx'+8x'-2=0 
into another whose second term is wanting. 

Here we take a new unknown quantity, and annex to it a 
third part of the coefficient of the second term of the equation 
with its sign changed ; that is, we put x=y-\-2. Making this 
substitution, we obtain 

?/'— 4?/— 2=0. Ans, 
Ex, 2, Transform the equation 

x'-16x'-6x+l5=0 
into another whose second term is wanting. 
Here we put x=y+4. 

Ans, y'-dGy'-^lSy-lKl^O 
Ex. 3. Transform the equation 

x'+15x'+12x'-20x'+Ux--25=0 
mto another whose second term is wanting. 

Ans. y'-lSy'+4:l2y'-'I51fyA-4.0l=0. 

Since the coefficient of the second term is equal to the sum 
of the roots with their signs changed, it is obvious that when 
the second term of an equation is wanting, the sum of the posi- 
tive roots must be equal to the sum of the negative roots 

PROPOSITION XL 
(318.) To discover the law of Derived Polynomials. 
When we substitute y+r for x in the general equation of 
the wzth degree, the coefficients of r follow a remarkable law 
The equation, before it is developed, is 



\m~l 
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(y+r)"+A(z/+r)"-^+B(z/+r)«*-^+ +T(z/+r)+V=0. 

If we actually involve the several terms (y+r)% {p+rY 
&c., as was done in Art, 316, we obtain certain terms inde- 
pendent of r, others which contain the first power of r, others 
the second power of r, and so on ; and the development is of 
the following form: 

where the values of X, Xj, X^, &c., are 

X =3/'«+Ay'~-^+By'«-'+C?/"-'+ + T?/+V. 

X,=my''-'+{m-l)Ay''-'+{m-2)By'^~^+ +2S?/+T. 

X^=m{m-J)y'"-'+(m-l) (m-2)Ay''-'+ 

Each of these polynomials may be derived from that imme- 
diately preceding it, by multiplying each term by the exponent 
of y in that term, and diminishing the exponent by unity. 

The expressions Xj, Xg, &c., are called derived polyno- 
mials of X. Xj is called the^rs^ derived polynomial, Xg the 
second derived polynomial, X 3 the third, and so on. 

Ex, 1. Find the equation whose roots are less by r than 
those of the equation 

x^-5x+6=0. 
Here we shall have 

X = y'-5y+6, 
X,=2y-5, 

Xb^o. 

But we have seen that when y+r is substituted for x, the 
equation reduces to the form 

X+X,r+^r'+||r'+, &c. 

Substituting the values of X, Xj, X^, &c., above found, we 
obtain 

{y'-5y+6) + (2y-'5)r+r% 
which is the development of 

(y+ry-~5{y+r)+6. 
Ex, 2. Find the equation whose roots are less by r than 
those of the equation 
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Here we shall have 

X = y'- 7f+8y-3, 
X,=3f-Uy +8, 
X,=62/-14, 

X,=0; 
and, substituting these values in the same formula as above, 
we obtain 

(z/^-7y^+83/-3) + (3i/^-14i/+8)r+^(62/~14)r^+^6r% 

which is the development of 

Ex, 3. Find the successive derived polynomials of the equa- 
tion 

x'-Sx'+Ux'+^x-S^O, 
Ex. 4. Find the successive derived polynomials of the equa- 
tion 

x'+Sx'+2x'-Sx'-2x-2=0. 

PROPOSITION XII. 

(319.) To find the equal roots of an equation. 

We have seen, in Art, 308, that an equation may have two 
or more equal roots. Thus, the equation 
x'-6x'''\'l2x-S=0, 
or {x-2y=-0, 

has the three equal roots 2, 2, 2* Such an equation and its 
first derived polynomial always contain a common divisor ; for 
the first derived polynomial of the above equation is 

3:i;'-12;2^+12,, 
or ^x-2y, 

where it is evident that (re— 2)\is a common divisor of both 
equations. 

In general, let a be one of the equal roots which occurs n 
times as a root of the given equation; the first member will 

therefore contain the factors {x—o), (x—a), (x—a), ■— ; 

that i«, {x—ay. The first derived polynomial will contain the 
factor n{x—aY~^ • that is, a;— a occurs (n—1) times as a factor 
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in the first derived polynomial. The greatest common divisor 
of the given equation and its first derived polynomial must 
therefore contain the factor (x-^a) repeated once less than in 
the given equation. 

To determine, therefore, whether an equation has equal 
roots, find the greatest common divisor between the equation and 
its first derived polynomial. If there is no common divisor, the 
equation has no equal roots. If there is a common divisor, solve 
the equation obtained by putting this divisor equal to zero, 
Ex. 1. Find the equal roots of the equation 

x'-Sx''-Y2lx-lS=0, 
The first derived polynomial of this equation is 

Sx'-lQx-\^2l. 
The greatest common divisor between this and the given 
equation is 

x—2. 
Hence the equation has two roots, each equal to 3. 
Ex, 2. Find the equal roots of the equation 
x'-l^x''-\-^^x-l^=0. 

Ans, Two roots equal to 5. 
Ex. 3. Find the equal roots of the equation 
x^-'lx''-\-l%X'-l2=Q. 

Ans. Two roots equal to 2. 
Ex. 4. Find the equal roots of the equation 
x'-Qx''-Sx-^=0. 

Ans. Three roots equal to— 1 

PROPOSITION XIII. 

(320.) To find the number of real and imaginary roots of an 
equation. 

In 1829, M. Sturm discovered a theorem which determines 
the precise number of real roots, and of course the number of 
imaginary ones, since the real and imaginary roots are to- 
gether equal in number to the degree of the equation. We 
propose now to develop this theorem. 

Let X i-epresent the first member of the general equation of 
the mth degree, which we suppose to have no equal roots, and. 
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let X/ be its first derived polynomial, found by the method of 
Art 318. 

Divide X by X, until the remainder is of a lower degree 
than the divisor, and call this remainder —X// ; that is, let X/, 
designate the remainder with a contrary sign. Divide X/ by 
X// in the same manner, and so onj designating the successive 
remainders with contrary signs by X///, X,///, &c., until the di- 
vision terminates by leaving a numerical remainder independ- 
ent ofx; which must always be the case, according to the pre- 
ceding Proposition, since the equation having no equal roots, 
there can be no factor, which is a function of x, common to 
the equation and its first derived polynomial. Let this re- 
mainder, having its signs changed, be called X^. 

The operation thus described will stand as follows : 



X 



X/ X/ 

Q/ X>/Q/ 



X.// X// 

Q// X///(ci/y 






X— X/Q,/— — X// ; X/— X//Q,/y— — X/// ; X,,— X///Q///— — X^///. 
We thus obtain the series of quantities 

A., A./, A.//, A///, A////, A;re, 

each of which is of a lower degree with respect to x than the 
preceding, and the last is altogether independent of x, that is, 
does not contain x. 

We now substitute for x in the above functions any two 
numbers p and q, of which p is less than q. The substitution 
of jo, will give results either positive or negative. If we only 
take account of the signs of the results, we shall obtain a certain 
number of variations and a certain number oi permanences. 

The substitution of ^ for x will give a second series of signs, 
presenting a certain number of variations and permanences. 
The following, then, is 

THE THEOBEM OF STUilM. 

The difference between the number of variations of the first 
row of signs and that of the second, is equal to the number of 
real roots of the given equation comprised between p and q. 

(321.) In order to simplify the demonstration of this theorem, 
we shall premise three Lemmas ; and, for convenience, we shall 
call X the primitive function, and X^, X^^, Hm, &c., auxiliary 
functions. 

S 
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Lemma I. If we substitute any number for x in the series of 
functions X, X,, X//, &c., two consecutive functions can not both 
reduce to zero at the same time. 

For, from the method in which X/, X,/, &c., are obtained, 
we have the following equations : 

X -X, Q, -X„ (1). 
X, =X„Q„ -X,„ (2). 
X// =X,„Q,„v — X„„ (3). 

it 66 it 

X„^2=X;„-iQ;n-i—X^ (m— 1). 

Now, impossible, suppose X^— 0, and X//=0 ; then, by equa- 
tion (2), we shall have Xj/,—0, Also, since X//=0, and X///= 
; therefore, by equation (3), we must have X////=0 ; and, pro- 
ceeding in the same manner, we shall find that X^=0, which is 
absurd, since it was shown. Art, 320, that this final remainder 
must be independent of x, and must therefore remain un- 
changed for every value, of :?;. 

Lemma IL When one of the auxiliary functions vanishes for 
a ^particular value of x, the two adjacent functions must have 
contrary signs. 

For, by equation (3), we have 

X-//=X///Q/// — X//// ; 
and if X.,,, reduces to zero, then X/y= — X/,,/ ; that is, X^, and 
X//// have contrary signs. 

Lemma III. If a is a root of the equation X=0, the signs of 
X and X/ will constitute a variation for a value of x which is 
a little less than a, and^ a permanence for a value dfx which is a 
little greater than a. 

For if we substitute a+r for x in the equation X=0, the de- 
velopment of the function Xj according to Art, 318, will be of 
the form 

A+AV+ other terms involving higher powers of r. 

Now if a is a root of the equation X=0, the first term of the 
development becomes zero, and there remains 

AV+ other terms involving higher powers of r. 

Also, if we substitute a+r for x in the first derived polyno- 
mial, the development will contain 

A'+ other terms involving 
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Now we may take r so small that each of these develop- 
ments shall have the same sign as its first term, 

K'r and A'. 

Hence they must both have the same sign when a is positive, 
and contrary signs when r is negative. That is, the signs of 
the two functions X and X, 
constitute a variation for. x=a—r^ 
and a permanence for x—a-\-r. 

DEMONSTRATION OF THE THEOREM. 

(322.) Suppose all the real roots of the equations 
X-0, X,=0, X//=0, X,/,=0, &c., 
to be arranged in a series in the order of magnitude, beginning 
with the least. Letjf?be less than the least of these roots, and 
let it increase continually until it becomes equal to q, which 
we suppose to be greater than the greatest of these roots. 
Now so long as p is less than any of the roots, no change of 
signs will occur from the substitution ofjo for x m any of these 
functions, ArtSlQ ; but when p arrives at a root of any of the 
auxiliary equations, its substitution for x reduces that polyno- 
mial to zero, and neither the preceding nor succeeding func- 
tion can vanish for the same value of x (Lemma L), and these 
two adjacent functions have contrary signs (Lemma II.). 
Hence the entire number of variations of sign is not affected 
by the vanishing of any of the auxiliary functions ; for the 
three adjacent functions must reduce to 
+, 0, -, or -, 0, +'. 

Here is one variation, and there will also be one variation 
if we supply the place of the with either + or — ; thus, 
+, +, — , or — , +, +, 
+, -, -,or -, -, +. 

Suppose, now, p to pass fronri a number very little smaller, 
to a number very little greater than a root of the primitive 
equation 

X=0, 
the sign of X will be changed from + to — , or from — to +, 
Art.^l^, The signs of X and X, constitute a variation before 
the change, and a permanence after the change (Lemma Ill.'i 
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Hence the change of sign of the function X occasions a loss 
of one variation of sign. 

Again, while jf? increases from a number very Httle smaller 
to a number very little greater than another root of the equa- 
tion X=0> a second variation will he^ changed into a perma- 
nence, and so on for the other roots of the primitive equation. 

Now, since all the real roots must be comprised within the 
limits — QO and +qo , if we substitute these values for x in the 
series of functions X, X^, &;c., the number of variations lost 
will indicate the whole number of real roots. A third suppo- 
sition, that :z;=0, will show how many of these roots are posi- 
tive and how many negative ; and if we wish to determine 
smaller limits of the roots, we must try other numbers. It is 
generally best to make trial in the first instance of such num- 
bers as are most convenient in computation, as, 1, 2, 10, &c, 

EXAMPLES. 

(323.) Ex. 1. How many real roots has the equation 

x'-6x'+nx-6=0l 
Here we have X/==3x^— 12x+ll. 

Dividing :?:'— 6x' + 11:^—6 -by 3a:'— 12:c+ll, as in the meth- 
od for finding the greatest common divisor. Art. 251, we have 
for a remainder —207+4. Hence, rejecting the factor 2, X,, 
=x—2. Dividing X by X,/, we have for a remainder —1. 
Therefore, X///= + 1. 
Hence we have 

X = x'- ^x'+llx-Q. 
X/=:3a:'-12:?:+ll. 
X// = X — 2. 

If we substitute — oo for a; in the first polynomial x^—Qx^-Y- 
11:?::- 6, the sign of the result is — ; substituting — oo for x in 
the second polynomial 3.-^'— 12:z:+ll, the sign of the result is 
+ ; substituting the same iii x—2, the sign of the result is 
— ; and X///, being independent of x, will remain + for every 
value of ;r, so that by supposing x= — oo , we obtain the series 
of signs 

- + - +. 

Proceeding in the same manner for other assumed values 
of a?5 W6 shall obtain the following results : 
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eS Values of x. 


Resulting Signs. 




Variations. 




— 00 


- + - + 


givin 


,g 3 variations. 





- + - + 


a 


3 


it 


+ .9 


- + - + 


a 


3 


it 


+ 1 


+ - + 


a 


2 


it 


+ 1.1 


+ + - + 


ti 


2 


it 


+ 1.9 


+ — + 


a 


2 


a 


+2 


0-0 + 


6( 


1 


it 


+2.1 


— + + 


it 


1 


it 


+2.9 


- + + + 


it 


1 


it 


+3 


+ + + 


a 





it 


+3.1 


+ + + 4- 


a 





ti 


+ QO 


+ + + + 


a 





it 



Here the threfe roots of this equation are seen to be 1, 2, 3, 
and no change of sign in either function occurs by the substi- 
tution for X of any number less than 1 ; but when^ exceeds 1, 
there is a change of sign in the original equation from — to 
+, by which one variation \^ lost. When p==2, two of the 
functions disappear simultaneously, showing that 2 is a root of 
the second derived function as well as of the original equation, 
and a second variation of sign is lost Also, when p becomes 
equal to 3, a third variation is lost ; and there are no further 
changes of sign arising from the substitution of any numbers 
between 3 and +qo. 

There are three changes of sign of the primitive function, two 
of the first auxiliary function, and one of the second auxiliary 
function ; but no variation is lost by the change of sign of any 
of the auxiliary functions ; while every change of sign of the 
primitive function occasions a loss of one variation. 

Ex, 2. How many real roots has the equation 
x'-6x''-{-Sx'- 1=^01 

Here we find 

X/ =3a;'-10:c+8. 
X// =2:^-31. 

When a:j=: — 00, the signs are — H , giving 2 variations; 

Hence feis equation has but one real root, and, consequent- 
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ly, must have two imaginary roots. Moreover, it is easily 
proved that the real root lies betw^een and +1. 
Ex, 3. How many real roots has the equation 

Here we have 

X = x'- 2x'- 7a:^+10:z;+10. 

X, = 4x'- Qx^-Ux -{-10-, ov 2x'-Sx'-lx+b. 

X/, = 17:^^-23:?; -45 

X,,, =152x -805. 

When x= — ao, the signs are + — -] h? giving 4 variations ; 

X=+OD, " + + + + +, " 

Hence the four roots of this equation are real. 
If we try different values for x, we shall find that 

When:2;= — 3, the signs are + — H h, giving 4 variations; 

x=-2, " - + + -+, " 3 

x=-ly " - + + -+, " 3 

x= 0, " + + +, " 2 

x= + l, " +---+, " 2 

x =+2, " + +, " 2 

^=+3, " + + +++, " 

Hence this equation has one negative root between —2 and 
— :3 ; one negative root between and --1 ; and two positive 
roots between 2 and 3. 

Ex. 4. How many real roots has the equation 

x'-'7x+l=0l 
Ans. Three : viz., two between 1 and 2, and one between 
— 3 and —4. 

Ex. 5. How many real roots has the equation 
2x'-20x + 19=0? 

Ans. Two. 
Ex. G. How many real roots has the equation 
x'-{-2x'-\-Sx'+4:x''+5x-20=0l 

Ans. One between 1 and 2. 
Ex. 7. How many real roots has the equation 
a;'+3;?:'+ 5:^-178=0? 

Ans. One between 4 and 5, 
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Ex. 8. How many real roots has the equation 

Ans. Four. 
Ex, 9. How many real roots has the equation 
x^-Sx^'{'l4.x''+^x-S=0 ? 

Ans. Pour. 

PROPOSITION XIV. 

(384.) To discover a method of elimination for equations of 
any degree. 

The principle of the greatest common divisor affords one of 
the most general methods for the elimination of unknown 
quantities from a system, of equations. 

Suppose we have two equations involving x and y reduced 
to the form of 

A=0, 
B=0. 

If we proceed to find the greatest common divisor of A and 
B, we shall have, according to Art, 249, 

A-QB+R. 

But since A and B are each equal to zerOj it follows that R 
must equal zero. Hence we see, that, if we divide one of the 
polynomials by the other, as in the method of finding the 
greatest common divisor, each successive remainder may be 
put equal to zero. If we arrange the polynomials before di- 
vision with reference to the letter x^ we shall at last obtain a 
remainder which "does not contain x ; which remainder, being 
put equal to zero, is the equation from which x has been elim- 
inated. 

Ex, 1. Eliminate x from the equations 

X +y — 5=0. 
Divide the first polynomial by the second, as follows i 



x'+y'-lS 
i2;'+(y— 5):c 



x+y—B 



x—y-\-5 
-{y-5)x-h y'-lS 
-(i/-6)x- y'+10y-2^ 

23/'— 101/4-12 == remaindere 
13 
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This remainder we have already proved must be equal to 
zero ; that is, 

2/- 10?/+ 12=0, 
an equation from which x has been ehminatod. 
Ex> 2. Ehminate x from the equations 
x''+xy —56=0, 
xy +2?/'~-60=0. 

Arts, t/'~:il8?/^ + 1800=0o 
Ex. 3» Ehminate .r from the equations 
x''{-f-x-2/-78=:0, 
xi/-{'X+y—S9=0, 

Ans. 3/'+^'~77y^-273z/+1404=0e 
Ex. 4. Eliminate x from the equations 
x''—Sxy+y''-\-y=0, 
x''—xy+l =0. 

Ans. y'-~5y^+2y—l=0. 
If we have three equations containing th] ee unknown quan- 
tities, we must first eliminate one of the unk.iow^n quantities by 
combining either of the equations with each of the others. We 
thus obtain two new equations involving but two unknown 
quantities, from which we may obtain a finrl equation involv- 
ing but one unknown quantity. 

Ex. 5. Ehminate x and j/ from the equations 

xyz~- c=0, 
xz-^xy-\-yz— b=0, 
X + y+ z — a=0. 

Ans, z^'-az'^+bz--c=0» 
Ex. 6. Eliminate x and y from the equations 
x'-^y= 7, 
i/+z=VS, 
z'+x=l8, 
Ans. %'-~72z'+1930x'-22824%'4-%+ 100476=0. 



SECTION XX. 



SOLUTION OF NUMERICAL EaUATIONS. 

(325.) We will first consider the method of finding the in- 
tegral roots oi Rn equation, and will begin with forming the 
equation whose roots are 2, 3, 4, and 5. This equation must 
be composed of the factors, 

(x-2) {x-S) {x-^) Xx-5)=0. 
If we perform the multiplication (which is most expeditious- 
ly done by the method of detached coef&cients shown in Art, 
64), we obtain the equation 

:?;'-14a;'+7lV-154a;+ 120=0. 
We know that this equation is divisible by :r— 5. Let us 
perform the division by the method of detached coefiicients 
shown in Art 80: 

A B C D V a 



1~14+71-154+12[0 
1~ 5 

- 9+71 

- 9+45 



1—5= divisor. 



1—9+26—24= quotient. 



+26-154 
+26-130 



- 24+120 

- 24+120. 

Supplying the powers of x, we obtain for a quotient 

V~9;r'+26:r-24=0. 
This operation may be still further abridged, as follows: 
Represent the root 5 by a, and the coefficients of the given 
equation by A, B, C, D, . . . . . V. 
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We first multiply —a by A, and subtract the product from 
B; the remainder, —9, we multiply by — ^, and subtract the 
product from C ; the remainder, +26, we multiply again by 
— a^ and subtract from D ; the remainder, —24, we multiply 
by — •«, and, subtracting from V, nothing remains. If we take 
the root a with a positive sign, we may substitute addition for 
subtraction in the above statement ; and if we set down only 
the successive remainders, the work will be as follows : 

ABC D V a 
1-14+71-154+120|5 
1- 9+26- 24, 

and the rule will be, 

Multiply A hy a^ and add the product to B ; set down the surriy 
multiply it hy a, and add the product to C; set down the suniy 
multiply it hy a, and add the product to D, and so on. The final 
product should he equal to the last term V, taken with a contrary 
sign. 

The coefficients above obtained are the coefficients ot a 
cubic equation whose roots are 2, 3, 4. The equation may 
therefore be divided by a:— 4, and the operation will be as fol- 
lows : 

1-9+26-24(4 
1-5+6. 
These, again, are the coefficients of a quadratic equation 
whose roots are 2 and 3. [Dividing again by x—S, we have 

1-5+613 
1-2, 
which are the coefficients of the binomial factor a;— 2. 

These three operations of division may be exhibited together 
as follows : 



5, first divisor. 
4, second divisor. 
3, third divisor. 



1-14+71-154+120 J 
1-V9+26- 24 
1- 5+ 6 
1-2. 

(326.) The method here explained will enable us to find all 
the integral roots of an equation. For this purpose, we make 
trial of different numbers in succession, all of which must be 
divisors of the last term of the equation. If any division leaves 
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a remainder, we reject this divisor; if the division leaves no 
remainder, the divisor employed is a root of the equation. 
Thus, by a few trials, all the integral roots may be easily 
found. 

Ex, 2. Find the seven roots of the equation 

We take the coefficients separately, as in the last example, 
and try in succession all the divisors of 36, both positive and 
negative, rejecting such as leave a remainder. The operation 
is as follows : 



1 + 1-14-14+49+49-36-36 
1+2-12-26+23+72+36 
1+4- 4-34-45-18 

1+7+17+17+ 6 
1+6+11+ 6 

1+5+ 6 

Hence the seven roots are, 

1,2,3, -1, -1, -2,-3. 

Ex, 3. Find the six roots of the equation 

a;'+5:c'-81c?;*-85:c'+964:c'+780:c- 



1, first divisor. 

2, second divisor. 

3, third divisor. 

— 1, fourth divisor. 

— 1, fifth divisor 
—2, sixth divisor. 
—3, seventh divisor. 



-1584=0. 



1+ 5-81— 85+964+ 780-1584 1. 

1+ 6-75-160+804+1584 4. 

1 + 10-35-300-396 6. 

1 + 16+61+ m - 2. 

1+14+33 - 3. 

1 + 11 —11. 

The six roots, therefore, are 

1,4, 6, -2,-3, -11. 
Ex. 4. Find the five roots of the equation 

x''+Qx'-l0x'-n2x''-201x-U0=:0. 



1+6-10-112-207-110 
1+5-15- 97-110 
1+3-21- 55 
1-2-11 

Three of the roots, therefore, are 
-1, -2, -5. 



-1. 
-2. 
-5. 



284 SOLUTION OF NUMERICAL EaUATIONS. 

The two remaining roots may be found by the ordinary 
method of quadratic equations; Supplying the letters to the 
last coefficients, we have 

:5c'^-2:r-ll=0. 

Hence a;=l±^/12. 

Ex. 5. Find the four roots of the equation 

Ex. 6. Find the four roots of the equation 

x'-55x''-S0x+504:=0. 
Ex. 7. Find all ,the roots of the equation 
x'-26x'+6qxSQ=0. 
Ex. 8. Find all the roots of the equation 

x'+5x'+x'-16x''-'20x-l6=^0. 
Ex. 9. Find all the roots of the equation 

:c*-12;r'+47^'~72:2;+36=0. 

Ans. 1, 2, 3, and 6, 

HORN^JR'S METHOD. 

(327.) The preceding method fui-nishes the roots of an equa- 
tion only when they are expressed by whole numbers. When 
the roots are incommensurable, we employ the following meth- 
od, which is substantially the same as pubHshed by Horner in 
1819. 

The Theorem of Sturm, together with ^?^^. 315, enables us 
to find the integral part of any real root of the equation pro- 
posed. We then transform the equation into another having 
its roots less than those of the preceding by the number just 
found, Art. 316. We discover again, by Art. 315, the first 
figure of the root of this equation, which will he the first deci- 
mal figure of the root of the original equation. Again, we 
transform the last equation into another having its roots less 
than those of the preceding by this decimal figure. "W e thus 
discover the second decimal figure of the root ; and proceed- 
ing in this manner from one transformation to another, we are 
enabled to discover the successive figures of the root, and 
may carry the approximation to any degree of accuracy re- 
quired. 
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Ex, 1. Find a root of the cubic equation 

We have found, page 278, that this equation has but one 
real root, and thac it Hes. between 4 and 5. The first figui-e 
of the root, therefo'-e, is 4. To ascertain the second figure, we 
transform the given equation into another in which the value 
of X is diminished by 4, which is done by substituting for x, 
4+?/. We thus obtain 

?/'+l53/'+772/=46. 

The first figure of the root of this equation, according to 
Art, 315, is .5. Kow transform the last equation into another 
in which the value of y is diminished by .5, which is done by 
substituting for y, S-\-%. We thus obtain 

%^+16*5%^4-92.752;=3.625. 

The first figure of the root of this equation is .03. We must 
now transform thi.s equation into another in which the value 
of z is diminished by .03, which is done by substituting for %, 
,03+u. We thus 3btain 

i;'+16.59?;^+93.7427t)=.827623. 

The first figure of the root of this equation is .008. 

In order to find the next figure, we must, transform the last 
equation into anotier in which the value of v is diminished by 
.008, and so. on. 

(328.) This method would be very laborious if we were 
obliged to deduce he. successive equations from each other by 
the ordinary method of substitution ; but they may all be de- 
rived, from each other by a very simple law. Thus, let 

Ax^+Bo^HCx^D (1) 

be any cubic equpction ; and let the first figure of its root be 
denoted by a, the ;;econd by a', the third by a", and so on. 
If we substitute a for a; in equation (1), we shall have 

Aa^+B(2^+Ccz=D, nearly. 

If we put y for the sum of all the figures of the root except 
the first, we shall have x=^a+y ; and substituting this value 
for x in equation (1), we obtain 
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+ Ba' +2Bay +By' [ =D; 

or, arranging according to the powers of 3/, we have 

A2/'+(B+3A«)2/^+(C+2Ba-l-3Aa^)^=D---C«--Ba^~-Aa^ (3) 

Let us put B' for the coefficient of ?/% C for the coefficient 
of y, and D' for the right member of the equation, and we have 

Ay'-\-B'f-\-C'y^'D' (4), 

This equation is of the same form as equation (1) ; and, pro- 
ceeding in the same manner, we shall find 

"""CM^lV+A^ ^^^' 

where a' is the first figure of the root of equation (4), or the 
second figure of the root of equation (1). 

Putting z for the sum of all the remaining figures, we have 
yzzza'-^-z; and substituting this value in equation (4), we shall 
obtain a new equation of the same form, which may be written 

K%'A-B"z'-\-G"z-=-'D" (6); 

and in the same manner we might proceed with the remaining 
figures. 

Equation (2) furnishes the value of the first figure of the 
root; equation (5) the second figure, and similar equations 
would furnish the remaining figures. Each of these expres- 
sions involves the unknown quantity which is sought, and might 
therefore appear to be useless in practice. When, however, 
the root has been already found to several decimal places, the 
value of the terms Ba and Aa^ will be very small compared 

with C, and a will be very nearly equal to p. We may there- 
fore employ C as an a'p'proximate divisor i which will probably 
furnish a new figure of the root. Thus, in the above example, 
all the figures of the root after the first are found by division 

46-77 =.5.. 
3.625-f-92.75=.03. 
.827-7- 93.74=.008. 
If we multiply the first coefficient A by a, the first figure of 
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the root, and add the product to the second coefficient, we 
shall have 

B+Aa (7). 

IF we multiply this expression by a, and add the product to 
•the third coefficient, we shall have 

C+Ba+Aa^ (8), 

If we multiply this expression by a, and subtract the product 
from D, we shall have 

which is the quantity represented hy D' in equation (4). 

Again, multiplying the first coefficient by «, and adding the 
product to expression (7), we obtain 

B+2Aa (9). 

Multiplying this expression by a, and a,dding the product to 
expression (8), we have 

C+2Ba+3Aa% 
which is the coefficient of y in equation (4). 

Again, multiplying the first coefficient by «, and adding the 
product to expression (9), we have 

B+3Aa, 

which is the coefficient ofy^ in equation (4). 

We have thus obtained the coefficients of the first trans- 
formed equation; and by operating in the same manner upon 
these coefficients, we shall obtain the coefficients of the second 
transformed equation, and so on ; and the successive figures 
of the root are found by dividing D by C, D' by C^ D'' by C", 
and so on. 

(329.) The preceding method is summed up in the following 

RULE. 

Represent the coefficients of the different terms by A, B, C, and 
the right-hand member of the equation hy D. Having found a, 
the first figure of the root, multiply A by a, and add the product 
to B. Set down the sum ; multiply this sum by a, and add the 
product to C. Set down the sum ; multiply it by a, and subtract 
the prodnict from D; the remainder willbe the first dividend). 

13* 
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Again, multiply Ahy a, and add the product to the last num- 
ber under B. Multiply this sum by a, and add the product to 
the last number under C ; this last sum will be the first divisor. 

Again, multiply A by a, and add the product to the last num- 
ber under B. 

Find the second figure of the root hy dividing the first divi- 
dend by the first divisor, and proceed with this second figure pre- 
cisely as was done with the first figure. 

The second figure of the root obtained by division will fre- 
quently furAish a result too large to be subtracted from the 
remainder D', in which case we must assume a different figure. 
After the second figure of the root has been obtained, there 
will seldom be any further uncertainty of this kind. 

The operation for finding a root of the equation 

x''\-^x\-\-bx=\lS, 
will then proceed as follows; 



A B 


C T> a 


1 +3 


+5 =178 (4.5388=;r. 


4 


28 132 


7 


33 46= 1st dividend. 


4 


44 42.375 


11 


77= 1st divisor. 3.625 = 2d dividend. 


4 


7.75 2.797377 


15.5 


84.75 .827623 = 3d dividend. 


.5 


8.00 .751003872 


16.0 


92.75 = 2d divisor. .076619128 = 4th dividend. 


-.5 


.4959 


16.53 


93.2459 


3 


.4968 


36.56 


93.7427=: 3d divisor. 


3 


.132784 


16.598 


93.875484 


8 


.132848 


16.606 


94.008332 = 4th divisor. 



Having found one root, we may depress the equation 
to a quadratic, by dividing it by a;— 4.5388. We thus obtain 
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^^'4-7.5388x+39.2173=:0, 
where x is evidently imaginary, because q is negative and 

greater than ^. See Art 195. 

After thus obtaining the root to five or six decimal places, 
several more figures v^ill be correctly obtained by simply di- 
viding the last dividend by the last divisor. 

Ex. 2. Find all the roots of the equation 
x'+Ux^-l02x='-l81. 

The first figure of one of the roots v^e readily find to be 3. 
We then proceed? according to the Rule, to obtain the root to 
four decimal 'places, after which two more will be obtained 
correctly by division. 

A B C J) a 

1 +11 -102 =-181 (3.21312==a:. 

-J 42 -180 

14 -60 "^ = 1st dividend. 

^ 51 ^ .992 

17 ~9 = Jst divisor. —.008 = 2d dividend. 

3 4.04 -.006739 

20.2 -^96 -.001261 = 3d dividend. 

2 4.08 -.001217403 



20.4 -0.88 = 2d divisor. -.000043597 = 4th dividend. 
2 .2061 



20.61 -.67r^9 
1 .2002 



20.62 —.4677 = 3d divisor. 

1 .061899 

20.633 -^i801 

3 .061908 



20.636 — .34£i893 = 4th divisor. 

The two r.emairdng roots may be found in the same way, or 
pj depressing the original equation to a quadratic. Those 
roots are, 

3.22952 
-17.44265. 
When a power of x is wanting in the proposed equatioR, we 
must supply its place with a cipher. 
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Ex. 3. Find all the roots of the cubic equation 
^3— 7a; = — 7. 

The work of the following example is exhibited in nn ab- 
breviated form. Thus, when we multiply A by a, and add the 
product to B, we set down simply this result. We do the same 
in the next column, thus dispensing with half the number of 
lines employed in the preceding example. Moreover, we may 
omit the ciphers on the left of the successive dividends, if we 
pay proper attention to the local value of the figures. Thus, 
it will be seen that in the operation for finding each successive 
figure of the root, the decimals under B increase o?ze place, 
those under C increase two places, and those under D increase 
/Aree places. 
1 +0 -7 =~7 (1.356895867=:^. 

1 -6 -6 

2 —4= 1st div'r. —-1= 1st dividend. 
3.3 -3.01 - .903 

3.6 -l;93=2ddiv'r. -97= 2d dividend. 

3.95 -1.7325 86625 



4.00 —1.5325= 3d div'r. 10375= 3d dividend. 

4.056 —1.508164 9048984 

4.062' — 1.483792= 4th div'r. 1326016= 4th dividend 

4.0688 -1.48053696 11844 29568 

4.0696 -1.47728128= 5th div'r. 141586432= 5th div'd. 

4.07049-1.4769149359 132922344231 

4.07058 - 1.4765485837= 6th div'r. 8664087769= 6th div'd. 

Having proceeded thus far, four more figures of the root, 
5867,. are found by dividing the sixth dividend by the sixth di- 
visor. 

We may find the two remaining roots by the same process ; 
or, after having obtained one root, we may depress the equa- 
tion 

to a quadratic equation, by dividing by a:— 1. 356895867, and 
we shall obtain 

a;'^+1.356895867a;~5J58833606=0. 
Solving this equation, we obtain 



a:=:-.678447933± \/ 5.6 19 125204. 
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/ -3.048917, 
Hence the three roots are , . , } 1.356896, 

f 1.692021. 

Ex, 4. Find a root of the equation 

2:c'+3a;'=850. 

2 3 =850 (7.0502562208 

17 119 833 

31 336=lst divisor. 17= 1st dividend. 

45.10 338.2550 16.912750 

45.20 340.5150= 2d divisor. 87250= 2d dividend. 
45.3004 340.52406008 68104812016 

45.3008 340.53312024= 3d div. 19145187"984= 3d div'd 
45.30130 340.535.3853050 17026769265250 

45.30140 340.5376503750=4th div. 21 1841^71 8750= 4th div. 

Dividing the fourth dividend by the fourth divisor, we ob- 
tain the figures 62208, which make the root correct to the 
tenth decimal place. 

The two remaining values of x may be easily shown to be 
imaginary. 

When a negative root is to be found, we change the signs 
of the alternate terms of the equation. Art. 312, and proceed 
as for a positive foot. 

Ex. 5. Find a root of the equation 

5x'-6x^+Sx=-S5. 

Changing the signs of the alternate terms, it becomes 
5x'+6x'+Sx=:+S5. 

5 +6 +3 +85 (2.16139. 

16 35 70 

26 87= 1st divisor. 15= 1st dividend. 

36.5 90.65 9.065 

37.0 94.35= 2d divisor. 5.935= 2id dividend. 
37.80 96.6180 5.7970 80 

38.10 98.9040= 3d divisor. 137920= 3d dividend 
38.405 98.942405 98942405 

38.410 98.980815= 4th divisor. 38977595= 4th dividend 
38.4165 98.99233995 296977QI985 

38,4180 99,00386535= 5th div'r. 927989301 5= 5th div'd. 
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Hence one root of the equation 

IS -2.16139. 

The same method is applicable to the extraction of the cube 
root of numbers. 

Ex, 6. Let it be required to extract the cube root of 9 ; in 
other words, it is required to find a root of the equation 

x'=9. 



1 


9 (2.0800838. 


2 


4 8 


4 


12= 1st divisor. 1^ 1st dividend. 


6.08 


12.4864 .998912 


6.16 


12.9792= 2d divisor. 1088= 2d dividend. 


6.24008 


12.9796992064 1038375936512 


6.24016 


12.9801984192= 3d d. 49624063488= 3d div, 


6.240243^ 12.980217139929 38940651419787 



6.240246 12.980235860667= 4th d. 10683412068213= 4th d. 
Ex, 7. Find all the roots of the equation 
x''-l5x'n-6Sx-50=0. 

r 1.02804. 
Ans, } 6.57653. 
( 7.39543. 
Ex. 8. Find all the roots of the equation 

x'+9x^+24:X+ll=0, 

t -1.12061. 
Ans, } -3.34730. 
( -4.53209. 
Ex, 9. Extract the cube root of 48228544. 

Ans, 364. 

Ex, 10. There are two numbers whose difference is 2, and 
whose product, multiplied by their sum, makes 120. What 
are those numbers ? 

Ex, 11. Find two numbers whose difference is 6, and such 
that their sum, multiplied by the difference of their cubes, may 
produce 5040. 

Ex. 12, There are two numbers whose difference is 4 ; and 
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the product of this difference, by the sum of their cubes, is 
3416. What are the numbers? 

Ex. 13. Several persons form a partnership, and establish a 
certain capital, to which each contributes ten times as many 
dollars as there are persons in company. They gain 6 plus 
the number of partners per cent, and the whole profit is #392. 
How many partners were there? 

JEx, 14. Thei'e is a number consisting of three digits such 
that the sum of the first and second is 9 ; the sum of the first 
and third is 12; and if the product of the three digits be in- 
creased by 38 times the first digit, the sum will be 336. Re- 
quired the number. 

r 636, 

Arts. } or 725, 

( or 814. 

Ex, 15. A company of merchants have a common stock of 
$4775, and each contributes to it- twenty-five times as many 
dollars as there are partners, with which they gain as much 
per cent, as there are partners. Now, on dividing the profit, 
it is found, after each has received six times as many dollars 
as there are persons in the company, that there still remains 
il26. Required the number of merchants. 

Ans, 7, 8, or 9. 

EaUATIONS OF THE FOURTH AND HIGHER DEGREES. 

(330.) The method already explained for cubic equations is 
applicable to equations of every degree. For the fourth de- 
gree, we shall have one more column of products, but the 
operations are all conducted in t{ie same manner, as will be 
seen from the following example. 

Ex, 1. Find the four roots of the equation 

x'-&x''i'14x''+4x=S. 

By Sturm's Theorem, we have found that these roots are all 
real ; three positive, and one negative. 

We then proceed as follows : 
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1-8 +14 + 4 =8 (5.2360679. 

-3-1-1 -5 

+2 + 9 +44== 1st div'r. 13= 1st dividend. 

7 44 53.288 10.6576 

12.2 46.44 63.072= 2d div. 2.3424= 2d dividend. 
12.4. 48.92 64.626747 1.93880241 



12.6 51.44 66.193068=3dd. .40359759= 3d dividend. 

12.83 51.8249 66.509117736 .399054706416 

12.86 52.2107 66.825633024= 4th d. 4542883584= 4th div. 

12.89 52.5.974 

12.926 52.674956 

12.932 52.752548 

and by division we obtain the four figures 0679. 

The other three roots may be found in the same manner 

.7320508, 



Hence the four roots are 



.7639320, 
2.7320508, 
5.2360679. 



Ex. 2. Find a root of the equation 

x';^2x'+Sx'+4:x'+5x=2^. 

We have found, hy Sturm's Theorem, that this equation has 
a real root between 1 and 2. 

We then proceed as follows: 
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Dividing the. fourth dividend by, the fourth divisor, we ob- 
tain the figures 789. 

When we wish to obtain a root correct to a limited numbei 
of places, we may save much of the labor of the operation by 
cutting off all figures beyond a certain decimaL Thus if, in 
the example above, we cut off all beyond G.ve decimal places 
in the successive dividends, and all beyond four decimal places 
in the divisors, it will not affect the first six decimal places in 
the root. 



Ex, 3. Find ,the roots of the equation 



r- 3.907378, 

j + .443277, 

•^^^' j + .606018, 

1+2.858083. 



Ex. 4. Find the roots of the equation 

x'-l^x'+'Tdx'- 1402-= -58. 

r+0.58579, 
j +3.35425, 

t +8.64575. 
Ex, 5, Find the roots of the equation 

x'-20x'+l50x'-520x'^-806x^'407. 

^+0.934685, 

+ 3.308424, 

Ans. J +3.824325, 

I +4.879508, 

1^+7.053058. 

Ex, 6. Required the fourth root of 18339659776. 

Ans, 368. 

Ex, 7. Required the fifth root of 26286674882643. 

Ans. 483. 

Ex. 8. There is a number consisting of four digits such that 
the sum of the first and second is 9 ; the sum of the first and 
third is 10 ; the sum of the first and fourth is 11 ; and if the 
product of the four digits be increased by 36 times the product 
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of the &st and third, the sum will be equal to 3024 dimiDished 
by 300 times the first digit. Required the number. 

r 6345, 

J or 7234, 

^^^' i or 8123, 

l^or 9012. 

RESOLUTION OF EaUATIONS BY APPRO XIMATIOJSr. 

(331.) The method of Horner for finding the incommensura- 
ble roots of a numerical equation is generally better than aijy 
other; nevertheless, the method by approximation may some- 
times be preferred. We shall explain the method of Newton, 
and that of Double Position. 

METHOD OF NEWTON. 

This method supposes that we have already determined 
nearly the value of one root ; that we know, for example, that 
such a value- exceeds a, and that it is less than a+l. In this 
case, if we suppose the exact value =a+'j/, we are certain that 
y expresses .a proper fraction. Now, as y is less than unity, 
the square of y, its cube, and, in general, all its higher powers, 
will be much less with respect to unity ; and for this reason, 
since we only require an approximation, they may be neglect- 
ed in the calculation. When we have nearly determined the 
fraction ?/, vi^e shall know more exactly the root a-\-y ; from 
which we proceed to determine a new value still more exact, 
and we may continue the approximation as far as we please. 

We will illustrate this method by an easy example, requiring 
by approximation the root of the equation 

:i;'^=20. 

Here we perceive that x is greater than 4, and less than 5. 
If we suppose x=4-{-y, we shall have 

x'=16+8y+y'=20. 

But, as y^ must be quite small, we shall neglect it, and we 
have 

16+8?/=20, or Sy=4:. 

Whence ?/==.5, and x=4,5, which already approaches near 
the true root. If we now suppose x=4,6-\-z, we are sure that 
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% expresses a fraction much smaller than z/, and that we may 
neglect %' with greater propriety. We have, therefore, 

rc'=20.25+92;=20, or 9%= —.25. 

Consequently %=— .0278. 

Therefore, - :c=4.5-. 0278=4.4722. 

If we wish to approximate still nearer to the true value, we 
must mak^ a;==4.4722+'U, and we should have 

^'=20.00057284+8.9444^=20. 
So that S.9444'y = - .00057284. 

Whence d= — .0000640. 

Therefore, ;z;=4.4722-.0000640=4.4721360, 
a value which is correct to the last decimal place. 

(332.) The preceding method is expressed in the followmg 

RULE. 

Find hy trial a number (a) nearly equal to. the root sought^ 
and represent the true root hy a+y. 

Substitute a+y jTor x in the given equation, and there will re- 
sult a new equation containing only y and known quantities. 

Reject all the tennis of this equation which contain the second 
or higher powers of y, and the approximate value of y will then 
he given hy a simple equation. 

Having applied this correction to the assumed root, the op- 
eration must be repeated with the corrected value of a, when 
a second correction will be obtained which will give a nearer 
value of the root, and the pi'ocess may be repeated as often as 
is thought necessary. 

EXAMPLES. 

Ex, 1. Find a root of the equation 

x^A-^x'-V^x-m. 

If we substitute a+yioT x in this equation, and reject all the 
terms containing the higher powers of y, we shall have 

a'+3«'y+2a"+4«^/+3(35+3y=50. 

50-a^-2a^-3a 
Whence V= 02.^ . o — 
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We fin(i by trial that x is nearly equal to 3. If we substi- 
tute 3 for a, we shall have 

Whence x—2,9 nearly. 
And if we substitute this new value instead of a, wq shall find 
another still more exact. 

Ex. 2. Find a root of the equation 
x''-%x=^\Q. 
If we make a;=a-f-?/, we shall have 

a'+5a'i/-6a~-62/=10. 

Therefore, y=^-^-—. 

Assume a~2, and we obtain 

5 
^^-gi^^or -0.14. 

Hence x=l.86 nearly. 

If we assume «~ 1.86, we have 

1 0-1- 11. le- 22.262 
y-^ 59.844-6 ^-'^^^' 

Hence :z:=^ 1.839 nearly. 

If we assume ^==1.839, we ^hall have 

lO-Ml.034-21.033352 ^^^^,^^^ 
y= 57.18694-6 =^^^^^^^^^' 

Therefore, a:= 1.83901266. 

Ex, 3. Given x^—9x=lO, to find one value of ;r by approx^ 
imation. 

Ans. :c= 3.4494897. 

Ex. 4. Given x^+9x'^+4:X=%0, to find one value of ^-c by ap- 
proximation. 

Ans. :c=2.4721359. 

METHOD OF DOUBLE POSITION. 

(333.) Another method of finding the roots of an equation is 
by the rule of Double Position. 
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Substitute in the^ given equation two numbers as near the 
true root as possible, and observe the separate results. Then 
state the following proportion : 

As the difference of these results, 
Is to the difference of the two assumed numbers, 
So is the error of either result, 

To the correction required in the corresponding assumed 
number. 

This being added to the number when too small, or sub- 
tracted from it, when too great, will give the true root nearly. 
The number thus found, combined with any other that may be 
supposed to approach still nearer to the true root, may be as- 
sumed for another operation, which may be repeated till the 
root is determined to any degree of accuracy required. 

EXAMPLES. 

Ex, 1. Given x^-^-x'-k-x—lOO, to find an approximate value 
of X. 

Having ascertained, by trial, that x'ls more than 4, and less 
than 5, we substitute these two numbers in the given equation, 
and calculate the results. 

By the first sup- \ 2_if. By the second sup- 
position, y 3— R4. position, 

Result, "84 Result, 155. 

Then 155-84 : 5-4 : : 100-84 : .22. 

Therefore, 4+.2S, or 4.22, approximates nearly to the true 
root. 

If, now, 4.2 and 4.3 be taken as the assumed numbers, and 
substituted in the given equation, we shall obtain the value of 
:c=4.264 nearly. 

Again, assuming 4.264 and 4.265, and proceeding in the 
same manner, we shall find a:=:4.2644299 very nearly. 

This rule is founded on the supposition that the differences 
in the results are proportioned to the differences in the as- 
sumed numbers. This supposition is not strictly correct , but 
if we employ numbers near the true values, the error is gen- 



' X = 


5 


\x^= 


25 


\x^=^ 


125 



SOLUTION OF NUMERICAL EaUATIONS. 301 

erally not very great, and it becomes less and less the further 
we carry the approximation. 
Ex. 2. Given ic'+2:i>'— 23a;=70, to find one value oi x. 

Ans. aj=5.13458. 

Ex, 3. Given a;^—3:c^—75x= 10000, to find one value of a:. 

Arts, x=lO,2QlO, 

Ex, 4. Given x" -\-Sx^ +2x^ -^Sx'''-2x=2, to find one value 
oix, 

Ans, a:= 1.059109. 

(334.) We will conclude this Section by finding some of the 
different roots of unity. 

Ex, 1. Find the two roots of the equation x^=\, or the 
square roots of unity. 

Extracting the square root, we find 
a;= + l, or —1. 

Ex, 2, Find the three roots of the equation x^=l, or the cube 
roots of unity. 

Since one root of this equation is :2:=1, the equation V— 1=0 
must be divisible hj x—l; and dividing, we obtain 

x'+x+l=0; 

whence a:=— f±f v — 3, or — — . 

Hence the required roots are 

'^■^' 2 ' 2 ' 

which are the cube roots of unity. 

These results may be easily verified. We have seen, on 
page 259, that the cube of — li-/ — 3 is 8, which, divided by 
8, the cube of the denominator, gives +1, as required. 

Ex. 3. Find the four roots of the equation x'^==l, or the fourth 
roots of unity. 

The square root of this equation is 

:c'= + l, or =-1. 
Hence the required roots are 
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+1, --^1, +/^r--'/=L 

Ex. 4.^ Find the five roots of the equation x''=l. 

Since one root of this equation 1s ^=1, the equation x^—l 
must be divisible by x—l; and dividing, we obtain 

x'+x'+x''}-x+l=0. 

Dividing, again, by rc% we have 

x'+x+l+-+\=0 (1). 

X X ^ ' 

Now put 2;=a;4— . 

X 

Whence %''^x'^2-^—, 

x^ 

which, being substituted in equation (1), gives 

%'+z-l=0. 

This equation, solved by the usual method, gives 

x=--i-fi\/5, or %=~-|-|V5. 

The values of x^ deduced from the equation 

or x^—%x^ — \^ 

are 

from which, by substituting the value of x, we objtain 
a:=i[^5- 1± V>- 10-2 V5j, 

or =-i[\/5+l=F: V~10+2 v'S]. 

Hence the five fifth roots of unity are 
1 
i[^/5~l+ \/-10-2v'5]. 

-i[\/5+l-V~10+2x/5j. 
-i[\/5+l+ %/"^=l^+275]. 
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Ex. 5. Find the six roots of the equation x^—l. 
These are found by taking the square roots of the cube roots. 
Hence we have, 

+ 1, ~l,idzJV"=3, -i±4V"^, 

Thus we see ti at unity has two square roots, three cube 
roots, jToz^r fourth roots^j^ve fifth roots, 5z;?; sixth roots, and, 
generally, the nth. root of unity admits of n different algebraic 
values. As, howe ver, most of these roots are imaginary, they 
can not be found by Horner's Method. 

14 



SECTION XXL 



LOGARITHMS. 



(335.) In a system of logarithms, all numbers are considered 
as the powers of some one number, arbitrarily assumed, which 
is called the base of the system ; and the exponent of that power 
of the base which is equal to any given number is called the log- 
arithm of that number. 

Thus, if a be the base, of a system of logarithms, and a^—N^ 
then 2 is the logarithm of N; that is, 2 is the exponent of the 
power to which the base (a) must be raised to equal N. 

If a^=N', then 3 is the logarithm of N' for the same reason ; 
and if 0^=1^", then x is called the logarithm of N'' in the sys- 
tem whose base is a. 

The base of the common system of logarithms (called, from 
their inventor, Briggs' Logarithms) is the number 10. . Hence 
in this system all numbers are to be regarded as powers of 10, 
Thus, since 

10°= 1, is the logarithm of 1 in Briggs' system. 

10^=10, 1 " 10 

10'= 100, 2 " 100 " 

10^=1000, 3 " 1000 " 

10^=10000, 4 " 10000 

&c., &c.^ &c. 

From this it appears that, in Briggs' system, the logarithm 
of every number between 1 and 10 is some number between 
and 1, i, e., is a proper fraction. The logarithm of every num- 
ber between 10 and 100 is some number between 1 and 2, i. e., 
is 1 plus a fraction. The logarithm of every number between 
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100 and 1000 is some number between 2 and 3, {» e., is 2 plus 
a fraction, and so on. 

(336.) The preceding principles may be extended to frac- 
tions by means of negative exponents. Thus, 

10~' or yV =0.1 ; therefore, —1 is the logarithm of .1 
in Briggs' system. 

.01 

.001 

.0001. 

Hence it appears that the logarithm of every number be- 
tween 1 and .1 is some number between and —1, or may be 
represented by — 1 plus a. fraction ; the logarithm of every 
number between .1 and .01 is some number between —1 and 
—2, or may be represented by —2 plus a fraction; the loga- 
rithm of every number between .01 and .001 is some number 
between —2 and —3, or is equal to —3 plus a fraction, and so 
on. 

(337.) The logarithms of most numbers, therefore, consist 
of an integer and a fraction. The integral part is called the 
characteristic, and may always be known from the following 

RULE. 

The characteristic of the logarithm of any number greater 
than unity, is one less than the number of integral figures in the 
given number. 

Thus the logarithm of 297 is 2 plus a fraction ; that is, the 
characteristic of the logarithm of 297 is 2, which is one less 
than the number of integral figures. The characteristic of the 
logarithm of 5673 is 3 ; of 73254 is 4, &c. 

The characteristic of the logarithm of a decimal fraction is a 
negative number, and is equal to the number of places by which 
its first significant figure is removed fi^om the place of units. 

Thus the logarithm of .0046 is 3 plus a fraction ; that is, the 
characteristic of the logarithm is —3, the first significant figure, 
4, being removed three places from units. 

In a series of fractions continually decreasing, the negative 
logarithms continually increase. Hence, if the fraction is in- 
finitely small, its logarithm will be infinitely great; that is, in 
Briggs' system, the logarithm of zero is infinite and negative. 

U 
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GENERAL PHOPEUTIES OF LOG-ARITHMS. 

(338.) Let N and N' be any two numbers, x and .?:' their re- 
spective logarithms, and a the base of the system. Then, bv 
the definition, ArU 335, 

N ^a^ (1). 
Also N'=a^' (2). 

Multiplying together equations (1) and (2), we obtain 

Therefore, accoi'ding to the definition of logarithms, x-\-x' is 
the logarithm of NN^ since x-\'X^ is the exponent of that power 
of the base a which is equal to NN' ; hence 

PROPERTY I. 

The logarithm of the product of two or more factors is equal 
to the sum of the logarithms of those factors. 

Hence we see that if it is required to multiply two or more 
numbers by ieach other, we have only to add their logarithms ; 
the sum will be the logarithm of their product. We must then 
look in the Table for the number answering to that logarithm, 
in order to obtain the required product. 

EXAMPLES. 

Ex. 1. Find the product of 8 and 9 by means of-logarithms. 

On page 318, the logarithm of 8 is given 0.903090 

" 9 " 0.954243 



The sum of these two logarithms is 1.857333, 

which, according to the same Table, is seen to be the loga- 
rithm of 72. 

Ex. 2. Find the continued product of 2, 5, and 14 by means 
of logarithms. 

Ex. 3. Find the continued product of 1, 2, 3, 4, and 5 by 
means of logarithms. 

(339.) If, instead of multiplying, we divide equation (1) by 
equation (2), we shall obtain 
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N (f 



Therefore, according to the definition, a;— a:' is the logarithm 

N 
oi :j^, since x—x' is the exponent of that power of the base a 

which is equal to ^j^ ; hence, 



N' 



PROPERTY 11. 



The logarithm of a fraction, or of the quotient of one number 
divided hy another, is equal to the logarithm of the numerator, 
minus the logarithm of the denominator. 

Hence we see that if we wish to divide one number by an- 
other, we have only to subtract the logarithm of the divisor 
from that of the dividend ; the difference will be the logarithm 
of their quotient. 

EXAMPLES. 

Ex. 1. It is required to divide 108 by 12 by means of loga- 
rithms. 

The logarithm of 108 is 2.033424 

« 12 1.079181 

The difference is 0.954243, 

which is the logarithm corresponding to the number 9. 

Ex. 2. Divide 133 by 7 by means of logarithms. 

Ex. S. Divide 136 by 17 by means of logarithms. 

Ex. 4. Divide 135 by 15 by, means -of logarithms. 

The preceding exaniples are designed to illustrate the prop- 
erties of logarithms. In order to exhibit fully their utility in 
computation, it would be necessary to employ larger numbers ; 
but that would require a more extensive Table than the one 
given on page 318. 

(340.) Logarithms are attended witli still greater advantages 
in the involution of powers and in the extraction of roots. For 
if we raise both members of equation (1) to the ?^th power, we 
obtain 
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Therefore, according to the definition, mx is the logarithm of 
N"*, since mx is the exponent of that power of the base which 
is equal to N*"; hence 

PROPERTY III. 

The logarithm of any power of a number is equal to the loga- 
rithm of that number multiplied by the exponent of the power. 

EXAMPLES. 

Ex. 1. Find the third power of 4 by means of logarithms. 

The logarithm of 4 is 0.602060 

Multiply by 3 

The product is 1.806180, 

•which is the logarithm of 64. 

Ex. 2. Find the fourth power of 3 by means of logarithms. 

Ex. 3. Find the seventh power of 2 by means of loga- 
rithms. 

Ex. 4. Find the third power of 5 by means of logarithms. 

(341.) Also, if we extract the mih root of both members of 
equation (1), we shall obtain 

i - 

, , X . 
therefore, according to the definition, — is the logarithm of 

N"*; hence 

PROPERTY IV. 

The logarithm of any root of a number is equal to the loga- 
rithm of that number divided by the index of the root. 

EXAMPLES. 

Ex. 1. Find the square root of 81 by means of logarithms. 

The logarithm of 81 is 1.908485 

Divided by 2 

The quotient is .954243, 

which is the logarithm of 9. 
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Ex. 2, Find the square root of 121 by means of loga- 
rithms. 

Ex. S, Find the sixth root of 64 by means of logarithms. 
Ex. 4. Find the third root of 125 by means of logarithms. 

The preceding examples will sufSce to show, that if we had 
tables which gave the logarithms of all numbers, they would 
prQve highly useful when we have occasion to perform fre- 
quent multiplications, divisions, involutions, and extraction of 
roots. 

(342.) The following examples will show the application of 
some of the preceding principles. 

Ex. 1. log. (abcd)= log. «+ log. b'-\- log. c+ log. d. 

Ex. 2. log. f — j = log. a+ log. b+ log. c— log. d-- log. e. 

Ex. 3. log. {crlfc^)=m log. a-\-n log. 6+plog. c. 

Ex. 4. log. \—y.) =^^ ^9g' a-\-n log. h~p log. c. 

Ex. 5. log. {a'—x^)=log. {{a'\'x) {a—x)']— log. (<2+a;)4- 
log, {a—x). 



Ex. 6. log. Va^— re'— J log. {a-]-x)-\-\ log. {a—x). 

Ex.1, log. («' V^)= log. \aV — \^ log. a. 

(343.) We shall presently explain a method by which loga- 
rithms may be computed. We may observe, however, that it 
is not necessary to compute the logarithms of all numbers in- 
dependently. "From the logarithms of a few numbers, we may 
readily derive the logarithms of a great many other numbers. 
We have seen, in Art. 338, that the logarithm of a product 
is found by adding together the logarithms of the factors. Let 
us represent the logarithm of 2 by a;; then, since the logarithm 
of 10 is 1, we shall have 

log. 20 =a;+l, log. 20000 = 
log. 2000=:i;+3, log. 2000000=, &c. 

We have seen, in Art. 340, that the logarithm of any power 
of a number is equal to the logarithm of that number multiplied 
by the exponent of the power. 
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Hence^ log. 4 ==2x, 

log. 16==4:r, 

Hence we find, ^Iso, that 

log. 40 =:2a;+l, 
log. 400 =^2x+2> 
,Iog. 80 =3rc+l, 
log. 800 =2x-h2, 
log. 160 =4:2;+l, 
log. 1600= 4x +2, 



log. 32 = 
log. 128=, &e. 

log. 4000 = 
log. 40000 =, &c, 
log. 8000 = 
log. 80000 =, &c. 
log. 16000 = 
log. 16000J=, &c. 



We have seen, in Art, 339, that the logerithm of a fraction 
is equal to the logarithm of the numerator rr inus the logarithm 
of the denominator. Hence, log. 5= log. { j^) = l—x. 



Hence, log. 50 =2— x. 


log. 5000 = 




Ipg. 500 =3— X,, 


log. 50000 =5 


1 &c. 


log. 25 =2-2:r, 


log. 625 = 




log. 125 =S-Sxy 


log. 3125 =,, 


r&C. 


log. 250 =3--2;r, 


log. 25000 = 




log. 2500 =4~2rc, 


log. 250006 =, 


, &C. 


log. 1250 =4-3:?:, 


log. 12500 J = 




log. 12500= 5- 3x, 


log. 12500 J0=, 


, &C. 


log. 6250 =5-4;2;, 


log. 625000 = 




log. 62500=6— 4x, 


log. 6250000=, 


&c. 



(343.) So, also, from the logarithm of 3 Ve might easily de- 
rive a great number of other logarithms, i^rom the Table on 
page 318, we find the logarithm of 3 to be .477121 : it is re- 
quired to derive from this the logarithm of ^>0. 

Required the logarithm of 3000. 

Required the logarithm of 9. 

Required the logarithm of 27. 

Required the logarithm of 81. 

Required the logarithm of 90. 

Required the logarithm of 270. 

Required the logarithm of 900. 

From the same Table, we find the log irithm of 2 to be 
.301030 : it is required, by the aid of the Icgarithms of 3 and 
2, to obtain the logarithm of 6. 

Required the logarithm of 12. 
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Required the logarithm of 15. 
Required the logarithm of 18. 

Pi'om the same Table, we find the logarithm of 5 to be 
698970. It is required from this to deduce the logarithm 
of 50. 

Required the logarithm of 500. 
Required the logarithm of 5000. 

From the same Table, we find the logarithm of 95 to. be 
i;977724. The logarithm of 9.5, or ff , is equal to the loga- 
rithm of 95 minus the logarithm of 10. 

Hence the logarithm of 9.5 is 0.977724. 
Also, the logarithm of 950 is 2.977724. 

Hence the decimal part of the logarithm of any number is the 
same as that of the number multiplied or divided by 10, 100, 
1000, (fee. 

Prime numbers are such as can not be decomposed into fac- 
tors ; as, 2, 3, 5, 7, 11, 13, 17, (fee. All other numbers arise 
from the multiplication of prime numbers. If, therefore, we 
knew the logarithms of all the prime numbers, we could find 
the logarithms of all other numbers by simple addition. 

(345.) We will now explain a method by which the loga 
rithm of any number may be computed. 

If a series of numbers be taken in Geometrical progression^ 
their logarithms willform a series in Arithmetical progression. 
Thus, take the geometrical series 

1, 10, 100, 1000, 10000, 100000, 

their logarithms are 

0, 1, 2, 3, 4, 5, 
forming an arithmetical series. 

If, now, we find a geometrical mean between any two num- 
bers in the first series, its logarithm will be the arithmetical 
mean between the two corresponding numbers in the lower 
series. 

Fiiid, for example, a geometrical mean between 1 and 10. 
It will be the square root of 10, or 3.162277. The arithmet- 
ical mean beWeen and 1 is 0.5. 

14* 
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Therefore, the logarithm of 3.162277 is 0.5. 

Find, again, a geometrical mean between 3.162277 and 10, 
which i,^ 5.623413. Find, also, the ai'ithmetical mean between 
0.5 and 1, which is 0,75. 

Therefore, the logarithm of 5.623413 is 0.75. 

Find, now, a geometrical mean between 3.162277 and 
5.623413, which is 4.216964. Its logarithm will be the arith- 
metical mean between 0.5 and 0.75, which is 0.625. 

Therefore, the logarithm of 4:216964 is 0.625, 

Find,- again, a geometrical mean between 4.216964 ana 
5.623413, which is 4,869674. Its logarithm will be the arith- 
metical mean between 0.625 and 0.75, which is 0.6875. 

Thus we have found the logarithms of four new numbers, 
and in this manner we might proceed to construct a table of 
logarithms. It will be observed that these numbers are all 
fractional, whereas it is most convenient to have the loga- 
rithms of integers. By pursuing this method, however, we 
might eventually find the logarithm of a whole number; as, 
for example, 5, For we have already found the logarithm of 

5.623413 to be 0.75, 
and the logarithm of 4.869674 " 0.6875. 

One o{ these numbers is greater than 5, and the other less. 
A geometrical mean between them is 5.232991, which is too 
•great ; but the mean between this result and the last of the two 
preceding is 5.048065, which is already a close approximation. 
By pursuing the same method, we may come nearer and near- 
er to the number 5, until at last, after finding twenty-two geo- 
metrical means, the difference is inappreciable in the sixth 
decimal place, and we obtain 
the logarithm of 5 equal to 0.69897 ; 
and, by a like process, the logarithm of any other number may 
be found. 

(346.) Hence, to compute the logarithm of any number, we 
have the following 

RULE. 

Take the geometrical series 1, 10, 100, 1000, 10000,&c., andap* 
ply to it the arithmetigal seides 0, 1,2, 3, 4, &c., as logarithms. 
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Find a geometr'cal mean hetween 1 and 10, 10 and 100, or 
any other two term3 of the first series hetween which the proposed 
number lies. 

Between the mean thus found and the 7iearest term of the first 
series^ find another geometrical mean in the same manner, and 
so on, till you approach as near as is necessary to the number 
whose logarithm is sought. 

Find, also, as mcny arithmetical means between the correspond'- 
ing terms 0, I, 2, h, 4, &c., of the other series, in the same or^der 
as the geometrical ones were found; the last of these will be the 
logarithm answerirg to the number required. 

In this manner were the logarithms of all the prime num- 
bers at first compated; but much more expeditious methods 
have since been devised. 

Having obtained the logarithm of 5, it is easy to find the 
logarithm of 2. I'or the logarithm of 2= log. (V)= log. 10— 
log. 5=1-0.6989^=0.30103. 

LOGAUITHMIC SERIES. 

(347.) The preceding method of computing logai^ithms is 
very laborious in ])ractice. It is found much more convenient 
to express the logarithm of a number in the form of a series. - 

Let X be a nuriber whose logarithm is required to be de- 
veloped in a seriep, and let us employ the method of Unknown 
Coefficients* It is plain that we can not assume 
lr»g. x=A.-\-'Bx+Cx'''\', &c. ; 

for when we mak3 x=^0, the first member reduces to infinity, 
while the second member reduces to A, a finite quantity. 
Neither can we suppose 

log. x=h.x+^x'^+Cx^+,&cc. : 
for wh0n we make x—0^ we have 

log. (which is infinite), equal io zero, 
which is absurd. 
But if we suppose 

log. {l+x)-kx-\-'&x'-^Cx'-\-T)x''\', &c. (1), 
when we make a:^=Oj the equation becomes 

log. 1, equal to zero, 
which is conformable to Jlri. 335* 
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Let us also assume 

log. (l+z)=A%+B%^+Cz^+Dz'+, &:c. (2). 

Subtracting equation (2) from (1), we obtain 

log, (l^x)-log.(l+z)=A{x^z)+B{x'-z'')+C{x'-z')+, 
&c. (3). 

The second member of this equation is divisible by re— z, 
Art 76 ; we will reduce the first member to a form in which 
'* shall also be divisible. 

1+% / 

/ , x—z\ 

X — z 
Now, since — - may be regarded as a single quantity, v, we 

may develop log. (l+v) in the same manner as log. {l-{-x)^ 
which gives 

/ X — Z\ ^X — Z^/'X — Z\^ r^{^ — ^\^^ o 

This last series must be identical with the one which we 
have already obtained for log. ( I+^ttt-Jj or its equal, log. 

(1+:^:)— log. (1+z), in equation (3) ; and since the terms of 
both are divisible by x—z, by canceling this common factor, 
we obtain 

^•n:^+B^^+c|^+, &c., =A,+B{x^-z)-VC{x'^^xz 

+%^)+,&c. 

Since this equation, Hke the preceding, must be verified for 
all values of x and %, the equality must subsist when x~z. But 
on this hypothesis, all the terms of the first series vanish ex- 
cept one, and we have 

A 

— --=A+2B:?:+3C:c'+4D:z;'+5E:?;'+, &c. ; 
1+rc 

or, performing the division indicated in the first member, wo 
obtain 

k{\-x+x''-x''{-x'- . . .)=A+2Ba:+3Cx^+4D:c^+ ... 
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Therefore, according to the principle of Art. 302, we have 
the equations 

A=A, 

-~A=2B; whence B=-——. 



A=3C ; 


6i 


-4 


-A=4D; 


it 


--^. 


A=5E; 


ii 


--4 



The law of tlje series is obvious ; and hence, substituting the 
values of B, C, D, &:c., in equation (1), we obtain, for the de- 
velopment of log. (l+x), 

log. {l+x)=^j.x-~x'+-x'--x'+ . . . 



, /x x^ x' x' x' x' \ 



The number A is called the modulus of tRe system of loga- 
rithms employed. Lord Napier, the illustrious inventor of log- 
arithms, assumed the modulus equal to unity. If, then, we des- 
ignate Naperian logarithms by log.^ we shall have 



/v. ni^ ^yi** /y»^ - /y«" ^y»" 

tC> tXy %L> vO xfj vO 



log.' (l+-)-i-2 + 3-4 + 5-6+'&- (4)- 

By giving to x in succession all possible values, we may ob- 
tain from this equation the logarithms of all numbers. 
If we make x=0, we shall have log.' 1=0. 
Make x=l, and we obtain 

log.'2=l~i+i-i+i~,&c., 

a series which converges so slowly that it would be necessary 
to employ a very large number of terms to obtain the accuracy 
desirable. The series may be rendered more converging in 
the following manner : 

In equation (4), substitute —x for x, and it becomes 

X x^x/ x^ o . . 

log.' (i-x)=---j-j---,&c. (5). 
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Subtraclmg equation- (5) fi^om equation (4), and observing 
that log./ (1+x)— log,' {l'-x)=^ l^g''i — "j we obtain 
, , f\-\'X\ (x x^ x"" x' x^ \ 

Put ^=^-TT» and the preceding series becomes, by substi- 
tution, 
log.' (^) = log.' (.+!)- log.' .=2 (^+^^4- 

(348.) The last series may be employed for computing the 
logarithm of any number, when the logarithm of the preceding 
number is known. Making successively %=1, 2, 4, 6, &c., we 
obtain the following 

NAPBUIAN, OR HYPERlBOLIC LGGAIIITHMS. 

log/ 2=2(HT^+7:i^+Tl^+ • • • ) = 0.693147 

log.' a=log.'2+2(7+^+7:77-j^7X^+ . . .) - 1.098612 

log.' 4=2 log/ 2 =1.386294 

log.' 5=]og,r4+2(j+~+±,+^,+ , . . ) - 1.609438 

log.' 6= log.' 3+ log.' 2 = 1.791759 

log.' 7=log.' 6+2(f5+^-h3+~^+7Tr7+ • • 0= 1.945910 
log.' 8= 3 log.' 2 =2.079442 

log.' 9=2 log.' 3 =2.197225 

log.' 10= log.' 5+ log.' 2 = 2.302585 

&c., &c., <fec. 

(349.) The Naperian logarithms being computed, it is easy 
to form any other system. We have found 

, /x x^ x^ x'^ x" x^ \ 

log. (i+.)=a(-,--+---+--^+ ...). 

m 

Distinguishing the Naperian logarithms by an accent, we 
have 

, ^ Yx x"" x^ x'' x" x^ 
Iog.'(l+x)=A'(^--+----+--g... 
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Hence 

log. (l+x) : log/ {l+x) : : A : A'. 

Therefore, the logarithms of the samenumher in different sys- 
^,ems are to each other as the moduli. 
In Napier's system, the modulus =L HenCe 
log. (1+^)— A.log.' {l+x)> 

That is, the common logarithm of a numher is equal to its 
Naperian logarithm multiplied hy. the modulus of the common 
system. 

If, then, "We knew the modulus of the common system, we 
could easily convert the preceding Naperian logarithms into 
common logarithms. , Now, from the equation 

log. (l+i?^)=A.Iog^ {l^x)^ we obtain 
log. {l+x) 



A= 



log.' (H-^)' 



buppose a:=9, then A= , , , ^ . 
^ ■ log.' 10 

But log. 10=1. Hence 

which is the modulus of the common system. 
(350.) We can now compute the 

COMMON, OR BRIGGS' LOaARITHMS. 



log. 2=0.693147X0.434294 


=0.80103Q 


log. 3=1.098612X0.434294 


=0.477121 


log. 4=2 log. 2 


=^0.602060 


log. 5= log. 10— log. 2===1 — 


log. 2=0.698970 


log, 6= log. 3+ log. 2 


=0.778151 


log. 7=1.945910X0.434294 


=0.845098 


log. 8=3 log. 2 


=0.903090 


log. 9=2 log. 3. 


=0.954243 


log. 10= 


= 1.000000 


&c,, &c., 


&c. 
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We thus obtain the following Table of Common Logarithms: 



No. 


Logarithm. 


No. 


Logarithm. 


No. 


Logarithm. 


No. 


Logarithm.' 


1 


0.000000 


36 


1.556303 


71 


1.851258 


106 


2.025306 


2 


0.301030 


37 


1.568202 


72 


1.857332 


107 


2.029384 


3 


0.477121 


38 


1.579784 


73 


1.863323 


108 


2.033424 


4 


0.602060 


39 


1.591065 


74 


1.869232 


109 


2.037426 


5 


0.698970 


40 


1.602060 


75 


1.875061 


110 


2.041393 


6 


0.778151 


41 


1.612784 


76 


1.880814 


111 


2.045323 


7 


0.845098 


-42 


1.623249 


77 


1.886491 


112 


2.049218 


8 


0.903090 


43 


1.633468 


78 


1.892095 


113 


2.053078 


9 


0.954243 


44 


1.643453 


79 


1.897627 


114 


2.056905 


10 


1.000000 


45 


1.653213 


80 


1.903090 


115 


2.060698 


11 


1.041393 


46 


1.662758 


81 


1.908485 


116 


2.064458 


12 


L079181 


47 


1.672098 


82 


1.913814 


117 


2.068186 


13 


1.113943 


48 


1.681241 


83 


1.919078 


118 


2.071882 


14 


1.146128 


49 


1.690196 


- 84 


1.924279 


.119 


2.075547 


15 


1.176091 


50 


1.698970 


85 


1.929419 


120 


2.079181 


16 


1.204120 


51 


1.707570 


86 


1.934498 


121 


2.082785 


17 


1.230449 


52 


1.716003 


87 


1.939519 


122 


2.086360 


18 


1.255273 


53 


1.724276 


88 


1.944483 


123 


2.089905 


19 


1.278754 


54 


1.732394 


89 


1.949390 


124 


2.093422 


20 


1.301030 


55 


1.740363 


90 


1.954243 


125 


2.096910 


21 


1.322219 


56 


1.748188 


91 


1.959041 


126 


2.100371 


22 


1.342423 


'57 


1.755875 


92 


1.963788 


127 


2.103804 


23 


1.361728 


58 


1.763428 


93 


1.968483 


128 


2.107210 


24 


1.380211 


59 


1.770852 


94 


1.973128 


129 


2.110590 


25 


1.397940 


60 


1.778151 


95 


1.977724 


130 


2.113943 


26 


1.414973 


61 


1.785330 


96 


1.982271 


131 


2.117271 


27 


1.431364 


62 


1.792392 


97 


1.986772 


132 


2.120574 


28 


1.447158 


63 


1.799341 


98 


1.991226 


133 


2.123852 


29 


1.462398 


64 


1.806180 


99 


1.995635 


134 


2.127105 


30 


1.477121 


65 


1.812913 


100 


2.000000 


135 


2.130334 


31 


1.491362 


66 


1.819544 


101 


2.004321 


136 


2.133539 


32 


1.505150 


67 


1.826075 


102 


2.008600 


137 


2.136721 


33 


1.518514 


68 


1.832509 


103 


2.012837 


138 


2.139879 


34 


1.531479 


69 


1.838849 


104 


2.017033 


139 


2.143015 


35 


1.544068 


70 


1.845098 


105 


2.021189 


140 


2.146128 



(351.) Let us now determine the base of Napier's system. 
Designating it by a, we shall have, Art 349, 

log.' a : log. a:: I : 0,434294. 

Rut log.'' «=1. Hence 

log. <3:=0.484294. 



LOGARITHMS. 319 

That is, the modulus of the common system is equal to the 
common logarithm of Napier's base. 

We wish, then, to find the number corresponding to the 
common logarithm 0.434294. By inspecting the preceding 
table, we see that this number must be a little less than 3. 
More accurately, it is 

2.718282, 

which is the base of Napier's system. 

Any number, except unity, may be taken as the base of a 
system of logarithms, and whence there may be an infinite num- 
ber of systems. Only two systems, however, are much used ; 
those of Briggs and Napier. 

The base of Briggs' system is 10. 

Napier's " 2.718282. 

The modulus of Briggs' « 0.434294. 

" Napier's " 1. 

Hence, in Briggs' system, all numbers are to be regarded as 
powers of 10. 

Thus, I0°-'"=2, 

10°-'"==:3, 

<fec.5 (fee. 

In Napier's system, all numbers are to be regarded as pow- 
ers of 2.718282. 

Thus, 2.718°-'^'=2, 

2.718'-°''=3, 

2.718''''^=4, 

2.718^-'°'==5, 

&c., &c. 

Briggs' logarithms are employed in all the common opera- 
tions of multiplication and division, and hence they are known 
by the name of common logarithms. Napier's logarithms are 
of great use in the application of the calculus to many analyt- 
ical and physical problems. They are also called hyperbolic 
logarithms, having been originally derived from the hyperbola. 
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EXPONENTIAL EaUATIONS. 

(352.) An exponential quantity is one which is raised to 
some unknown power, or which has an unknown quantity for 
an exponent ;. as, 

a^, c?^p(f', or of, &c. 

An exponential equation is one which contains an exponen- 
tial quantity; as, 

«""=&, x'^=c, &c. 

Such equations are most easily solved by means of loga- 
rithms. Thus, consider the equation 

Taking the logarithm of each member of the equation, we 

have 

a? log. a=\og.h, 

log. h 

or x=-. . 

log. a 

Ex. 1. What is the value oix in the equation 3''= 81 ? 

By the preceding formula, x— , \' , 

Looking out the logarithms of 81 and 3 from the Table on 
page 318, we have 

_ 1.908485 _ 
^~ .477121"^* 
Therefore, 3^=81. 

Ex, 2. What is the value oi x in the equation 3''=20? 

log. 20 1.301030 • ^^^^ . 

^=-r^ — »= A^rf^c^i ~^'^^^ nearly, 
log. 3 .477121 ■ 

Therefore, 3''''=20 nearly. 

Ex, 3. What is the value oix in the equation 5"'= 12? 

Ex. 4. What is the value of a; in the equation f - j =-1 

(353.) The other equation, x'^^c, may be solved by trial, as 
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in Art. 333. Thus, taking the logarithm of each member, we 
have 

a; log. x= log. c. 

Find now, by trial, two numbers nearly equal to the value 
of X, and substitute them for :?; in the given equation. Thjen 
say, 

As the difference of these results, 

Is to the. difference of the two assumed numhers, 

So is the error of either result, 

To the correctio7i required in the corresponding assumed 
number. 

Ex, 1. Given a;''=100 to find the value of x. 

Here we have x log. x=^ log. 100=2. 

Suppose :c=3, 

then 0;477121 X 3= 1.431363, which is ifoo 57?iaZ/. 

Suppose x=4:, 

thea 0.602060X4=2.408240, which is too great. 

Hence the value of:?; is between 3 and 4, but nearer to 4. 
Assume, then, 3.5 and 3.6 for the two numbers. 

By the first supposition. By the second supposition, 

aj=3.5; log. x= .544068 a;=3.6 ; log. x= .556303 

Multiplied by 3^ Multiplied by 3^ 

X , log. :z;= 1.904238 x , log. ^=2.002689 

Diff, of results : Diff. assumed numhers : : Error of 2d result : lis correction, 
.098451 : 0.1 :: .002689 : .00273 

Hence a;=3.6--.00273=3.59727 nearly. 

Therefore, 3.59727^-^^''^= 100 nearly. 

If we wish a more accurate result, the operation must be re- 
peated with two new numbers; as, for example, 3.59727 and 
3.59728. 

Ex, 2. Given ^^=6, to find the value of a;. 

Ex, 3. Given a;"'=20a;, to find an approximate value of 3;. 

COMPOUND INTEREST. 

(354.) In calculating compound interest, the first subject of 
Jtnquiry is, to what sum does a given principal amount, after a 
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certain number of years, the interest being annually added to 
the principal? It is evident that $1.00, placed out at 5 per 
cent., becomes, at the end of a year, a principal of #1.05. But 
the amount at the end of each year must be proportioned to 
the principal at the beginning of the year. In order, then, to 
find the amount at the end of two years, we institute the pro- 
portion 

1.00: 1.05: : 1.05 : (1.05)'. 
The sum 1.05** must now be considered as the principal, and 
hence, to find the amount at the end of three years, we say 
1.00 : 1.05 : : (1.05)' : (1.05)'. 
And in the same manner we find that the amount of #1.00 
for n years at compound interest is (1.05)". 

If the rate of interest were six per cent., we should find the 
amount for n years to be (1.06)". 

The amount of two dollars for a given time must obviously 
be double the amount of one dollar, and the amount of #1000 
must be a thousand times the amount of one dollar. 
Hence, if we put P to represent the principal, 

r the rate per cent, considered as a decimal, 
n the number of years, 
A the amount of the given principal for n 
years, we shall have 

A=P.(l+r)". 
This equation contains four quantities. A, P, ?z, r ; any three 
of which being given, the fourth may be found. The computa- 
tions are most readily performed by means of logarithms. 
Taking the logarithms of both members of the preceding equa- 
tion, and reducing, we find 

1. log. A =7iX log. (l+r)+ log. P. 

2. log. P =^ log. A— %X log. (1+r). 

log. A— log. P 

3. log. (l+r)=— ^ ■ . 

^ __ ^^^* •^~" ^^S* ^ 
"^ log. (1+r) 

EXAMPLES. 

Ex. 1. What is the amount of twenty dollars, at 6 per cent, 
compound interest, for 11 years? 
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In this example we employ formula (1). 

Amount of $1.00 for 1 year f 1.06, log. —0.025306 

Multiplying by 1 1 , U 

0.278366 
Given principal $20. log. =L301030 

Amount #38 nearly, 1.579396. 

This result is derived frdm the Table on page 318. B;, 
suiting a larger Table, we should find the amount $37.97. 

Ex, 2. What principal at 5 per cent, interest will amount to 
$66 in 13 years? 

Here we employ formula (2). 

l+r=1.05, log. =0.021189 

Multiplying by n, 13 

Subtract 0.275457 

From log. A, L819544 

P=$35 nearly, 1.544087. 

Ex. S, At what rate per cent, must $40 be put out at com- 
pound interest, that it may amount to $57 in 9 years ? 
Here we employ formula (3). 

A=57, log. =1.755875 

P =40, log. =1.602060 

Dividing by n, 9)0.153815 

l+r=h04 =0.017091 

Consequently, r=.04, or four per cent. 

How could this result be obtained without the use of loga- 
rithms? 

Ex. A. In what time will $50 amount to $90 at 5 per cent. 
Here we employ formula (4). 

A=90, log. =1.954243 

P=50, log. = 1.698970 

l+r=1.05, whose logarithm is 0.021189)0.255273. 

Dividing one logarithm by the other, we obtain 12, Ans. 

Ex. 5. What is the amount of $52 at 3 per cent, compound 
interest for 15 years? 

Ans. $81. 
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Ex, 6. What principal at 6 per cent, compound interest will 
amount to $101 in 4 years? 

Ans. $80. 
Ex, 7. At what rate will $10 amount to $16 in 16 years? 

Ans. Three per cent. 
Ex, 8. What will $800 amount to in 10 years at compound 
interest semi-annually, the yearly rate being 6 per cent. ? 

Ex, 9. In what time will a sum of money double at 6 per 
cent, compound interest ? 

Ans, 11.89 years. 
Ex, 10. In what time will a sum of money triple itself at 4 
per cent, compound interest ? 

Ans, 28.01 years. 
(355.) The natural increase of population in a country may 
be computed in the same way as compound interest. Know- 
ing the population at two different dates, we compute the rate 
of increase by formula (3), and from this we may compute the 
population at any future time on the supposition of a uniform 
rate of increase. 

EXAMPLES. 

Ex, I. The number of the inhabitants of the United States 
in 1790 was 3,900,000, and in 1840, 17,000,000. What was 
the average increase for every ten years ? 

Ans, 34 per cent. 
Ex, 2, Suppose the rate of increase to remain- the same for 
the next ten y^ars, what would be the number of inhabitants 
in 1850 ? 

Ans. 22,800,000. 
Ex, 8. At the same rate, in what time would the number in 
1840 be doubled? 

Ans, 23.54 years. 
Ex, 4. At the same rate, what was the population in 1780 ? 

Ans. 2,900,000. 
Ex, 5. At the same rate, in what time would the number in 
1840 be tripled? 

Ans, 37.31 years. 
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(356.) Ex, 1. Given -?^+-=«, 

^ y 

X z 

1 1 

- + -=€, 

y z J 



to find the values of x^ y, 
arid z. 



Arts, X- 



2 



r 



^ 



to find the values of x. 



Ex. 2. Given X'\-y-\-z -^-t ■\-u =25,^ 
x+y+z +u+w=2Q, 
x+y+z+t +1^=27, 
x+y+u+t +w=2S, I y, z, ^, 2^, and iv, 

x+z+u+t+w=29, I 

A?is. :c=3, 2/=4, %=5, zi=6, 35=7, it)=8. 

Ex. S, Given :r(:c+?/+z)=27, \ ^ z- , i , 

/ . . ( -. ^ f ^o iind the values of x, y, 
y^+3,+,^18, ^^^^^ 

Ans. x=S, y=2, z=4. 
Ex. 4. Given xy=z, ") 

^ ~~ ' S. to find the values of x, y, z, and v. 
xv=a, j 

J.7Z5. x=-^-rr^ y— V^j 2:= \/^, ?;= 's/ayh. 

Ex. 5. Given rc?/% = 105,"^ 

.Ti/t;=135, ! to find the values of a;, y, %, and 

2/%v==315j 

J.n5. a;==3, ?/=5, z=7, v=9. 
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Ex. 6. Given a:^+-+y=:84, | 

)^ to find the values oi x and y. 



X' 

y 

Arts. x=4, 2/=2 or 8. 



x+'-+y=U,j 



ci — "V tt^'^x^ 
Ex. 1. Given — —h, to find the values oi x. 

'la^/h 
Arts. x=±—-—r' 

1-4-0 



Ex. 8. Given =:-— ^-^ to find the values of a:. 

^725. X- ^^^^ . 



^:r. 9. Given ^/y— ^ a—x— ^/y—x, ) to find the values 

2 V"^^+2V^^=5VT-=^, ( of X and y. 



4 ^ 

JLns. x=-za, y~'l^' 



^ ^. '\/a-\-X s/a — X /X n ^ ^ 1 r 

Ex. 10. Given — — ^^ — I = i/r-, to find the values of x. 

^/x ^/x y h 



Ans. x—^2Vab—b'^: 



Ex. 11. Given >t' +xy''=ay, K i^ j ^u i ^ a 

1 . \ 7 c to find the values of x and y. 
xy+ y^=ox, ) 



j_ns. x=y —Tj-. y=^V -Tt 



Ex: 12. Given ; + =^- tt-t— , to find 

a+x a—x 3a— 46+a; 



the values of x. 



20" 
Ans. x=—3a, or Sa — r-. 



„ ^. fl{— a; O—x a+b ^ ^ , .1 1 r 

Ex. 13. Given T-; :—= r* to find the values ot x. 

b+x a+x a—b 

±:^5(a'-b)-{a+b) 
Ans. x=~ ^= — . 
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V 1 ~}~X "v/l X 

Ex. 14. Given ■ ^ = , to find the values ofx. 

l+VH-:ir l~Vl~:c 

Ans. x=:^^^3. 



J/^i:. 15. Given -==6, to find the values of a;. 

a-\-x 



£.2:. 16. Given V5V^+5V^+ v^:?;-f v/2/== 10, ) ^^ ^^^ ^^® 

> values ot 

^fx'^^ff =275,) :^; and y. 

JL715. a;=:9, ?/=4. 

Ex. 17. Given x—y-{-\/—^~— — , i to find the values 

„ ^„ ^ \ 01 :c and V. 

J.W5. a;=5, 3/=4. 
Ex. 18. Given (:z;+2/)'+^+y=30, ) to find the values of x 
x—y= 1, ) and y. 

Ans. x=^2, y==l. 

Ex. 19. Given a;*— 4a;' + 7a;' ~ 6a: =18, to find the values of a; 
a quadratic equation. 

Ans. a:=S, or —1. 
Ex. 20. Given {x +y ) (a: y +1)= 18a: y, ) to find the values 
(x'+y')(xy+l)=208xy,] of a: and y. 
^7Z5. :c=2±v'3, y=7±4v^3. 
Ex*, 21. Given (a:'+?/')a:i/= 13090, ) to find the values of a; 
x+y =18, 5 and y. 

Ans. a:=7, or 11, 
y=ll, or 7. 

Ex. 22. Given 5(a:^+?/^)+4a:y=356, ) to find the values of 
a;^+?/^+a:+3/=62, ) x and y. 

Ans. x=4, y=6. 

Ex. 28. Given (x'^+y'^)xy=^SOO, 3 to find the values of a: and 
x'-hy' =337, ) y. 

Ans, vr^4, ^-"-3. 
15 
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Ex, 24. Given (x''+f) {x'+7/')=^455, ) to find the values of 
x-^-y =5, ) X and y. 

Ans, x=3f y=2, 

Ex. 26. Given ^-i^^^^i^+ 14,] , ^ , ,. , r . 

x-\ry 1 to find the values of x and 

and ?!Z^±^^1S, ^• 

^-y J 

Ans, .r=12, y=Q. 

Ex. 26. Given Ix'-xy+y') (x'+y') =-91, ) ^^ ^^^ ^^^ 
/ 2 , 2v / 2 , , 2x .oo r values oi 

(^^-:^^3/+3/^) {x''+xy-hy')==lSS, j ^ ^^^^^ ^^ 

x47Z5. a;=2y or — 3; y=S, or —2. 

Ex. 27. Given {x+y)xy =30, ) to find the values of:?? 
(x'+?/'):ry=468, ) and y. 

Ans. x—2^ y—^' 
Ex. 28. The sum of two numbers is a, and the sum of their 
reciprocals is h. Requir.ed the numbers. 

Ex. 29. In the composition of a certain quantity of gunpow- 
der, the nitre was ten pounds more than two thirds of the 
whole ; the sulphur was four and a half pounds less than one 
sixth of the whole; and the charcoal was two pounds less tham 
one seventh of the nitre. How many pounds of gunpowder 
were there ? 

Ans. 69 pounds. 

Ex. 30. Find three numbers such that if six be subtracted 
from the first and second, the remainders will be in the ratio* 
of 2 : 3 ; if thirty be added to the first and third, the sums will- 
be in the ratio of 3 : 4 ; but if ten be subtracted from the sec- 
ond and third, the remainders will be as 4 : 5. 

Ans. 30, 42, 5&. 

Ex. 31. Divide the number 165 into five such parts that the 
first increased by one, the second increased by two, the third 
diminished by three, the fourth multiplied by 4, and the fifth 
divided by five, may all be equal 

Ans 19, 18,23, 5, and 100. 



MISCELLANEOUS EXAMPLES. 329 

Ex, 32. A criminal having escaped from prison, traveled 
ten hours before his escape vi^as known. He whs then pur- 
sued, so as to be gained upon three miles an hour. After his 
pursuers had traveled eight hours, they met an express going 
at the same rate as themselves, who met the criminal two 
hours and twenty-four minutes before. In what time from the 
commencement of the pursuit will they overtake him ? 

Ans, 20 hours. 

Ex, 33. A and B engage to reap a field of wheat in twelve 
days. The times in which they could severally reap an acre 
are as 2 : 3. After some days, finding themselves unable to 
finish it in the stipulated time, they call in C to help them, 
whose rate of working was such that, if he had wrought with 
them from the beginning, it would have been finished in nine 
days. Also, the times in which he could have reaped the field 
with A alone, and with B alone, are in the ratio of 7:8, 
When was C called in? 

Ans. After six days. 

Ex, 34. A laborer is engaged for n days, on condition that 
he receives p pence for every day he works, and pays q pence 
for every day he is idle. At the end of the time he receives 
a pence. How many days did he work, and how many was he 
idle? 

Ans. He worked -^---, and was idle -^-- — - days. 
p+q p+q 

Ex, 35. The fore wheel of a carriage makes three revolu- 
tions more than the hind wheel in going sixty yards ; but, if 
the circumference of each wheel be increased one yard, it will 
make only two revolutions more than the hind wheel in the 
same space. Required the circumference of each. 

Ans, 4 and 5 yards. 

Ex, 36. There is a wagon with a mechanical contrivance 
by which the difierence of the number of revolutions of the 
wheels on a journey is noted. The circumference of the fore 
wheel is a feet^ and of the hind wheel h feet. What is the dis- 
tance gone over when the fore wheel has made n revolutions 
more than the hind wheel? 

Ans, 7 feet. 
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Ex, 37. A merchant has two casks, each containing a cei- 
tain quantity of wine, In order to have an equal quantity in 
each, he pours out of the first cask into the second as much 
as the second contained at first ; then he pours from the second 
into the first as much as was left in the first ; and then again, 
from the first into the second as much as was left in the sec- 
ond, when there are found to be a gallons in each cask. How 
many gallons did each cask contain at first ? 

lla ^ 5a 
Ans, -— - and -—. 

o o 

Ex. 38. A and B engage to reap a field for #24 ; and as A 
alone could reap it in nine days, they promise to complete it in 
five days. They found, however, that they were obliged to 
call in C to assist them for/^ the last two days, in consequence 
of which B received one dollar less than he otherwise would 
have done. In what time could B or C alone reap the field ? 

Ans. B in 15, and C in 18 days. 

Ex. 39. A cistern can be filled by four pipes ; by the first in 
a hours, by the second in h hours, by the third in c hours, and 
by the fourth in d hours. In what time will the cistern be 
filled when the four pipes are opened at once ? 

abed 
^^fis • — — 

abc+abd-i-acd+bcd' 
Ex. 40. The sum of the cubes of two numbers is 35, and 
the sum of their ninth powers is 20195. Required the num- 
bers. 

Ans. 2 and 3« 

Ex. 41. A number consisting of three digits, which are kx 
Arithmetical Progression, being divided by the sum of its dig- 
its, gives a quotient 26; and if 198 be added to it, the digits 
will be inverted. Required the number. 

Ans. 234. 

Ex. 42. There are three numbers in Geometrical Progres- 
sion, the diflference of whose diflferences is six, and their sum is 
forty-two. Required the numbers. 

Ans. 6, 12j and 24. 

Ex. 43. There are three numbers in harmonical proportion ; 
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the sum of the first and third is 18, and the product of the three 
numbers is 576. Required the numbers. 

Ans. 12, 8, and 6. 

Ex. 4^. There are three numbers in harmonica! proportion; 
the difference of whose differences is 2, and four times the 
product of the first and third is 960. Required the numbers. 

Ans, 20, 15, 12. 

-Ex. 45. There are two numbers whose product is 300 ; and 
the difference of their cubes is thirty-seven times the cube of 
their difference. What are the numbers ? 

Ans. 20 and 15. 

Ex. 46. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 24 ; and the 
difference of the squares of the greatest and the least is to the 
surifi of the squares of all the three numbers as 5 : 7. What 
are the numbers ? 

Ans. 8, 16, and 32. 

Ex. 47. A merchant had #26,000, which he divided into two 
parts, and placed them at interest in such a manner that the 
incomes from them were equal. If he had put out the first 
portion at the same rate as the second, he would have drawn 
for this part $720 interest ; and if he had placed the second 
out at the same rate as the first, he would have drawn for it 
$980 interest. What were the two rates of interest ? 

Ans. 6 per cent, for the larger sum, and 7 for the smaller. 

Ex. 48. A grocer has a cask containing 20 gallons of bran- 
dy, from which he draws off a certain quantity into another 
cask of equal sFze, and, having filled the last with water, the 
first' cask: was filled with the mixture. It now appears that 
if 6| gallons of the mixture are drawn off from the first into 
the second cask, there will be equal quantities of brandy in 
each. Required the quantity of brandy first drawn off. 

Ans. 10 gallons. 

Ex. 49. A miner bought two cubical masses of ore for $820. 
Each of them cost as many dollars per cubic foot as there were 
feet in a side of the other ; and the base of the greater con- 
tained a square yard more than the base of the less. What 
was the price of each ? 

Ans, 500 and 320 dollars. 
15* 



332 MISCELLANEOUS EXAMPLES. 

Ex, 50. A and B traveled on the same road, and at the 
same rate, from Cumberland to Baltimore. At the 50th mile- 
stone from Baltimore, A overtook a drove of geese, w^hich were 
proceeding at the rate of three miles in two hours ; and two 
hours afterward met a wagon, which was moving at the rate 
of nine miles in four hours. B overtook the same drove of 
geese at the 45th milestone, and met the same wagon 40 min- 
utes before he came to the 31st milestone. Where was B 
when A reached Baltimore ? 

Ans, 25 miles from Baltimore. 

Ex, 51. A gentleman bought a rectangular lot of land at the 
rate of ten dollars for every foot in the perimeter. If the 
same quantity had been in a square form, and he had bought 
it at the same rate, it would have cost him $330 less ; but if 
he had bought a square piece of the same perimeter, he would 
have had 12j rods more. What were the dimensions of the 
lot? 

Ans, 9 by 16 rods. 

Ex. 52. A and B put out at interest sums amounting to 
$2400. A's rate of interest was one per cent, more than B's ; 
his yearly interest was five sixths of B's ; and at the end of 
ten years his principal and simple interest amounted to five 
sevenths of B's. What sum was put at interest by each, and 
at what rate? 

Ans. A $960, at 5 per cent. 
B $1440, at 4 " 

Ex. 53. Two merchants sold the same kind of cloth. The 
second sold three yards more of It than the first, and together 
they received $35. The first said to the second, I should have 
received $24 for your cloth ; the other replied, I should have 
received $12^ for yours. How many yards did. each of them 
sell? 

Ans. The first merchant, 5 or 15 yards 
The second " 8 or 18 " 

Ex. 54. A person bought a quantity of cloth of two sorts for 
$63. For every yard of the best piece he gave as many dol- 
lars as he had yards in all ; and for every yard of the poorer, 
as many dollars as there were yards of the better piece more 
than of the poorer. Also, the whole cost of the best piece was 
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six times that of the poorer. How many yards had he of 
each ? 

Ans, 6 yards of the better, and 3 of the poorer. 

Ex, 55. A and B, 165 miles distant from each other, set out 
with a design to meet. A travels 1 mile the first day, 2 the 
second, 3 the third, and so on, B travels 20 miles the first 
day, 18 the second^ 16 the third, and jso on. In how many days 
will they meet ? 

Ans. 10 or 33 days. 

Sx. 56. There are three numbers in Geometrical Progres- 
sion whose continued product is 216, and the sum of their 
cubes is 1971. Required the numbers. 

Ans. 3, 6, and 12. 

Ex. 57. There are four numbers in Geometrical Progression 
whose sum is 350 ; and the difference between the extremes is 
to the difference of the means as 37 : 12. What are the num- 
bers ? 

Ans. 54, 72, 96, 128. 

Ex. 58. A commences a piece of work alone, and labors for 
two thirds of the time that B would have required to perform 
the entire work. B then completes the job. Had both labor- 
ed together, it would Have been completed two days sooner ; 
and A would have performed only half what he left for B, 
Required the time in which they would have performed the 
work separately. 

Ans. A in 6 days, and B in 3 days. 

Ex. 59. A ship, with a crew of 175 men, set sail with a sup- 
ply of water sufficient to last to the end of the voyage ; but in 
30 days the scurvy made its appearance, and carried off three 
men every day; and at the same time a storm arose which 
protracted the voyage three weeks. They were, however, 
pst enabled to arrive in port without any diminution in each 
man's daily allowance of water. Required the time of the 
passage, and the number of men alive when the vessel reached 
the harbor. 

Ans. The voyage lasted 79 days, and the nu«nber of men 
alive was 28. 

Ex. 60. The number of deaths in a besieged garrison 
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amounted to 6 daily ; and, allowing for this diminution, their 
stock of provisions was sufficient to last 8 days. But on the 
evening of the sixth day 100 men were killed in a sally, and 
afterward the mortality increased to 10 daily. Supposing the 
stock of provisions unconsumed at the end of the sixth, day to 
support 6 men for 61 days, it is required to iind how long it 
would support the garrison, and the number of men alive when 
the provisions were exhausted. 

Arts. The provisions last 6 days, and 26 men survive. 



THE END. 



Coomis' €oxir0e ot 4iflatl)emattcs, 



PUBLISHED BY 



HARPER & BROTHERS, NEW YORK. 



**Afv/^V#* .^^VVNT**. 



The Publishers of the course of Mathematics by Prof Loomis invite the at- 
tention of professors of colleges and teachers generally to an examination ol 
these works. They are the fruits of a long series of years devoted to collegiate 
instructipn, and it is believed that they possess in an eminent degree the quali- 
ties of simplicity, conciseness, and lucid arrangement, and are adapted to the 
wants of students generally in our colleges and academies. 

LOOMIS' TREATISE ON ALGEBRA. 

8vo, p. 334, Sheep, $1 00. Third Edition. 

I have carefully exammed the work of Prof. Loomis on Algebra, and am much pleased with it. 
The arrangement is sufficiently scientific, yet the order of the topics is obviously, and, I think, ju- 
diciously made with reference to the development of the powers of the pupil. The most rigorous 
modes of reasoning 9.,re designedly avoided in the earlier portions of the work, and deferred till the 
student is better fitted to appreciate them. All the principles are, however, established withsuffi- 
cient rigor to give satisfaction. Much care seems to have been taken, by generalizing particular ex- 
amples and other meansj to develop the faculty and induce-the habit~of generalizing, a point which- 
I think, has not received sufficient attention hitherto. On the whole, therefore, I think this worh 
better suited for the purposes of a text-book than any other I have seen.^ — Augustus W. Smith. 
LL.D., Professor of Mathematics and Astronomy in the Wesleyan University. 

Prof". Loomis' Treatise on Algebra is an excellent elementary work. It is sufficiently extensive 
for ordinary purposes, and is characterized throughout by a happy combination of brevity and clear- 
ness.— A. Caswell, D.D., Professor of Mathematics and Natural Philosophy in Brown University. 

I have examined Prof. Loomis' new work on Algebra, and am highly pleased with it. For con 
ciseness and clearness of statement, and for its lucid explanation of elementary principles, it is de 
cidedly superior to any work with which I am acquainted. I hope it will be extensively used in all 
our public institutions. — Alonzo Gray, A.M., Professor in Brooklyn Female Academy. 

I have examined Prof. Loomis' Algebra carefully and with much interest, and am so perfectly 
satisfied with it, that I shall introduce it to my classes as soon, as possible. It is just the work which 
I have been for a long time in search of. I am particularly delighted with the mode of treating the 
subject of logarithms, and, indeed, with the clearness of the investigations generally throughout the 
work.— E. Otis Kendall, Professor of Mathematics and Astronomy in the Central High School of 
Philadelphia 

I fully concur with Prof. Kendall in his opinion of Loomis' Algebra.— Sears C. Walker, of the 
United States Coast Survey. 

A text-book like this of Prof. Loomis was much needed, and the desideratum is so well supplied, 
that I think it can not fail to commend itself at once to the favorable regard of those who are looking 
for the best work for college classes. I consider it decidedly the best book for college instruction 
that I am acquainted with on the subject, and it has been adopted as a text-book in our college by 
unanimous consent of the faculty. Prof. Loomis has been very happy in simplifying the more diffi- 
cult parts of the subject, especially on the theory of equations and on logarithms.— James Nooney, 
A.M.j Professor of Mathematics and Natural Philosophy in Western Reserve College. 

I have carefully examined Prof. Loomis' Algebra, and think it better adapted for a text-book for 
Kollege students than any other I have seen.— C. Gill, Professor of Mathematics in St. PauVs Col. 

Prof. Loomis seems very happily to have observed the proper medium between exuberance of ex- 
planation and demonstration on the one hand, which leaves little or nothing for the student himself 
to do ; and a repulsive conciseness on the other, which discourages him, and gives him a disrelish 
fcT this portion of study. I have adopted it as a text-book in the Cornelius Institute, believing it to 
be better suited to youth who are preparing for college, than any other treatise on Algebra with 
waich 1 am acquainted.— John J. Owen, D.D., Professor in the Free Academy. 

After a thorough examination of Prof. Loomis' work on Algebra, I have concluded to adopt it as a 
t« t-book in this Institution.— Marcus Catlin, A.M., Professor of Mathematics and Astronwnyw 
U-milton College 
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Prof. Loomis' work on Algebra is exceedingly well adapted for the purpose-s of instruction. He 
has avoided the difficulties which result from too great conciseness, and aimingat the utmost rigor 
of demonstration ; and, at tKe same titne, has furnished in his book a good and sufficient preparation 
for the subsequent parts of the mathematical course. I do not know of a treatise which, all things 
considered, keeps both these objects so steadily in view.— J. Wakd Andrews, A.M., Professor of 
Mathematics and Natural Philosophy in Marietta College. 

Prof. Loomis' work is well calculated to impart a clear and cbrrect knowledge of the principles of 
Algebra. The rules are concise, yet sufficiently comprehensive, containing in few words all that ia 
necessary, and nothing more; the absence of which quality mars many a scientific treatise. The 
collection of problems is peculiiarly rich, adapted to impress the most important principles upon the 
youthful mind, and the student is led gradually and intelligently into the more interesting and higher 
departments of the science.— John BrocklesbY, A.M., Professor of Mathematics and Natural 
Philosophy in Trinity College. 

I am much pleased with I^rof. Loomis' Algebra. I think he has accomplished very happily the 
object he had in view, and has prepared a work remarkably well adapted for the use of college stu 
dents.— E. iS. Snell, A.M., Professor of Mathematics and Natural Philosophy in Amherst College 

I am much pleased with Prof. Loomis' Algebra. The arrangement of the Subjects is, I think, an 
admirable one. The best proof I can give of the estimation in which I hold it Is, that I am now 
hearing recitations in it the second time.— John Tatlock, A.M., Professor of Mathematics in 
Williams College. 

I have examined Prof. Loomis' Algebra with great attention, and am so well pleased with its ar- 
langement and execution throughout, that I have decided to adopt it as a text-book in this institu- 
tion.— Thomas E. SuDLER, A.M., Professor of Mathematics in Dickinson College. 

Prof. Loomis has here aimed at exhibiting the firit principles of Algebra in a form which, while 
evei with the capacities of ordinary students and the present state of the science, is fitted to elicit 
that degree of effort which educational purposes require. Throughout the work, whenever it can 
be done with advantage, the practice is followed of generalizing particular examples, or of extend- 
ing a question proposed relative to a' particular quantity, to the class of quantities to which it be- 
longs ; a practice of obvious utility, as accustoming the student to pass from the particular to the 
general, and as fitted. to impress a main distinction between the literal and numeral calculus. The 
general doctriite.of Equations is expounded with clearness, and, we may add> with independence. 
The author has developed this subject in an order of his own. Theorems which find a place in other 
treatises are omitted, and what sometimes appears in a generic form, or in that of a corollary, bo- 
comes specific, or assumes the place of a primary proposition. We venture to say that there will 
be but one opinion respecting the general character of the exposition. — American Journal of Science 
and Arts. 

I regard Prof. Loomis'^Algebra as altogether worthy of the high reputation its author deservedly 
enjoys. It possesses those qualities which are chiefly requisite in a college text-book. Its state- 
ments are clear and definite ; the more important principles are made so prominent as to arrest the 
pupil's attention ; and it conducts the pupil by a sure and easy path to those habits of generalization 
which the teacher of Algebra has so n^uch difficulty^ in imparting to his pupils.— Julian^M. Stur- 
TKVANT, L.L.D.j President of Illinois College. 

The arrangement of Prof. Loomis' Algebra is good ; the doctrine of Equations is clearly presented, 
and the principle of generalization is ably developed in a manner well calculated to improve the 
youthful mind. — W. P. Alrich, Prdfessor of Mathematics in Washington College, Pennsylvania. 

Prof. Loomis' Algebra is admirably got up. It is clear and simple in arrangement, and just the 
work for the class of learners for whom the author prepared it. The introduction of Horner's ad- 
mirable method for finding incoirmensurable roots, and the section on Logarithms, render it superior 
to any text-book on the subjeo. with which I am acquainted.— Pres. Collins, Emory and Henry 
College, Virginia. 

We feel bound to express our conviction that this is a decidedly better text-book, especially for 
those not already far advanced in the study, than any other we have seen. IHs carefully and lu- 
cidly arranged, and, admirably enunciated and explained. — Teacher^s Journal. 

The present work is the fruit of long experience in teaching and diligent investigation of the sci 
eswe. The author has sought to avoid unnecessary prolixity on the one hand, and undue brevity o» 
the other, and with the observance of this happy medium he has embodied all the latest improve 
ments.— Methodist (Quarterly Review, 
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LOOMIS' GEOMETRY AND CONIC SECTIONS. 
Second Edition. 8vo, p. 226, Sheep, $1 00. 

Every page of this book bears marks of careful preparation. Only those propositions are selected 
which are most important in themselves, or which are indispensable in the demonstration of others. 
The propositions are all enunciated with studied" precision and brevity. The demonstrations are 
complete without being encumbered with verbiage ; and, unlike many works we could mention, the 
diagrams are good representations of the objects intended. We believe this book will take its placo 
among the best elementary works which our country has produced. — American Review. 

Prdf. Loomis' Geometry is characterized by the same neatness and elegance which were exhibited 
in his Algebra. While the logical form of argumentation peculiar to Playfair's Euclid is preserved, 
more completeness and symmetry is secured by additions in solid and spherical geometry, and by a 
different arrangement of the propositions. It will be a favorite with those who admire the chaste 
forms of argumentation of the old school ; and it is a question whether these are not the best for the 
purposes of mental discipline. — Northern Christian Advocate. 

As a text-book for instruction, this work possesses advantages superior, in some respects, to any 
other work oa the subject in our language. The aiTangement is good, and the selection of proposi- 
tions, so judiciously made as to comprise what is most valuable for the purposes of the student, both 
for intellectual culture and for a knowledge of geometry. Prof. Loomis has introduced some valu- 
able improvements, especially that of computing the area of a circle in a very simple and easy man 
ner, and that of shading the diagrams in solid geometry, which will greatly aid the student inform- 
ing his conceptions of solid angles and the positions of planes. — Ohio Observer. 

The enunciations in Prof. Loomis' Geometry are concise and clear, and the processes neither too 
brief nor too diffuse. The part treating of solid Geometry is undoubtedly superior, in clearness and 
arrangement, to any other elementary treatise among us. — New York Evangelist. 

Prof. Loomis has admirably harmonized the logical system of the Greek geometer with the more 
rapid processes of modern mathematicians. — New York Observer. 

Having been requested, by a resolution of our Board of Trustees, to report such a course of mathe 
matical studies as I may deem best suited to our circumstances, I have selected Loomis' Geometry 
and Conic Sections as a part of the course. — Matthew J. Williams, Professor of Maihematica 
in South Carolina College. 

Prof. Loomis has made Legendre's Geometry far more Euclidian, and therefore more valuable. 
Some of his demonstrations are decided improvements on those of Legendre.— Professor C. Dewey, 
Rochester Collegiate Institute. 

This book is far in advance of Playfair's Euclid. It can not fail to come into general use. — Albany 
Atlas. 

Particular attention has been paid by tiie author to the diagrams, reducing them to a uniformity 
of dimensions, and, of course,' conveying clearer ideas of what they represent to the mind of the 
pupil. This book is worthy the attention of our high schools and colleges.— Hartford Spectator. 

The propositions are all enunciated with clearness and brevity. It is a valuable work, and well 
deserving the attention of schools and mechanics.— i^armcr and Mechanic. 

An available text-book, which vre have no doubt will become a standard authority in this deparb- 
ment of instruction.— Literary World. 

This work is admirably drawn up, and merits universal adoption in all schools where these branches 
of science are taught.— Comer and Enquirer. 

These books are terse in style, clear in method, easy of comprehension, and perfectly free from 
that useless verbiage with which it is too much the fashion to load school-books under pretense of 
explanation.— .Scot's Weekly Paper, Canada. 

Prof. Loomis is doing a valuable service to the cause of mathematical science by the course oi 
text-books he is preparing. His writings in other departments of science are characterized by a 
remarkable clearness in the manner in which he exhibits truth, and his treatises on Algebra and 
Geometry bear evident marks of having emanated from the same mind.— James H. Coffin, A.M., 
Professor, of Mathematics in Lafayette College 

Prof. Loomis has made many improvements in Legendre's Geometry, retaining all the merits of 
that author without the defects. I shall adopt his work as a text-book in this college.— Thomas E 
SuDLER, A.M., Professor of Mathematics in Dickinson College. 
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LOOMIS' TRIGONOMETRY AND TABLES. 

8vo, p. 320, Sheep, SI 50. 

This work contains an exposition of the nature and properties of Logarithms , 
the principles of Plane Trigonometry ; the Mensuration of Surfaces and Solids ; 
the principles of Land Surveying, with a full description of the instruments em- 
ployed ; the Elements of Navigation, and of Spherical Trigonometry. The 
Tables furnish the Logarithms of Numbers to 10,000; logarithmic Sines and 
Tangents for every ten Seconds of the Quadrant ; natural Sines and Tangents 
for every Minute of the Quadrant ; a Traverse Table ; a Table of Meridional 
Parts, &c. 

The following are a few of the notices of this work which have been received 
by the publishers. 

Loomis* Trig-onometry is well adapted to give the student that distinct knowledge of the princi- 
ples of the science so important in the further prosecution of the study of mathematics. The de- 
scription and representation of the instruments used in surveying, leveling, etc., are sufficient to 
prepare the student to make a practical application of the principles he has learned. The Tables 
are just the thing for college students.— John Tatlock, A.M., Professor of Mathematics in Wil- 
liams College. 

Prof. Loomis has done up the work admirably. The brevity and clearness which characterize 
this excellent system of mathematical reasoning are the we plus ultra for such a work. His Trigo- 
nometry will meet with the approval already accorded to his Algebra and Geometry. — Professor C. 
Dewey, Rochester Collegiate Institute. 

Loomis' Trigonometry is sufficiently extensive for collegiate purposes, and is every where clear 
and simple in its statements without being redundant. The learner will here find what he really 
needs without being distracted by what is superfluous or irrelevant. — A. Caswell, D.D., Pro/e55or 
of Mathematics and Natural Philosophy in Brown University. 

Loomis' Tables are vastly better than those in common use. The extension of the sines and tan 
gents to ten seconds is a great improvement. The tables of natural sines are indispensable to a good 
understanding of Trigonometry ; and the natural tangents are exceedingly convenient in analytical 
geometry.— J. Ward Andrews, A.M., Professor of Mathematics and Natural Philosophy in Mari- 
etta College. 

Loomis' Trigonometry and Tables are a great acquisition to mathematical schools. I know of no 
work in which the principles of Trigonometry are so well condensed and so admirably adapted to 
the course of instruction in the mathematical schools of our country. I shall adopt it as a text- 
book for instruction in this college.— Thomas E. Sudler, A.M., Professor of Mathematics in Dick- 
inson College. 

Loomis' Trigonometry and Tables are both excellent works, and I shall recommend them at every 
opportunity which offisrs.-r James Curley, Professor in Georgetown College. 

I am so much pleased with Prof, Loomis' Trigonometry that I intend to use it as a text-book in 
this college.— John Brocklesby, A.M., Professor of Mathematics in Trinity College. 

In this work the principles of Trigonometry and its applications are discussed with the same clear 
ness that characterizes the previous volumes. The portion appropriated to Mensuration, Surveying 
«fec., will especially commend itself to teachers, by the judgment exhibited in the extent to whici 
they are carried, and the practically useful character of the matter introduced. What I have par • 
icularly admired in this, as well as the previ^ous volumes, is the constant recognition of the difficul 
ties, present and prospective, which are likely to embarrass the learner, and the skill and tact with 
which they are removed. The Logarithmic Tables will be found unsurpassed in practical conven- 
ience by any others of the same extent.— Augustus W. Smith, LL.P., Professor of Mathematics 
and Astronomy in the Wesleyan University. 

Prof. Loomis' text-books in Mathematics are models of neatness, precision, and practical adaptation 
to the wants of students. — Methodist Quarterly Review. 
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&c. 12mo, Muslin, $1 25 ; Sheep extra, f 1 40. 

Beck's Botany of the United States, 

North of Virginia. With a Sketch of the Rudiments of Botany, and 
a Glossary of Terms. 12mo, Muslin, $1 25 ; Sheep extra, f 1 60. 

Tytler's Universal History, 

From the Creation of the World to the Decease of George III., 1820 
6 vols. 18mo, Muslin, $2 70. 



6 Works for Colleges, Schools, <^c,, 

Mill's Logic, Ratiocinative and Inductive. 

Being a connected View of the Principles of Evidence and Methods 
of Scientific Investigation. 8vo, Muslin, f 2 00. 

Russell's Juvenile Speaker. 

Comprising Elementary Rules and Exercises in Declamation, with a 
Selection of Pieces for Practice. 12mo, Muslin, 60 cents ; half 
Bound, 70 cents. 

Harper's New York Class-book. 

Comprising Outlines of the Geography and History of New York ; 
Biographical Notices of eminent Individuals ; Sketches of Scenery 
and Natural History ; Accounts of Public Institutions, &c. By Wm. 
Russell. 12mo, half Sheep, |l 25, 

Morse's School Geography. 

Illustrated by more than 50 Cerographic Maps, and numerous Engrav- 
ings on Wood. 4to, 50 cen|is. 

Morse's North American Atlas. 

Containing 36 Folio Maps in Cgjors, forming a complete Atlas of this 
Continent. Half Roan, $2 75./ 

Harper's Map of the United States and Canada, 

Showing the Canals, Rail-roads, and principal Stage Routes. By 
Samuel Breese, A.M. Colored in various Styles and mounted on 
Rollers. Price from $2 00 to $2 50. 

Salkeld's First Book in Spanish. 

Or, a Practical Introduction to the Study of the Spanish Language. 
Containing full Instructions in Pronunciation, a Grammar, Reading 
Lessons, and a Vocabulary. 12mo, Muslin, $1 00 ; Sheep extra, 
$L 25. 

Salkeld's Roman and Grecian Antiquities, 

Including a Sketch of Ancient Mythology. With Maps, &c. 12mo, 
Muslin, 37i cents. 

Duff's North American Accountant 

Embracing Single and Double Entry Book-keeping, practically adapted 
to the Inland and Maritime Commerce of the United States. 8vo, 
half Bound, School Edition, 75 cents ; Mercantile Edition, $1 50. 

Bennet's American System of Book-keeping. 

Adapted to the Commerce of the United States in its Domestic and 
Foreign Relations. 8vo, half Bound, $1 60. 

Edwards's Book-keeper's Atlas. 

4to, half Roan, $2 00. , 

Potter's Political Economy. 

Its Objects, Uses, and Principles ; considered with reference to the 
Condition of the American People. With a Summary for the Use of 
Students. 18mo, half Sheep, 50 cents. 

Potter's Science AppHed to the Domestic Arts, &c. 

The Principles of Science applied to the Domestic and Mechanic Arts, 
and to Manufactures and Agriculture. With illustrative Cuts. 12mo 
Muslin, 75 cents. 
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potter's Hand-book for Readers and Students, 

Intended to assist private Individuals,. Associations, School Districts, 
&c., in the Selection of useful and interesting Works for Reading and 
Investigation. 18mo, Muslin, 45 cents. 

Clark's Elements of Algebra. 

Embracing, also, the Theory and Application of Logarithms ; together 
with an Appendix, containing Infinite Series, the general Theory of 
Equations, and the most approved Methods of resolving the higher 
Equations. 8vo, Sheep extra, $1 00. 

Burke's Essay on the Sublime and Beautiful. 

A Philosophical Inquiry into the Origin of our Ideas of the Sublime 
and Beautiful. With an Introductory Discourse concerning Taste. 
Edited by Abraham IVIills. 13mo, Muslin, 75 cents. 

Alison's Essay on the Nature and Principles of Taste. 

With Corrections and Improvements, by Abraham Mills. 12mo, 
Muslin, 75 cents. 

Mahan's System of Intellectual Philosophy. 

12mo, Muslin, 90 cents. 

Campbell's Philosophy of Rhetoric. 

Revised Edition. 12mo, Muslin, $1 25. 

Boucharlat's Elementary Treatise on Mechanics. 

Translated from the French, with Additions and Emendations, by 
Professor E. H. Courtenay. With Plates. 8vo, Sheep extra, $2 25. 

Henry's Epitome of the History of Philosophy. 

Being the Work adopted by the University of France for Instruction 
in the Colleges and High Schools. Translated, with Additions, and 
a Continuation of the History, by C. S. Henry, D.D. 2 vols. 18mo, 
Muslin, 90 cents. 

Griscom's Animal Mechanism and Physiology. 

Being a plain and familiar Exposition of the Structure and Functions 
of the Human System. Engravings. 18mo, half Sheep, 50 cents 

Schmucker's Psychology ; 

Or, Elements of a new System of Mental Philosophy, on the Basis ot 
Consciousness and Common Sense. 12mo, Muslin, ^1 00. 

Noel and Chapsal's French Grammar. 

With Additions, &c., by Sarah E. Seaman. Revised by 0. P. Bor- 
DENAVE. 12mo, Muslin, 75 cents. 

Maury's Principles of Eloquence. 

With an Introduction, by Uev. Dr. Potter. 18mo, Muslin, 45 cents. 

Hempel's Grammar of the German Language. 

Arranged into a new System on the Principle of Induction. 2 vols 
12mo, half Bound, SI 75. 

Kane's Elements of Chemistry: 

Including the most recent Discoveries, and Applications of the Sci- 
ence to Medicine and Pharmacy, and to the Arts. Edited by Jo-hn 
W. Draper, M.D. With about 250 Wood-cuts. 8vo, Muslin, $2 00 ; 
Sheep extra, $2 25. 



8 Works for Colleges, Schools, ^c, 

Hale's History of the United States, 

From their first Settlement as Colonies to the close of the Adminis- 
tration of Mr. Madison in 1817. 2 vols. l8mo, Muslin, 90 cents. 

Glass's Life of Washington, 

In Latin Prose. Edited by J. N. Reynolds. With Portrait. l2nao, 
Muslin, $1 121-. 

Whewell's Elements of Morality, including Polity 

2 vols. 12mo, Muslin, U 00. 

Olmstead's Letters on Astronomy, 

Addressed to. a Lady. With numerous Engravings. 12mo, Muslin, 
75 cents. 

Robertson's History of the Discovery of America. 

With an Account of the^uthor's Life and Writings. With Questions 
for the Examination of Students, by John Frost, A.M. With Engrav- 
ings. 8vo, Sheep extra, $1 75. 

Robertson's History of America, Abridged. 

With an Account of the Author's Life and Writings, by Dugald Stew- 
art. 18mo, Muslin, 45 cents. 

Robertson's History of the Emperor Charles V. 

With a View of the Progress of Society in Europe, to the Beginning 
of the Sixteenth Century. With Questions for the Examination of 
Students, by John Frost, A.M. With Engravings. 8vo, Sheep ex- 
tra, $1 75. 

Robertson's History of Charles V., Abridged. 

18mo, Muslin, 45 cents. 

Beecher's (Miss) Treatise on Domestic Economy, 

For the Use of Young Ladies at Home and at School. Revised Edi- 
tion, with numerous Additions and illustrative Engravings. 12mo, 
Muslin, 75 cents. 

Combe's Principles of Physiology, 

Applied to the Preservation of Health, and the.Improvement of Phys- 
ical and Mental Education. With Questions. Engravings. 18mo, 
Muslin, 45 cents ; half Sheep, 50 cents. 

Bigelow's Useful Arts, 

Considered in connection with the Applications of Science. With 
numerous Engravings. 2 vols. 12mo, Muslin, $\ 50. 

Cicero'^ Three Dialogues on the Orator. 

Translated into English by W. Guthrie. Revised and corrected, 
with Notes. 18mo, Muslin, 45 cents. 

Hazen's Popular Technology ; 

Or, Professions and Trades. Illustrated with 81 Engravings. 18mo, 
half Sheep, 75 cents. 

MuUer's History of the World, 

From the earliest Period to 1783. Compared throughout with the 
Original, revised, corrected, and illustrated by a Notice of the Life 
and Writings of the Author, by Alexander Everett. 4 vols. 12mo, 
Muslin, $3 00. 
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Lee's Elements of Geology for Popular Use. 

Containing a Description of the Geological Formations and Mineral 
Resources of the United States. 'With Engravings. 18mo, half 
Sheep, 50 cents. 

Butler's Analogy of Religion, 

Natural and Revealed, to the Constitution and Course of Nature. To 
which are added two brief Dissertations : of Personal Identity — of 
the Nature of Virtue. With a Preface by Bishop Halifax. l8mo, 
half Bound, 371- cents. 

Hobart's Analysis of Butler's Analogy of Religion, 

Natural and Revealed, to the Constitution and Course of Nature, with 
Notes. Edited by Charles E. West. 18mo, Muslin, 40 cents. 

Mosheim's Ecclesiastical History, 

Ancient and Modern ; in which the Rise, Progress, and Variation of 
Church Power are considered in their Connection with the State of 
Learning and Philosophy, and the Pohtical History of Europe during 
that Period. Translated, with Notes, &c., by A. Maclaine, D.D. A 
new Edition, continued to 1826, by C. Coote, LL.D. 2 vols. 8vo, 
Sheep extra, $3 50. 

Blackstone's Commentaries on the Laws of England. 

With the last Corrections of the Author, and Notes from the Twenty- 
first London Edition. With copious Notes explaining the Changes in 
the Law effected by Decision or Statute down to 1844. Together 
with Notes adapting the Work to the American Student, by John L. 
Wendell, Esq. With a Memoir of the Author. 4 vols. 8vo, Sheep 
extra, $7 00. 

Duer's Constitutional Jurisprudence of the United 

States. 18mo, Muslin, 45 cents. 

Dymond's Essays on the Principles of Morality, 

And on the Private and Political Rights and Obligations of Mankind. 
With a "Preface and Notes, by Rev. G. Bush. 8vo, Mushn, $1 37^, 

Button's Book of Nature laid Open. 

Revised and improved by J, L. Blake, D.D. With Questions for 
Schools. 18mo, Muslin, 37^ cents. 

Lieber's Essays on Property and Labor, 

As connected with Natural Law and the Constitution of Society. 
Edited by Rev. Dr. Potter. 18mo, Muslin, 45 cents. 

Montgomery's Lectures on General Literature, 

Poetry, &c., with a Retrospect of Literature, and a View of Modern 
English Literature. 18mo, Muslin, 45 cents. 

Paley's Natural Theology. 

With Illustrative Notes, &c., by Lord Brougham and Sir C. Bell, ana 
Preliminary Observations and Notes, by A. Potter, D.D. With En- 
grayings. 2 vols. 18mo, Muslin, 90 cents. 

Faley's Natural Theology. 

A new Edition, from large Type, edited by D. E. Bartlett. Copi- 
ously Illustrated, and a Life and Portrait of the Author. 3 vols. 13mo. 
Muslin, % 60. 



10 Works for Colleges, Schools, ^c, 

Hallam's Constitutional History of England, 

From the Accession of Henry VII. to the Death of George II. 8vo, 
Sheep extra, $2 35. 

Johnson's Treatise on Language; 

Or, the Relations which Words- bear to Things. 8vo, Muslin, $1 75. 

Story on the Constitution of the United States. 

A familiar Exposition of the Constitution of the United States. With 
an Appendix, containing important Public Documents illustrative of 
the Constitution. 13mo, Muslin, 75 cents. 

Wyatt's Manual of Conchology, 

According to the System laid down by Lamarck, with the late Im- 
provements by De Blainville. Exemplified and arranged for the Use 
of Students, by Thomas Wyatt, M.A. Illustrated with 36 Plates, 
containing more than 200 Types drawn from the Natural Shell. 8vo, 
Muslin, $2 75 ; with colored Plates, $8 00. 

Chailly's Practical Treatise on Midwifery. 

Translated from the French, and edited by G. S. Bedford, M.D. 216 
Engravings. 8vo, Muslin, $2 00 ; Sheep extra, |2 25. 

Cruveilhier's Anatomy of the Human Body. 

Edited by G. S. Pattison, M.D. With 300 Engravings. 8vo, Mus- 
lin, $3 00 ; Sheep extra, $3 25. 

Magendie's Treatise on Human Physiology, 

On the Basis of the Precis Elementaire de Physiologie. Translated, 
enlarged, and illustrated with Diagrams and Cuts. Especially design- 
ed for the Use of Students of Medicine. By J. Revere, M.D. Sifb, 
Muslin, $2 00; Sheep, extra, $2 25. 

Paine's Institutes or Philosophy of Medicine. 

8vo, Muslin, $2 75 ; Sheep extra, $3 00. 

Goldsmith's History of Greece, Abridged. 

Edited by the Author of " American Popular Lessons." 18mo, half 
Sheep, 45 cents. 

Goldsmith's History of Rome, Abridged. 

Edited by Henry W. Herbert. 18mo, half Sheep, 45 centa 

Michelet's Elements of Modern History. 

Translated from the French, with an Introduction, Notes,.&c., by Rev. 
Dr. Potter. 18mo, Muslin, 45 cents. 

Robins's (Miss) Tales from American History. 

With Engravings. 3 vols. 18mo, Muslin, $1 00. 

Sampson's Beauties of the Bible : 

Selected from the Old and New Testaments, w^ith various Remarks 
and Dissertations. 18mo, Muslin, 50 cents. 

*^* In addition to the foregoing, a numben- of ivorhs suitable 
for use in schools, 8fc., as text or reading hooks, may he found in 
the Historical Catalogue, contained in the first volume of Macau^ 
lay^s ^* History of England." 
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ISSUED BY 



HARPER & BROTHERS, NEW YORK. 



Addison's complete "Works. 

Including the Spectator entire. With a Portrait. 3 vols. 8vo, Sheep 
extra, $5 50. 

The Spectator in Miniature. 

Selections froni the Spectator • eiribracing the most interesting Papers 
by Addison, Steel, and others. 2 vole. ISrno, Muslin, 90 cents. 

Arabian Nights' Entertainments. 

Or, the Thousand and One Nights. Translated and arranged for Fam- 
ily Reading, with explanatory Notes, by E. W. Lane, Esq. With 600 
Engravings. 2 vols. 12mo, Muslin, plain edges, S3 50 ; Muslin, gilt 
edges, $3 75 ; Turkey Morocco, gilt edges, $6 00. 

Bacon and Locke. 

Essays, Moral, Economical, and Political. And the Conduct of the 
Understanding. 18mo, Muslin, 45 cents. 

Bucke's Beauties, Harmonies, and Sublimities of 

Nature. Edited by Rev. William P. Page. 18mo, Muslin, 45 cents. 

Chesterfield's Works. 

Including his Letters to his Son, complete. With a Memoir. 8vo, 
Muslin, U 75. 

The Moral, Social, and Professional Duties of Attor- 

neys and Solicitors. By Samuel Warren, F.R.S. 18mo, Muslin, 75 
cents, 

The Incarnation , 

Or, Pictures of the Virgin and her Son. By the Rev. C. Beecher. 
With an introductory Essay, by Mrs. Harriet B. Stowe. ISmo, 
Muslin, 

Blackstone'g Commentaries on theLawsof England. 

With the last Corrections of the Author, and Notes from the Tv^enty- 
lirst London Edition. With copious Notes explaining the Changes in 
the Law effected by Decision or Statute down to 1844. Together with 
Notes adapting the Work to the American Student, by J. L. Wendell, 
Esq. With a Memoir of the Author. 4 vols. 8vo, Sheep extra, 17 00. 

Burke's complete Works. 

With a Memoir. Portrait. 3 vols. 8vo, Sheep extra, $5 00. 

Letters, Conversations, and Recollections of S. T, 

Coleridge. 12mo, Muslin, 65 cents. 



2 Valuable Standard Publications, 

Specimens of the Table-talk of S. T. Coleridge. 

Edited by H. N. Coleridge. 13mo, Muslin, 70 cents. 

Mardi : and a Voyage Thither. 

By Herman Melville. 2 vols. 12mo, Muslin, J 1 75* 

Omoo ; 

Or, a Narrative of Adventures in the South Seas. By Herman Mel- 
ville. 12mo, Muslin, ^1 25. 

Montgomery's Lectures on General Literature, Po- 
etry, &c., with a Retrospect of Literature, and a View of modern 
English Literature. 18mo, Muslin, 45 cents. 

Boswell's Life of Dr. Johnson. 

Including a Journal of a Tour to the Hebrides. With numerous Addi- 
tions and Notes, by J. W. Croker, LL.D. A new Edition, entirely re- 
vised, with much additional Matter. With Portraits. 2 vols. 8vo, 
Muslin, $2 75 ; Sheep extra, i3 00. 

Dr. Samuel Johnson's complete Works. 

With an Essay on his Life and Genius, by A. Murphy, Esq. A new, 
revised Edition. With Engravings. 2 vols. 8vo, Mushn, $2 75 ; 
Sheep extra, $3 00. 

Cicero's Offices, Orations, &c. 

The Orations translated by Duncan ; the Offices, by Cockjmn; and 
the Cato and,Lfelius, by Melmoth. With a Portrait. 3 vols. 18mo, 
Muslin, $1 25. 

Paley's Natural Theology. 

A new Edition, from large Type, edited by B. E. Bartlett. Copi- 
ously Illustrated, and a Life and Portrait of the Author. 2 vols. 12mo, 
Muslin, $1 50. 

Paley's Natural Theology. 

With illustrative Notes, &c., by Lord Brougham and Sir C. Bell, and 
preliminary Observations and Notes, byALONzo Potter, D.D. With 
Engravings. 2 vols. 18mo, Muslin, 90 cents. 

The Orations of Demosthenes. 

Translated by Dr. Leland. 2 vols. 18mo, Muslin, 85 cents. 

Lamb's Works. 

Comprising his Letters, Poems, Essays of Elia, Essays upon Shakes- 
peare, Hogarth, &c., and a Sketch of his Life, by T. Noon Talfourd. 
With a Portrait. 2 vols, royal 12mo, Muslin, $2 00. 

Hoes and Way's Aneodotical Olio. 

Anecdotes, Literary, Moral, Religious, and Miscellaneous. 8vo, Mus- 
lin, $1 00. 

Amenities of Literature ; 

Consisting of Sketches and Characters of English»,Literature. By I. 
D'Israeh, D.C.L., F.S.A. 2 vols. l2mo. Muslin, Si 50. 

Potter's Hand-hook for Readers and Students, 

Intended to assist private Individuals, Associations, School Districts, 
&c., in the Selection of useful and interesting Works for Reading and 
Investigation. 18mo, Muslin, 45 cents. 



